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ABSTRACT. We develop a unified theory for continuous in time finite element discretisa-
tions of partial differential equations posed in evolving domains including the considera-
tion of equations posed on evolving surfaces and bulk domains as well as coupled surface
bulk systems. We use an abstract variational setting with time dependent function spaces
and abstract time dependent finite element spaces. Optimal a priori bounds are shown
under usual assumptions on perturbations of bilinear forms and approximation properties
of the abstract finite element spaces. The abstract theory is applied to evolving finite ele-
ments in both flat and curved spaces. Evolving bulk and surface isoparametric finite ele-
ment spaces defined on evolving triangulations are defined and developed. These spaces
are used to define approximations to parabolic equations in general domains for which the
abstract theory is shown to apply. Numerical experiments are described which confirm the
rates of convergence.
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1. INTRODUCTION

In this paper, we develop a unified theory for finite element discretisations of partial
differential equations posed in evolving domains including the consideration of equations
posed on evolving surfaces and bulk domains as well as coupled surface bulk systems. The
discretisation is based on evolving finite element spaces defined on evolving triangulations
using isoparametric elements. Optimal order a priori error bounds are proven. This uni-
fication is achieved by using an abstract variational setting with time dependent abstract
function spaces and time dependent abstract finite element spaces. Given a time dependent
Hilbert triple

V(t) CH(t) CV*(¢),
the abstract strong formulation is: Find u(z) € V(¢) such that
(1.1a) d'u+L(tHu+w()u=0 in V*(r)
(1.1b) u(0) = uo,

where V(¢) is an appropriate time dependent Hilbert space with dual V*(¢), d*u is an
appropriate abstract material derivative arising from the evolution of the spaces, £(t) is an
abstract elliptic operator satisfying suitable coercivity properties and @(¢) is a lower order
term arising from evolution of the space. Similar to the case of time independent function
spaces this equation may be written in variational form as

Problem 1.1. Given uy € V := V(0), find u € L3, with d*u € L, such that for almost
everyt €[0,T],

(1.2) m(t;9%u, @) +g(t;u, @) +a(t;u,@) =0 forall ¢ € V(1),
subject to the initial condition u(0) = uy.

Here L2, and L3, are generalisations of the Bochner spaces L*(0,7;V) and L*(0,T; H),
where V. C H C V* is a time-independent Hilbert triple. The bilinear form a(-,-) is as-
sociated with the elliptic operator £ and the bilinear forms m and g are associated with
the 7 (¢)-inner product and its time derivative (i.e. the operator ®). The above problem is
also well posed for ug € H(0) where we seek d®u € L%ﬁ. Here we seek error bounds for
sufficiently smooth solutions.

We formulate and analyse an abstract finite element discretisation based on a Galerkin
ansatz with perturbations of the bilinear forms. Under assumptions on the approximation
of geometry and the approximation of function spaces by abstract finite element spaces
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optimal order error bounds are proved. Then we construct realisations of this abstract
setting in the context of partial differential equations on evolving domains. This is achieved
by means of the construction of evolving finite element spaces on evolving triangulations
of time dependent surfaces and bulk domains from first principals. We give a concrete
realisation of these spaces based on evolving Lagrange isoparametric finite elements.

This approach is applied to three model problems: a linear parabolic problem in an
evolving, bounded bulk domain in R”*!, a linear parabolic problem on an evolving com-
pact n-dimensional surface embedded in R”*! and a linear parabolic problem coupling
problems in an evolving, bounded bulk domain in R"*! to a problem on its boundary. In
each case, we assume that the evolution of the problem domain is prescribed. The abstract
approach is applicable to other situations including nonlinear equations, coupled equations
and problems with dynamic boundary conditions.

1.1. Background. Partial differential equations posed on complex evolving domains arise
in numerous settings such as surfactant transport on fluid interfaces, receptor ligand dy-
namics on cell surfaces and phase separation on dissolving alloy surfaces (Deckelnick, El-
liott, Kornhuber and Sethian, 2015; Elliott, Ranner and Venkataraman, 2017; Barrett, Gar-
cke and Niirnberg, 2015; Alphonse, Elliott and Terra, 2018; Torres-Sanchez, Millan and
Arroyo, 2019; Zimmermann, Toshniwal, Landis, Hughes, Mandadapu and Sauer, 2019).
Numerical approaches to solve these problems include surface finite elements, implicit
surface formulations, diffuse interface approximations, trace finite elements, unfitted finite
elements, finite volume schemes and mesh free methods. See the works of Dziuk (1988);
Dziuk and Elliott (2007); Deckelnick, Dziuk, Elliott and Heine (2009); Dziuk and Elliott
(2010); Deckelnick, Elliott and Ranner (2014); Deckelnick and Styles (2018); Olshanskii
and Reusken (2017); Burman, Hansbo, Larson and Zahedi (2016); Lehrenfeld, Olshan-
skii and Xu (2018); Lehrenfeld and Olshanskii (2019); Giesselmann and Miiller (2014);
Deckelnick, Elliott, Miura and Styles (2019); Suchde and Kuhnert (2019) and the review
of Dziuk and Elliott (2013a).

The problem of solving parabolic problems in evolving bulk domains has been stud-
ied for many years. In particular, we mention the ALE (arbitrary Lagrangian-Eulerian)
approach first proposed by Hirt, Amsden and Cook (1974) in the context of finite differ-
ence methods and by Donea, Giuliani and Halleux (1982); Hughes, Liu and Zimmermann
(1981) for finite element methods. Analysis of a similar problem considering both spa-
tial and temporal discretisation is given by Badia and Codina (2006); Boffi and Gastaldi
(2004); Formaggia and Nobile (1999, 2004); Gastaldi (2001); Nobile (2001); Gawlik and
Lew (2015). The analysis by Bonito, Kyza and Nochetto (2013b,a) provides optimal order
convergence for a discrete Galerkin in time approach.

The study of finite element methods for partial differential equations posed on surfaces
started with the seminal work of Dziuk (1988). Evolving surface finite elements were in-
troduced and analysed for an advection diffusion equation posed on evolving surfaces by
Dziuk and Elliott (2007, 2012, 2013a). In these works optimal error bounds were proved
for piecewise linear finite elements on triangulated surface evolved using the normal and
advective velocity. In this work we consider a more general parabolic equation on surfaces
and discretisations which cover the case of higher-order schemes (Heine, 2005; Demlow,
2009; Kovacs, 2018) and arbitrary Lagrangian-Eulerian methods (Elliott and Styles, 2012;
Elliott and Venkataraman, 2015). The discretisations presented in this paper can be com-
bined with different time stepping schemes (Dziuk, Lubich and Mansor, 2011; Dziuk and
Elliott, 2012; Lubich, Mansour and Venkataraman, 2013; Kovacs and Guerra, 2018) to
provide a fully discrete scheme. We also mention the analysis of Kovacs, Li, Lubich and
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Guerra (2017) who study a diffusion equation on the surface which drives the a priori
unknown evolution of the surface.

Our abstract approach will be applied to equations posed on evolving bulk domains and
coupled bulk surface systems. See the work of Elliott and Ranner (2013); Gross, Olshanskii
and Reusken (2015); Burman et al. (2016) for approaches to stationary surface problems.
Kovacs and Lubich (2017) extended the results for piecewise linear elements to a coupled
bulk-surface system. The functional analytic setting will be the product of spaces over the
bulk domain, Q(¢), and the surface, I'(¢).

1.2. Some partial differential equations on evolving domains. Let 7 > 0. Fort € [0,7]
let (t) denote an (n+ 1)-dimensional bounded, connected, open subset (domain) in R"**!,
for n = 1,2,3. We denote by I'(¢) the boundary dQ(¢) assumed to be a sufficiently smooth
compact n-dimensional orientable hypersurface with unit normal v(¢) pointing outward
from Q(r). We write Qo = Q(0), Ty =T'(¢).
We assume that there exists a sufficiently smooth mapping (called the flow map) ®((+): [0,7] x

Qo — R"*! satisfying

(1) @(-) is a diffeomorphism of Qg onto Q(t) for eacht € [0,T);

2) @) =1d|g,.

We will write ®_,: Q(t) — Q for the inverse of ®,. We define the material velocity w by

w:Qr | = U Q(r) x {r} | =R,
te(0,T)
8q)t —1 =
w(x,1) = ?((d)t()) (x)), xeQ(r),r€(0,T)
which may be written as
d
(13) Eq)l(p)zw((bl(p))t)v IG(O,T), q)o(p):p

We use the terminology that Q(¢) is an evolving bulk domain and I'(#) is an evolving
surface domain. In order to define the evolution of the domains as sets we need only
to specify the normal velocity Vv = (w- V)|,V of I'(¢). The tangential components of
w= ai;’ allows for an arbitrary parametrisation of the domain.

[lustrative examples of the boundary value problems we wish to consider are:

(1) Find a time-dependent scalar field u such that on an evolving Cartesian bulk do-

main Q(7)
(1.4a) u+V-(bqu)—V-(agVu)+cou=0 on Q(r)
(1.4b) (agVu—(bg—VV)u)-v=0 on I'(¢)
(L.4c) u(0) =ug on Q := Q(0),

where aq is a smooth diffusion tensor , 6o a smooth vector field and ¢ a smooth
scalar field.
(2) Seek a time-dependent scalar surface field u such that

(1.5a) aou—l—Vr-(Eru)—Vr-(arVru)—i—cruzo on F(Z)
(1.5b) u(0) =ug on Iy :=T(0),

where ar is a smooth diffusion tensor which maps the tangent space of I' into
itself and cr is a smooth scalar field. Here 4 is a tangential vector field. We use
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(1.6a)
(1.6b)
(1.6¢)
(1.6d)
(1.6e)
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the notation d°u for the normal time derivative (Cermelli, Fried and Gurtin, 2005;
Dziuk and Elliott, 2013b), which denotes the time derivative of a function along
a trajectory on I'(¢) moving in the normal direction. This equation is supposed to
hold pointwise on I'(r) on trajectories evolving from I'(0) with velocity V'v.
Find a time-dependent pair (u,v) with u a scalar volumetric field and v a scalar
surface field such that
u+V-(bqu)—V-(agVu)+cou=0 on Q(r)
(agVu—(bo—VV)u)-v+ou—Bv=0 onI'(¢)
9°V+Vr-(brv)—Vr-(arv)+crv+pv—au=0 onI'(¢)
u(-,0) =uy on Qg := Q(0)
v(-,0) = vg on Ty :=TY(0),
where o and 8 are positive constants. Equation (1.6b) couples the equations posed
on the domain Q(z) and its boundary I'(z).

Remark 1.2. (a) We do not explain the models in the above equations other than to

(b)

(©)

(d

comment that examples may be derived as conservation laws for scalar quanti-
ties subject to diffusive and advective fluxes with linear reactions. Note that in
these equations the only part of the material velocity w that appears is the normal
velocity of I'(¢).

Our formulation of these initial boundary value problems allows, by means of a
tangential velocity field, for a reparametrisation of the evolving domains. In our
definition of material velocity the velocity component tangential to I'(¢) is used
to define a parametrisation of the domains Q(¢) and I'(z). This is an Arbitrary
Lagrangian Eulerian (ALE) approach. A consequence is that the differential op-
erators and the function spaces in the abstract setting depend on this ALE velocity.
In the discretisations the meshes we use are transported using this velocity.
Working with evolving triangulations on evolving domains has advantages when
the domain is unknown and is to be found. For example the hypersurface I'(¢)
may be a free boundary or a surface evolving via a geometric evolution equation
coupled to the parabolic equation on the bulk or surface domain, Pozzi and Stin-
ner (2017); Kovécs et al. (2017); Barrett, Deckelnick and Styles (2017); Pozzi and
Stinner (2018). Evolving triangulated surfaces are often computed as approxima-
tions of geometric evolution flows, Deckelnick, Dziuk and Elliott (2005); Barrett,
Garcke and Niirnberg (2019); Kovécs, Li and Lubich (2019).

The analysis applies to the use of evolving finite element spaces in the case of
domains which are time independent. This may be useful when devising schemes
which evolve the mesh in time in order to adjust to the solution.

1.3. Contributions. The primary contributions of this work which generalises the evolv-
ing surface finite element continuous in time analysis of Dziuk and Elliott (2007, 2013a)

are:-

The analysis is carried out in a generalised abstract setting extending earlier work
by allowing for arbitrary parametrisations and higher order approximations to-
gether with domains with boundaries.

We construct evolving finite element spaces and derive approximation results for
quasi-uniform evolving surface and bulk triangulations using isoparametric ele-
ments.
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o We show that the resulting finite element methods satisfy the necessary geometric
and interpolation estimates for the abstract theory to apply.

e We give a complete presentation of the theory for the numerical approximation
of parabolic equations on evolving domains using evolving finite element spaces
and give three examples of concrete realisations to initial boundary value prob-
lems involving time dependent domains in flat and curved space. In particular the
approach to evolving bulk domains with boundary requires a more complex treat-
ment than that of surfaces without boundary and the abstract theory is structured
to allow this.

e The analysis provides error bounds for higher order isoparametric approximations
of the case of evolving curved hypersurfaces, evolving bulk domains and evolving
coupled surface- bulk systems.

1.4. Extensions.

(a) All the theory presented in this paper will be applicable with the addition of suffi-
ciently smooth right hand side functionals under natural appropriate assumptions.

(b) Although we will apply our abstract formulation to settings where we approximate
a known continuous domain, our intention is that this framework may also be
applied to situations where the evolution of the domain is a priori unknown. One
way to interpret this work would be to determine the minimum requirements of an
evolving finite element method in order to have a sensible, well-posed method.

(c) In this paper we do not consider the example of a parabolic PDE posed on an
evolving n-dimensional curved sub-manifold I'(¢) in R"*! with a moving bound-
ary dT'(r) on which there is an appropriate boundary condition. On the other hand,
it is possible to take the perspective in our first example on an evolving bulk do-
main that Q(¢) C R"*? is an evolving flat sub-manifold with moving boundary and
work with the definitions from Sec. 6 (see also Ex. 6.7(c)), though we choose not
to follow this approach.

1.5. Outline. The article is set out in three parts. The first part comprises the abstract
theory. In Sec. 2, we introduce the abstract functional analytic setting in which we pose
the continuous partial differential equations. An abstract analysis of evolving finite ele-
ment methods is provided in Sec. 3. The second part comprises the construction of and
approximation theory for evolving finite element spaces. We introduce our basic theory
for evolving bulk and evolving surface finite elements in Sec. 4 and Sec. 6. Sec. 5 and 7
give technical details on relating the finite elements used in our computational methods to
the structures in the underlying continuous problem. The third part comprises applications
to three PDE settings. Sec. 8 to Sec. 10 apply these ideas to tackle three model problems.
In Sec. 11 results of numerical experiments are given confirming the proven error bounds.
Finally, there is an appendix (App. A) with a technical result concerning a Faa di Bruno
formula for parametric surfaces.
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Part 1. Abstract theory
2. ABSTRACT FORMULATION

2.1. Evolving function spaces. We introduce an abstract functional analytic setting for-
mulated by Alphonse, Elliott and Stinner (2015a) generalising the surface parabolic PDE
setting of Vierling (2014). One of the key novelties of these works is to provide the basic
theory for evolving Bochner-like spaces for evolving Hilbert spaces such as H'(I'(¢)) in
order make a definition similar to “L?(0,7;H'(I'(t)))”. Using this formulation, we can
pose partial differential equations on evolving domains in a fully rigorous setting.

Remark 2.1. The work of Alphonse et al. (2015a) uses a Lagrangian formulation where
the evolving domain is parametrised over the initial domain. This matches well with the
arbitrary Lagrangian-Eulerian finite element methods we will consider. The setting may
be applied to evolving parametrisations of fixed domains. A different functional analytic
setting may be more appropriate for different discretisation approaches such as the trace
finite element method (Olshanskii, Reusken and Xu, 2014; Olshanskii and Reusken, 2017)
or the implicit surface approach (Dziuk and Elliott, 2010).

Definition 2.2 (Compatibility). For € [0,T], let X(r) be a separable Hilbert space and de-
note by Xp := X(0). Let ¢, : Xp — X(¢) be a family of invertible, linear homeomorphisms,
with inverse ¢_,: X' (#) — X, such that there exists Cx > 0 such that for every 7 € [0, T]

19 () < Cx 1Nl x, for all n € &)
19-n | 5, < Cy! M2 for all n € X(1),

and such that the map ¢ — ||¢;7|| () is continuous for all 1 € Xy. Under these circum-
stances, we call the pair (X (¢), ¢ )c(o,r) compatible. We call the map ¢, the push-forward
operator and ¢_, the pull-back operator.

Remark 2.3. If S(z) is a closed subspace in H(¢) for each ¢t € [0,T] and ¢ maps Sy :=
S(0) — S(t), then (S(t), 1|, )scfo,r] form a compatible pair.

Definition 2.4 (Evolving Hilbert triple). For each 7 € [0,T], let V(r) and H(¢) be real,
separable Hilbert spaces with Vy := V(0) and H := H(0) such that inclusion V(¢) C H(¢)
is continuous and dense. We will write ||-||,,,) and [|-||;;,) for the norms on V() and H(t),
(*s*)34(r) for the inner product on H(t) and (-, )y (;), () for the pairing of V(¢) with its
dual. We assume there exists a family of linear homeomorphisms ¢ : Ho — H(z) such
that (H(t), ¢ )scjo,r) and (V(1), ¢|vy)rejo,r] are compatible. We will write ¢, for ¢r[y,. It
follows that H(¢) C V*(¢) continuously and densely. Under these assumptions, we say that
(V(t),H(t),V*(t))ie(o,r) is an evolving Hilbert triple.

For a compatible pair, we can define an equivalent structure to Bochner spaces in an
evolving context. For (X'(t), ¢ )c|o,r) @ compatible pair, we define L% tobe

2.1) L3:=¢n:[0,7T]— U X(t)x{t},tH(ﬁ(t),t):(I),(.)ﬁ(-)ELZ(O,T;XO) ,
t€[0,7]

with norm
1

T 2
o =12
Il = () 18lB o)
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One can show that the space L%Y is a separable Hilbert space (Alphonse et al., 2015a,
Cor. 2.12), L% is isomorphic to L?(0,T; Xp) and

e Il < 0=l zong) < Coe iz, forall e L3
For k > 0, we also define the space of smoothly evolving in time functions by
2.2) ck = {n e1% 11 ¢_m(r) € C4(0, T],Xo)}
(2.3) Dx(0,7):={n €L 11— ¢-m(1) € D((0,T):X)},

where D((0,T), Xp) is the space of Xp-valued infinitely differentiable functions compactly
supported in the interval (0,7).

For 1 € C),, we can define a strong material derivative which we denote by 9°n € Cg(
by

d
(2.4) °n = ¢ <dt(¢>m)> -

This is a temporal derivative which takes into account that fact that X' (¢) is changing as
well as the function 7).

Remark 2.5. If (X(t),qb,(l)),e[oﬂ and (X(t),q)t(z)),e[oﬂ are both compatible pairs, with

() 2) 2 2
o, # ¢, then the spaces. L(/"?!‘Pfl)) and L(qu)(z)) .
are the same vector space with distinct but equivalent norms. On the other hand, in general,

the spaces Cé‘ x.60) and Cé‘ X6’ when they are non-trivial, are different spaces for k > 0.

In such cases where ambiguity will occur we will add the push-forward map to the subscript
of Cé‘_ ) S0 no confusion will occur.

induced using each push forward map

We can define a weak material derivative for which an integration by parts in time
formula holds. This takes into account the evolution of the space #(¢) and is often called
a transport formula when applied to the derivative of the time dependent inner product. It
generalises the notion of the Reynold’s transport formula, Cermelli et al. (2005). In order
to provide this definition, we require a further assumption on H(t).

Assumption 2.6. We shall assume the following for all 1o, §o € Ho:

6(t,m0) := % ||¢zn0\|i(,) exists classically
Mo — 6(¢,Mp) is continuous
162,10+ o) = 0(1:10 — o)l < c [0l S0l »
with the constant ¢ independent of t € [0, T].
We define g(¢;-,-): Ho x Ho — R by

&(t:mo, o) := %(e(fanoJrCo) —0(t,m0— ).

Then we have a bilinear form g(z;-,-): H(t) x H(t) - R by
(2.5) (N, 6) == 8(t;0-4m, 9. 5).
)

It can be shown that the map 7 — go(¢; 1, §) is measurable for n,{ € L%_L and we have the
following bound independently of #:

(2.6) lgo(: 1, &) < 1 llage 1€ N34 -
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We say a function 1 € L%, has a weak material derivative d°n € Lé* if

[ @it = [ 1.0 + ol )
forall { € Dy,(0,T).
Remark 2.7]. The weak and strong material derivatives coincide for n € C‘I).
Lemma 2.8 (Abstract transport formula). Foralln,{ € L%, with weak material derivatives
9°n,0°¢ € L}, we have
2.7) %(n,é)mn =(9*N, v, vi) +(9°C M=) v + 801, ).
Proof. See Alphonse et al. (2015a, Thm. 2.40). (]

The natural solution space is the space W(V,V*) given by
(2.8) W,V i={nel}:d°ncli.},

which we equip with the inner product

(M Oww,ve) —/ dH‘/ *1,0°)y(p dt.
Assumption 2.9. Let W(Vy, V) be the space given by
W(Vo,V5) i={n € L*(0,T; V) : m, € L*(0, T V§) },

equipped with the inner product

T T
M Owny = [ (.Gt [
We assume there is an evolving space equivalence between W(V,V*) and W (Vy, V) that
is
n € W(V,V*) if and only if (]L(.)TI(-) e WV, V5)
and there exists ¢, ¢y > 0 such that
€1 Hd)*(')n(')”w(vo,vg) = ”n”W(V,V*) &) H¢*(-)n(')||w(v0.vg) :

2.2. Abstract formulation of the partial differential equation. Let 7 > 0. We assume
we are in the setting that we have an evolving Hilbert triple (V(¢),H(t),V*(t))c(o,r] and
Ass. 2.6 and 2.9 hold so that we have a weak material derivative, which we denote, 9°n
for appropriate 1, and a transport formula for the #(¢)-inner product.

We assume that we have three time dependent bilinear forms m, g, and a

m(t;-,-): Ht) x H(t) > R

g(ts+,-): H(t) x H(r) - R

a(t;-,-): V() x V() —R
We consider problems of the following form:
Problem 2.10. Given ug € Hy, find u € W(V,V*) such that for almost every t € [0,T],
(2.9) m(t;9%u,8) +g(t;u,8) +a(r;u,§) =0 Sforall § € V(1),

subject to the initial condition u(0) = uy.
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Remark 2.11. The abstract formulation of Alphonse et al. (2015a) allows for a weaker
formulation with solutions in W(V,V*) (2.8) and initial condition in Ho. However in
order to obtain optimal order error bounds we require more smoothness for the solution.
We leave the consideration of error analysis for solutions which are less regular in time to
a future work.

In order to make sense of this formulation we restrict to the following assumptions on
the bilinear forms holding for each ¢ € [0, T].

Assumptions on m: First, we assume that m(¢; -, -) is symmetric:

M1) m(tn,§) =m(:6,n)  forn,§ e H(r).
We assume that there exists ¢, ¢, > 0 such that for all 7 € [0, 7], we have
(M2) et Il < s m)? <callnlly,y — foralln € H).

Assumptions on g: We assume the bilinear form g(z; -, -) satisfies

d
G (e, §) =m(:0°n,§) +m(rn, 0 )+, E)  forn, L eCy,

and such that there exists ¢3 > 0 such that for all t € [0, T]

(G2) 1g(t:1, O < eslnllage 1€ forn,l € H(t).
Assumptions on a: (a) We assume that the map
(A1) t—a(t;n, ) forn,CeL%,

is measurable and can be decomposed
(A2) a(t:n,8) = as(t:n,{) +an(n,8)  forn,l €Ly,
where ag and a,, are both measurable bilinear forms:
as(t;+,-): V() x V() = R, an(t;-,): Ht) x V() = R.

We assume that a; is symmetric and allow a,, = 0.
(b) We assume there exists c4,cs,cg,c7 > 0 such that

(A3) as(t:.1) = ca |03 —es 150 for n € V(1)

(As4) las(t:1, ) < o 1M llyy 1€y forn, L € V()

(An4) lan(:1,E) < 7 [0l3g) 1€ vy forn e H(1),L € V().
We note that together (A 4) and (A,4) imply

(A4) la(t;n,8)] < (c6 +c) [Ny 1811 forn, & e V(r).

(c) We assume the existence of bilinear forms by (z;-,-)V(t) x V() — Rand b, (¢;-,-) : H(t) X
V(t) — R such that

(Bs1)

d
3 0n.6) =as(1:0°n,8) +ay(rn,9°C) +by(rin,§)  foralln, ¢ e Cy
(B, 1)

d
36N, 8) = an(t;0°n,8) +an(n,0°C) +bu(rim, &) forallm €Cy.L eCy,
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and that there exists cg, cg > 0 such that

(B52) [bs(5:1, E)| < es[1nllv 1S 11y forall n,§ € V(1)
(B»2) [ba (81, E)| < o Ml 1611y foralln € H(r), & € V(1).
(d) We define b(t;-,-): V(1) x V(1) — R to be
(BD) b(t:n,8) :==bs(t:n, &) +ba(t:n,8)  form, L e V(1)
and note that (B,2) and (B,2) together imply that
B2  [b(;n, )] < (es+co) My ISl foralln, & € V().

Remark 2.12. We allow for the case that a is non-symmetric. This is similar to the choice
of Alphonse et al. (2015a) but in contrast to much of the finite element literature (e.g.
Elliott and Venkataraman (2015) use different bilinear forms for diffusion and advection
terms in a parabolic operator).

Assumption 2.13. We assume there exists a basis {n?} jen of Vo and a sequence {uoy }nen

with ugy € span{n?,...,n3} for each N such that there exists c;,c> > 0 (which do not
depend on N or ug) with

Uoy — Ug in Vo
[uon |3, < c1lluolly,
l[uonly, < e2uolly, -

Remark 2.14. In the case of V), being compactly embedded in Hg, Ass. 2.13 follows by
Hilbert-Schmidt theory

Theorem 2.15. Let Assumptions (M1), (M2), (G1), (G2), (A1), (A2), (A3), (Ag4), (Bs1),
(B,1), (Bs2), (B,2) and Ass. 2.13 hold. Then problem (2.9) has a unique solution which
satisfies the stability bound

T
210 sup [l + [l dr < () uoll,
t€[0,7T] 0

and if uy € Vy then
T
@ sup [ull3)+ [ 19°ulfg de < e(T) ol
1€[0,T) 0

Proof. Employing Ass. 2.13 existence may be proved by a Galerkin argument similar to
Alphonse et al. (2015a, Thm. 3.6 and 3.13). The a priori estimates can be shown for
Galerkin approximations and then used in standard compactness arguments. We do not
show the details here but indicate the arguments in deriving estimates in the continuous
setting.

Testing (2.9) with u:

m(t;d%u,u) + g(t;u,u) +a(t;u,u) = 0.

(G1) gives after integrating in time

t t
m(t;u,u)—l—/ a(t’;u,u)dt’zm(O,uo,uo)—/ gt u,u)dr’.
0 0
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Applying (M2), (A3), (A,4) and (G2):

t
2 2 2
g+ Ces Ry = s =€ Dyl
t
2 2
< C% HuOH?-[O +C3/0 ||u||’H(t/) dr’.

We infer that
211112 Teqy 0 2 2 & ST
et llullze) + A > [l dt§02||uo||;{0+(65+274+C3).0 l[ull3 ) dt

and applying a Gronwall inequality we see the first stability bound.
The bound (2.11) uses the decomposition a(t;-,-) = as(t;+,) + an(t;+,-) (A2). We test
(2.9) with d*u

m(t;0%0,0%u) + g(#;u,d%u) +a(t;u,0%u) =0
(Bs1) and (B, 1) gives

a(w,0°0) = S (L g (u,0) 4 an(u,0)) = 2by(0,0) — by (u,0) — an(3°0,0),
a2 2
so we have
d 1
m(t;d%u,0%u) + % (2ab(t u,u) +a,(t;u,u))

1
—g(t;u,0%) + Ebs(t;u,u) + by (t;u,u) + a,(t;9%u,u).
Integrating forwards in time gives
! 1
/ m(t';0°u,0%u)dr + (Say(150,u) + an(r3u,0)
0
1
= (Eas(o;uo,uo) +an(0;up,up))
1
+/ g(t'3u,0%) + Ebs(t’;u,u) +bu(t';u,u) +a,(t';0%,u))dr’.
Applying (A3), (A,4), and a Young’s inequality we observe:
1
(Eas(t;u,u) +ay(t;u,u))

c4
> Hu||$;(¢) — s [[ull3y — 7 ullyg Ml

2
> G 2 AR 1 T2
> Sl — es ulfiy = (5l + 5 )

2

C C7 2
u C —)ju
S by (es+ )l

applying (A 4) and (A,4), we see

1
(55(05u9,u0) + (03 ug, uo)) < (2 +7) [[uoll3, -



14 C. M. ELLIOTT AND T. RANNER

From the previous two inequalities with (M2), (G2), (B;2), (B,2) and (A,4), we infer

2
cl/||3'u\|H,/ ar + % ully) (cs—i- ||uHH

< (2 e lwoll,

! ) cg )
+/ (e3l[ullzen 190l +*||UH%/<[')+C9HUH%(I/)‘FC?H‘) 3 ||u||v(;'))dt/

4C 4C2 2 C1 o 112
<(Fren ol + [(C2 4+ S v+ 20 Jull) + 5 10"l o

Rearranging and applying a Gronwall inequality gives the desired result. U
Remark 2.16. Note that u also satisfies the variational form of (2.9)

(2.12) %m(r;u@)—l—a(t;u,é) =m(t;u,0°) for § € L2, with 9°¢ € L3,.

3. ABSTRACT DISCRETISATION ANALYSIS

In this section we present an abstract discretisation and a numerical analysis. We assume
that for each h € (0, ho) there are Hilbert spaces (H(t), |||, ) and (Va(t), [[-[ly,,()) for
all t € [0,T], for some value of A fixed throughout this section. These spaces are used
to help with the stability and error analysis. We assume that all constants are independent
of h € (0,ho) unless indicated. Throughout this section the integer k will denote a further
discretisation parameter denoting the order of approximation. Our method will be based in
a finite dimensional subspace S, (¢) C V,(¢).

e We assume that the evolving Hilbert space V,(¢) is continuously embedded in
Hp(t) uniformly for i € (0,ho): For the two norms |||, ) and |[-[|y, ) there
exists a constant c¢j9 > 0 such that for all & € (0,ho) and all 7 € (0,T), we have

3.1 Mall34,0) < cr0 1Ml ) for all 1, € V(¢).

e We assume we have a push forward map ¢/': H;, := H;,(0) — H(¢) such that
(Hu(t), 9 )icio,r) and (Vi(1), 9/ 1,0 )icio,r) (Vio == Vi(0)) are compatible pairs
(Def. 2.2) uniformly in h: That is there exists c11,c12 > 0 such that, for all h €
(07h0)7

it Ml < [0, < erlmly,, forallm e Hag

(3.2)

cn Mnlly,, < ‘ (chnthh(t) <cilmlly,, forallm, € Vio.

e This allows us to define the spaces L2 Vh and CH, th as in (2.1) and (2.2).
For n,, € quﬂh, we denote by 8,: Ny, the (strong) material derivative (c.f. (2.4)) with
respect to the push-forward map (f),h defined by

d
(3.3) Onmn = 6/ (0% ).
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3.1. Abstract discrete method. Let 7 >0 and / € (0,ho). Let {Sy(t) },¢[o,r) be an evolv-
ing, finite-dimensional space which is a subspace of V,(¢) at each ¢ € [0,T] and satisfies
0/ (Sno) = Su(t) (where ;9 = Si(0)). Since Sj(t) is a closed subspace of Vj(¢) it is a
Hilbert space and forms a compatible pair (S, (¢), ¢/"| Spo)reo,r) (Rem. 2.3). In particular,
we have well defined spaces Lgh (2.1) and C‘lgh (2.2) and the material derivative 8;: Xn 1S
well defined for ), € C§, ((2.4) and (3.3)).

Basis functions. Let the dimension of S, (¢) be N for all 7 € [0,7]. We write {x;(0)}Y_, for
a basis of S, ¢ and push-forward to construct a time dependent basis {x;(#)}Y_, of S;(t) by

(3:4) 2%(t) = ¢/ (%:(0)).
The following important transport properties of the basis functions hold.

Lemma 3.1. The material derivative of a basis function is zero,
arxi=0 for1 < j<N.

Furthermore, any function Xy, € C}Sh, which can be written as X, = leyzl Yi(t)x(t), satisfies

N
(3.5) Ian(x.t) = Y 1i(0)xi (1) for x €Ty(1).

i=1
Proof. By definition, it follows that

. d d

(3.6) 8hlj:¢I(E¢7rlj(t)):¢t(alj(o)):0

so that for a decomposition

xn(t) =Y vi(t)x;(t) for all y;, € Su(t),

™=

1

J
we compute that

N
onan =Y. 7(1)x;(t) for all y, € Cj, . O
j=1

Discrete bilinear forms. Let m;, and a;, be two time dependent bilinear forms:
my(t5-,-): Ha(t) < Hu(t) = R
ah(t; N ) Vh(t) X Vh(l‘) — R.

We make assumptions similar to those in Sec. 2.2.
We assume that my,(¢; -, -) is symmetric:

M;1) my,(t5 My Gn) = mp(t5 Gy M) for Ny, &, € H(2).

We assume that there exists ¢3,c14 > 0 such that for all ¢ € [0,7], we have

1
(M;.2) i3 [Mlla, o) < (ma(tsmnsmn))? < crallMillyg, ) for my € Halt).

We assume we have a transport formula for the bilinear form my,: there exists a bilinear
form gy (z;-,-): Hp(r) X Hp(t) — R such that
(Gp1)

d
"6 i) = (85951 G) (810, 95 Go) + 86510, &) for 1y, G € Ciy, -
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We assume that there exists ¢;5 > 0 such that for all ¢ € [0, 7]

(Gi2) 18 (#3108, Cu) | < €15 [1Mnll g, ) 1Ghllag, ) fOr My G € Halt).
We assume that the map

(ApD) tesap(tmnG)  for My, Gy € L,

is measurable, and there exists constants cy6,c¢17,c13 > 0 such that for all ¢ € [0,T], we
have

(Ar2) an(t; s M) > 16 M3, 0y = €17 M54, 0 for m, € V(1)
(Ay3) lan(t:1m, Gn) | < s Mnllvs, 1) 1 nllvs, for ny,, & € Vi (1).

We assume a transport formula for the a;, bilinear form, that there exists a bilinear form
by(t;-,-): Vu(t) x Vi (¢) — R such that
(Bxr1)

7@ @M, Cn) = an(1:95 M, C) +an(1310, 9 G) + b (7310, G ) for 1y, & € Cy,

and that there exists c¢j9 > 0 such that for all 7 € [0,7] we have

(Br2) b (510, Su)| < cro 1Ml ) 11Gallv, ) for 1, & € Vi(2).

Abstract discrete variational problem and well posedness. Motivated by the variational
form (2.12), we consider semi-discrete problems of the following form:

Problem 3.2. Given Uy € Sp, find Uy € C}Sh such that Uy(0) = Uy, o and

(3.7) %mh (t;Un, xn) +an(t;Up, Xn) = mu(t;:Up, 9y Xn) forall %, € Cg, .

We note that due to Assumption (G, 1), the discrete scheme (3.7) can be re-written as
(3.8) my (59, Up, Xn) + 8n (5 Uns Xn) + an(t;Un, xn) = 0 for x, € Cs, -

The solution U, may be written as a decomposition into the time dependent basis func-

tions {x:}1, of {Su()}repo.7»

3.9 Up(x,t) = ) o(t)xi(x,1) for x € I,(1),

M=

i=1

),...,0y(t)) € RN, Using this notation Prob. 3.2 is equivalent to finding

where a(t) = (o (¢),...,an(t
'(J0, T];RN) of the (finite dimensional) system of ordinary differential

a solution o € C

equations:
(3.10) %(M(t)a(t)) +S()al) =0,
where

M@t)ij=mp(t; xj,0)  S@)ij = an(t; X, %) fori,j=1,...,N.

Here, we have used the fact that d y; =0 for 1 <i <N.

We first wish to show that there exists a solution to our discrete scheme satisfying a
stability bound similar to (2.10) for the continuous case. Due to our abstract formulation
the calculations follow in a similar way to Thm. 2.15.
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Theorem 3.3 (Existence and stability of finite element method). Let Assumptions (My1),
Mp,2), (Gy1), (G,2), (Apl), (Ay2), (A3), (Byl) and (Bj2) hold with constants indepen-
dent of h € (0,ho). Then (3.7) has a unique solution Uy, € C}Sh with o Uy, € Cgh and there
exists a constant C(T) > 0 independent of h € (0,ho) such that

T
3.11 sup || U3 +/U2dt<CTU2 .
( ) te(()%)” h”Hh(t) 0 | th,,(z) <C( )H h,0||yh(o)
Proof. We consider the problem in the matrix form (3.10). Since M(-) € C'(0,T;RN*N)
(G 1) and is invertible (M,2), this is equivalent to

(3.12) a(t) + M) (M (1) +S(t)) a(t) = 0.

This is a linear system of ordinary equations with C? coefficients (easily verified). Standard
theory implies there exists a unique solution o € C'(0,7;RY), which can be translated as
U, e C‘lgh.

To show the energy bound, we start by testing (3.7) with x;, = Uy:
d .
a6 Un, Un) +ai(6:Up, Up) — my(1:Up, 5 Up) = 0.
The transport equality (G; 1) implies that

1d 1
Eamh(t;Uthh) +ay(t;Up,Up) = _Egh(t§Uh»Uh)~

The desired stability bound follows using the same calculations as used in deriving (2.10).
O

3.2. Abstract lifted finite element spaces. The discrete space Sy(f) is not assumed to be
contained in the continuous space V(¢). This is an example of a “variational crime” (Strang
and Fix, 2008). However it is convenient to prove error bounds in the spaces H(¢) and V(¢).
To do this we use lifted discrete spaces using an embedding map Ay (-,1): Sy(t) — Sh(t) C
V(t). The error analysis will relate the solution of (2.9) u with a so-called lift A, (Up,t) of
the discrete solution.

We require two further time dependent Hilbert spaces {Zo(t) }c(o,r) and {Z(t) },c(o,r]
which satisfy Z (1) C Zy(¢) C V(¢) for each ¢ € [0,7] with the inclusions uniformly con-
tinuous. Furthermore, we assume that (Zo(t), @] z,(0) )icjo,r] and (Z(1), | z(0))refo,r) are
both compatible pairs Def. 2.2 so that we may define the spaces L% ,L% (2.1) and C%, ,CY
(2.2). These spaces are abstractions of spaces of smoother functions.

The link between all the function spaces used in the section is shown in Fig. 3.1.

Lifting operator. Let r € [0,7]. We assume there is a continuous, bijective, linear func-
tion Aj(-,7): Hp(t) — H(¢) with inverse denoted by g(-,¢): H(t) — Hp(t) such that
An(+51) ]y, () is also a bijection onto V(¢). We will denote ()= Au(-,t) and (1)~ i=gu(-,1),
ie. my (1) == (1, 1) () for My € Hy(¢) and =1 (-,1) := Gu(n,1)(-) for n € H (1)

We assume that the lifting map is bounded and that there exists ¢, c21 > 0 such that
forallz € [0,T]

LD o Hm{HH(Z) < 1Ml ) < ca an for all 1, € M, (1)

H(1)
L2) o Hn,fHV(t) < [Milly, ) < e Hn,fHV(l) for all 1, € Vi(r).

Remark 3.4. As a convention, variables denoted by ¢ correspond to lifted objects and —¢
to inverse lifted objects. The construction of each depends on the parameter 4.
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H(t) +—— V(1) +—— Zo(t) +— Z(t)
U
Sit

)
!
Sn(t)
N

Hu(t) <—— Vi(t)

FIGURE 3.1. The relationships between different spaces used in this
section. C denotes subspace inclusion, < denotes continuous embed-
ding, <> denotes that the lift is a bijection between these spaces.

Lifted push-forward and pull back maps. The lift of the discrete space push-forward
map induces a new push-forward map on H(¢). Let ¢/: H(0) — H(t) by given by

(3.13) 0/ (n) = (9 (u(n,0)),r)  forn € H(0),
with inverse ¢*,: H(t) — H(0) given by
(3.14) 0L,(n) = (9" (5(n,1)),0)  forn € H(1),
so that
o/ (m4) = (97 (ma))* for 1, € H,,(0)
oL, (ni) = (0%, ()" for nj, € Hp(t).

Note that (-)¢ is a time dependent operator. Our assumptions imply that both pairs {#(z), ¢/ Helo,)
and {V(1), 9! |v, }iefo,r) are compatible uniformly in / (Def. 2.2). For example, applying
that (H (1), ¢,h),e[0’T] is compatible and (L1) gives

| i)

: 1 1
We use the notation C(H,(p[) and C(V-W)
each with respect to the pull back q)f , (c.f. (2.2)). We recall that the definition of L%t
and L%, only does not depend on the choice of push-forward map up to norm equivalence
(Rem. 2.5). We assume the following inclusions hold:

1 0 1 1 1
(L3) Cla.) NV C Cyp gty and Clv.g) ncy, Cly.oty-

¢an%) Sc! ) ScHn"HM0 <Ml for n € Ho.

for the spaces of smoothly evolving functions,

Lifted material derivative. We denote by d; 1) the material derivative for the push-forward
map (I)f 2.4):

(H.0)

This is a different material derivative to the material derivative defined with respect to
the push-forward map (i)f’ (3.3). However, as observed in Dziuk and Elliott (2013a), our
construction implies that first taking material derivatives and then lifting is the same as first
lifting and then taking material derivatives:

d
(3.15) o= ‘ME(‘Z’Q”) foralln € C!
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Lemma 3.5 (Commutation of material derivative and lifting). The following hold:
e Foralln, € C71{h
(3.16) o (i) = (9 mn)"

e Ny € C}_Lh if, and only if, 775 € C(IH,M)’

1

and ny, € C\I,h if, and only if, n,{ € C(V7¢£).

Proof. Indeed, applying the definitions (3.13) and (3.14), we see

L L
o (my) = @%(«pﬁ(nf)) = ( /’((iw,nh)‘)‘[)) = <¢t’1(§t<¢”,nh>)> = (9w’

-

since the lift at time # = 0 and time derivative commute and (-) and ()~ are inverses. By

similar reasoning, we have that

amH=am forallm € c(lﬂﬂ(pé).

In particular, applying (L1) and (L2), we have the second statement. (|

Abstract lifted transport formulae. We assume that we have a transport formula for

functions in C(lﬂ o) and C(lv o) for the m and a bilinear forms. We assume that there exists

bilinear forms gy(;-,-): H(t) x H(t) — R and by(t;-,-): V(¢) x V(¢) — R such that
d
Gy 3 m(5n,8) =m(:07,8) +m(;n,978) +2e(m, ) form, &€ Clyy oy

d
Be) a0, §) =a(t0;n,§)+atn, o E) +bi(n,§)  forn,EECy, 4.

We assume that for these bilinear forms there exists ¢y, ¢, > 0 such that for all # € [0,T]
and all h € (0, hy),

(Ge2) lge(t:1, ) < crlInlla 1€l forn,§ € H(1)
(B¢2) be(t:n, ) < 2|l 11 forn,{ € V().

Lifted finite element space. Let ¢t € [0,7]. The lifting process allows us to introduce a
new space S (t) by
(3.17) Sh(t):={xt:xn €Sn(t)}.

This is a subspace of V(¢) for each ¢ € [0, T].
The lifted discrete space S, (¢) is a closed subspace of V(t) and ¢/ (S}, ,) = S5 (t) so we

may infer that (Sfi(t), ¢r€|3;70)f€[07T] is a compatible pair (Rem. 2.3). Hence, the spaces Léé
| h
(2.1) and C‘]S[ (2.2) are well defined and we will write 3[ xﬁ for the material derivative of

h
X € C}#. From our assumptions, in general it does not hold that ¢; (S} ,) = Sj(t).
h ’

Approximation property of S (¢). For each ¢ € [0,T], we assume that there exists a well
defined interpolation operator I, : Zo(t) — Sj(¢) such that there exists a constant ¢ > 0
such that for all 7 € [0, T

ey 1 = Inn gy + 20 — Il SChz”nHZO(t) for n € Zo(1)
@) 0 =Ll + RN =Tl < h iz forn € Z(1).
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Assumptions on the geometric approximation. Finally, we assume we have the follow-
ing relations between continuous and discrete bilinear forms. We assume that there exists
constants ¢ > 0 such that for all # € [0, 7] the following holds for all 1y, §, € V,(¢) with
lifts 0, & € V(t) we have

®1) et &) =t 6| < el e
(®2) jsett:mt, &) —sntesmn G| <t i (]
(P3) gelemis &) —g(ema, Go)| < e [ 1G]
(P4) a(emp &) —an(esma, G)| < el mi | E]
(P3) ettt &) = batesmn G| < e et]
(P6) be(t514, Gi) = b(63m, §i) | < e | Vo & Yo
For 1, § € Zy(¢) with inverse lifts 17, { ¢, we have

(P4) lat:m,8) = an(rn ™, &) < B 2y 111240
(P5") e, §) = bl .£ )| < Al 1€z

Forn e Clzo and § € Z(t), with inverse lifts 17 and { ¢, we have

(P7)

a(t;90n, &) —an(t:95m ™", C“")’ < H M 2y + 101 206 1€ 1|20 0) -
Finally, we assume

(P8) 1978 = 3% Ly < ANl for { € Cy,

(P9) 1078 = 3*C iy < et 18250 for ¢ € CL,.

3.3. Ritz projection. It is convenient to introduce a Ritz projection which is a standard
approach in the finite element analysis of evolution equations (Thomée, 2006) also applied

to problems on evolving surfaces (e.g. Dziuk and Elliott, 2013a). The Ritz projection is
defined with respect to modified positive definite bilinear forms a* and aj.

A new bilinear form. We know from Assumptions (M2), (M;,2), (A3), (A,4) and (A;2),
there exists x > 0 such that there exists ¢ > 0 such that for all r € [0,7] and all & € (0, hp)

(3.18) a(t:n,n) + km(t:0,m) = c 03, for n € V(1)
(3.19) an (130 M) K (650, M) > € |10l 0 for 1y, € Vy(t).
We now take «x fixed in the sequel. Thus, we infer that the bilinear forms:

a“(t;n,§) :=a(t;n, &)+ xkm(t;n, §) forn, e V(r)
ay (t: M, §) = ap, (t; M, Cn) + Ky, (851, Cn) for Ny, & € Vi(t),

are uniformly coercive for all i € (0, hg).
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The projection.

Definition 3.6. The Ritz projection is an operator ITj,: V() — Sy(¢). For z € V(¢), ITpz is
given as the unique solution of

(3.20) af (t: Tz, x0) = a*(t:2, 1) for all ), € Sy (1) with lift y; € Si().
We denote by m,z = (IT;2)" € S)(¢).

We will further assume that there exists a constant ¢, > 0 such that for all t € [0, T], for
n=z—mz€V(t)andall { € Zy(r) we have

(B3) b(t;n, 8)| < 2 (HnHH(t) R[Nl + A HZHZ(t)) 1€ 25 -

Remark 3.7. In an application it may be possible to prove that a simpler version of (B3)
is sufficient. For example in the case of of surfaces without boundary for all z € [0, T, for
N € V(r) and all { € Zy(¢) we have

(B3%) 1b(t:1,8)| SC22||n||?-t(z)HCHZO(z)
holds.

A dual problem. We introduce the dual problem: Given & € H(¢), find R(&) € V(¢) such
that

(3.21) a“(t;n,R(E)) =m(t;€,m) forn € V(r).

Assumptions on k along with the previous assumptions from Sec. 2.2 imply that (3.21) has
a unique solution and we assume the regularity condition that there exists ¢ > 0 such that

(R2) IR ) < €llS 130r)»
where the constant is independent of & and time 7.
Ritz error analysis.

Lemma 3.8. For each z € V(t), there exists a unique solution 1z of (3.20). There exists
a constant ¢ > 0 such that for all h € (0,hg) and all t € [0,T] we have

(3.22) Izl @) < cllzllyey — forze V).
Furthermore, there exists a constant ¢ > 0 such that for all t € [0,T] and h € (0,hy),
(3.23) llz = 7nzll 34y + 1 |z — Tzl ) < chft! l1zll 2 forall z € Z(t).

Proof. Since a,’f is uniformly coercive (3.19) and bounded ((A;3) and (M;,2)) and a* is
bounded ((A4) and (M2)), standard Lax-Milgram theory gives that there exists a unique
solution that satisfies the stability bound (3.22).

To show the error bound, we consider the functional F,: V(¢) — R given by

Fy(n) = a"(t;z— myz, ).
First, note that for n = X;l: € S,f (¢), we can use the definition of IT,z (3.20) to see that
Fh(l/f) =a"(t;z— ﬂh&%}f) = ajy (t:TTyz, xn) — a®(t; ﬂhzalzf)-
Then the perturbation estimates (P1) and (P4) and the stability bound (3.22) imply that

(3.24) \Fh(x/f)\ < e [Myzllys, ‘X'f Hw) '

L < ohk
1] < el
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Next, we consider Fj,(1) for 1 € Z. Then, again using (3.20) we have
Fy(n) = a"(t:z—myz,m)
=a"(t;z—mz,n—I,m) +a*(t;z2— mz,Iym)
=a"(t;z— mz,m — L) + (af (6 Tz, (1) ™) — a*(tmz, im)) = I + b.
Using the boundedness of a* ((A4) and (M2)) and the interpolation bounds (I1), we have
1] < cllz=muzllyy 1M =Tl < chllz—mmzlly e 111 2y -

We split I so that together with the perturbation estimates (P1), (P4) and (P4’) and the
interpolation result we have

|12| < ‘a}f(t;th, (Ihn - 77)7[) _ak(t;n/’lzvlhn - TI)‘

+

af (=2 () ™) —a*(Emz—zm)

+

af (2, ()) — a"(:z.m)|
< cht! ITLnzllys, () 1M 29 0) +cht 170z — zlly oy MMl
+ el 2l 20 1M 2400
Then combining the above estimates with the stability bound (3.22), we see that
(3.25) Fa(m)] < c(hllz = mally ) + K Iz 20)) 111120 -
To show the V(¢)-norm error bound, we have
af(t;z— myz,z2— mpz) = a*(t;2— myz, 2 — Inz) + Fu(Inz — mp2).

Applying the boundedness ((A4) and (M2)) and coercivity (3.18) of a¥, the interpolation
bound (I2) and the first bound on F}, (3.24) gives

2
llz— ﬂ"hZHV(t) < cht llz— ﬂ:hZHV(t) ||Z||z(;) +cht ||ZHV(I) ([7hz — ”IZZHV(t)

< cht||z— Tzl vy 12l 2 ) +cht Izl (”IhZ =2y +llz— ﬂhZHv(r)) .
Using the interpolation bound (I2) and rearranging using a Young’s inequality gives
(3.26) Iz =zl gy < b Nzl 2 -

For the #(¢)-norm bound, we consider the dual problem (3.21) with & =z — m,z € H ().
Then there exists a unique R(&) € V(¢) such that

a“(t;n,R(€)) =m(t;&,m) foralln € V(¢).
Furthermore, R (&) € Zo(t) and satisfies (R2)
(3.27) IR(E 25 < cllz— mrzl4(r) -
Then we have from (M2) that
llz— m,zll%d(,) <eam(t;z— mpz,z2— mz) = c2a” (12— Mz, R(E)) = 2 (R(E)).

Then the second bound on F;, (3.25) together with the V(7)-norm bound (3.26) and the dual
regularity estimate (3.27) imply that

llz— ﬂhZH%rt(t) < (ChHZ— 7ThZ||v(t) +eh! ”ZHZUJ) ”R(é)HZO(t)
< ezl 0 e — Tl g -

Rearranging this inequality provides the 7 (#)-norm bound. (]
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Time derivative of Ritz projection. Since in general the material derivative and Ritz
projection do not commute, we must provide a further estimate for this material derivative
of the error z — m,z. First, we derive an equation for d;TIjz.

Lemma 3.9. Let z € C), then, for each t € [0,T)], we have the equation:

(3.28) af (198 Mz, ) = a®(t: 97z, x4) + bf (t:2, x4) — bf (61042, )
forall y, € Sp(1).

Proof. First consider y, € C «19/1 and take the time derivative of (3.20). We apply the discrete
transport formulae (G, 1) and (B, 1) on the left hand side and the lifted transport formulae
(By1) and (G/1) on the right hand side and rearrange to see:

a, (t; 95Tz, Xn)
=a"(1;00z, %)) +a"(t:2, 90 x) — af (6 Tz, O xn) + b (32, 1) — b (1: T4z, )

Using the fact that for ), € C}gh, we have 9y, € Sy(t) and (97 x4)" = 97 x1, we can apply
(3.20) once more to see that

ajf (1:97 0z, o) = a(6:97 2, 4) + bF (132, 4) — Of (1: 114z, 20)-

We can expand this result to arbitrary yj, € Sj(t) by considering the function ¥, given
by s+ /(9" xn) which satisfies x; € C§ and Xji[s= = xn- O
Lemma 3.10. Forz e Clzo, we have that I1;z € C‘lgh and there exists a constants ¢ > 0 such
that for all t € [0,T], h € (0,ho)

(329) Hc?h'thHVh(,) Sc(Hszo<t)+||8'z||v(,>) fOr(lllZE Z()(l‘).
Furthermore, if z € C%, then
(3.30) 197 (2 = m2) 1340y + 197 (2= Ta2) ey < b Izl 2y +19°2l 1)) -

Proof. For the stability bound, we see that d;II,z satisfies the discrete elliptic problem
(3.28). This tells us that d;T1,z € S;(7) and, combined with the boundedness of a* ((A4)
and (M2)), b ((B;2) and (G/2)), and b} ((B,2) and (G;2)) we see that

108 0zl 1y < (1R 2lly ey + 1zl + 1Tzl o )-

Then applying the perturbation estimate (P9) and the stability of estimate (3.22), we see
(3.29).

To show the error bound, we proceed in a similar fashion to Lem. 3.8, we introduce the
functional 7j,: V(r) — R given by

Ty(n) = a"(t:9] (z— mz), m).
First, for n = xﬁ S S,f(t), we can use (3.28) to see
Th(xh) = a*(t:97 (z— m4z), 1)
= (af (1:95 Tz, ) — a*(1:9; Wz, 23,)) + (BF (6:T0z, 2n) — bF (3 74z, 21))
+bF (2 — 2, X)-
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Then, using the perturbation estimates on a* ((P1) and (P4)), with the fact that the two dis-
crete material derivatives and lifting commute (3.16), and b* ((P2) and (P5)), the bounded-
ness of b ((G,2) and (B,2)), the error bound (3.23) and the stability estimates (3.22) and
(3.29) gives

70| < en (195 0zl )+ el i+ ellz00) |2,
(3.31)
< el (22 +12°2lz)) | 2],

Secondly, for 1 € Zy(t), we have using (3.28)

Thi(n) = a"(t:97 (z— mhz),m — Iyn) +a"(t; 9] (z— mz), IyM)
=a"(t;9 (z— mpz),n — Ihn)
+ (aff (105 Tz, (1) ™) = a*(1:97 muz, 1nm))
+ (bR (1 Tz, (Iym)~") — b (53 mrz, ) )
+b)(t;thz—z,iM)
=h+hL+h+1.
We split the four terms /1, .. ., 14 using the smooth functions z and 1 so that

L =a"(t;97 (z—mz),n —Ihn)
b = (ajf (1; 5 Mz, (I — 1) ™) —a* (697 mz, 1m —n))
+ (ap (1; 9h(th—z ,(m)~") —a*(6:07 (mz—2),m))
+(af (195 () = (9~ (n) ") —a (1972~ 9°z,m))
+ (af(r: (0" )’, n) ) —a (t;0°z,m))
= (b (t: Tz, (I — )~ = b (12, ym — M)
+ (bf (1: Mz — 2~ L) Z)—b}f(r;nhz—z,n))
+ (2 () ™) = b (152,m))
Iy = bf (t;mz— 2,1y — ) + (bF (6 mz — z,m) — b5 (t; Mz — 2,M))
+b"(t; iz —z,m).
Using the boundedness of a* ((A4) and (M2)) and the interpolation estimate (I1), we have

11| < ch[9] (z— mh2) |y 1M1l 2, 0)

Using the perturbation errors for a® (P1) to (P4’) (with the fact that discrete material deriva-
tives and lifting commute (3.16), the inclusions shown in (L3) and Lem. 3.5), as well as
the estimate with material derivatives (P7), together with the interpolation bound (I1) and
the error in material derivatives (P9), we have

IB| < ch 08Tz, ) 111 20y + € 1107 (2= 702) [l oy M e
+ el Nl2ll 20 1My + B 10°2) 500 1M1z
< b (|97 (2= ) |y 11 290
+ch Izl 2y +19%2 26 + 197 Tzlly, ) 171 20
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Using the simple and improved perturbation estimate for b* (P2), (P5) and (P5’), the inter-
polation result (I1), and the Ritz V(¢)-norm error bound (3.23), we have

1131 < ehHITTzlly, ) I 20y + €l 20y [y + Rzl 20 (1] 200
< el (llall 2y + 1Tzl ) ) 171 24 -

Using the boundedness of bf ((B2) and (G/2)), the perturbation estimates (P6) and (P3) on
b¥, the boundedness of b* ((B3) and (G2)) and the Ritz V(¢) and H(¢)-norm error bounds
(3.23) we have

[Ia] < el Izl 20 10 20 + B 2] ) 1Ml
+c(lle = mzllag + 1 llz = mzlly e+ 2l z0) 1] 200
< el 2 1M1 z00) -

Combining the previous four bounds with the stability estimates for I,z (3.22) and 9.1z
(3.29) gives
(3.32)

ITa(m)| < h (Nzll z0) +19°2l 2)) 1M1l zo(0) + €197 (&= 702 ey 17 24 ) -
To show the V(¢)-norm error bound, we start with
a"(1;0] (2= m2), 9] (z — M)
=a"(t;0) (z— mz),0)z— 9°2) +a*(1;9; (z — mpz),0°z — 1,0°7)
+a"(t;97 (z— mz), 1,0°z — 9] m2).

Noting that the final term on the right hand side is 7},(/,0°z — 9] m,z), the bounds on a®
((A4) and (M2)), the perturbation estimate (P9), the interpolation estimate (I12) and the first
bound on 7, (3.31) gives

a*(t:0] (z— mz), O (z — M)
<1107 (= 742) |y e 12l 26y + 1107 (2 = T02) |y € 19%2] 2o
+ch (|12l 2y +19%2l 2)) 12492 — Oy Tazlly
<1197 (2= m2) llyry e 120 2y + 197 (2= T2l b 192
e (Il ) +110%2l 2) (1149°2 = 9%zl p) 119°2 = IF Taclly) -

Again, using the interpolation bound (I2) and the coercivity of a* (3.18) and rearranging
using a Young’s inequality gives

(3.33) 197 (2= mr2) |l < ek (N2l 2y +10%2ll 21 )-

To show the #(¢)-norm bound, we consider the dual problem (3.21) with & = ¢ :=
9; (z— myz) € H(t). Then, there exists R(&) € V(r) such that

a®(t;n,R(&)) =m(t;e,n) forallm € V().
Furthermore, R(€) € Z(¢) and satisfies the bound
(3.34) ||R(€)||zo(z) <c ”e“H(t) :
Then we have

197 (2 = mi2) I3y < Gm(tse,e) = 3a* (197 (2 = M) R(E)) = ATi(R(E)).
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The second bound on 7}, (3.32), the V(¢)-norm error bound (3.33) and the dual regularity
result (3.34) give

leli3) < B (Nll 2y + 192l 2 ) IRE) | 21y + chellellyge) IRE) ] 24y
< el (12l 2y +119°2l 2y ) llell g

Rearranging this inequality gives the desired 7{(¢)-norm bound. (|

3.4. Abstract error bound. To show the error bound we make the following assumption
on the smoothness of the continuous problem. We assume that u € C}, and that there exists
a constant C > 0 such that u satisfies that regularity estimate

T
(R1) sup [[ullZo)+ [ [19%u]Z, dr <C.
1€[0,T] 0

Theorem 3.11. Let all the assumptions listed in Sec. 3.2 hold as well as (B3) and (R1).
Denote by u the solution of (2.9) and by U, € C'ls,, the solution of (3.7) with lift u, € C}S[.
h

Then, there exists constant ¢ > 0 such that for h € (0,hy) we have the error estimate

T
sup =By +4° [ =y a

T
2 2 ° (12
SH%—WMM@+M%”<wPWbm+/|WMbmw>
1€[0,7] 0
To show the error bound, we start by rescaling both solutions. Let i = ¢~ *u and U, =

e~ *'Uy,, which satisfy

(3.36) m(t;0%i,m) +g(t;ii,n) +a*(t;i,m) =0 forall m € L3,

d v y "
(3.37) amh(t;Uh,xh)—|—a}f(r;Uhxh) —mh(t;U;”ngh) =0 for all x;, € C}gh

Our assumptions imply

(338)  sup [lill%,)+ H “ill %
t€[0,T]

T

_ . 2

<e < sup [[ulZg)+ [ 19%ull 20+ & lullZ df) <C
t€[0,7T] 0

We define i, := U}f to be the lift of U;,. We will decompose the error as:
(3.39) iy — i = (thy, — mpil) + (mpti — 1i) =: O+ p.

We already have bounds on p from Lem. 3.8 and 3.10, thanks to assumption (R1), so it
remains to show a bound for . We will denote by © = Uy, — I, and by our assumptions,
we know ¥ € C}Sh.

Lemma 3.12. Let x), € C‘ls,, and denote by X;f € C‘lsg. Then © = Uy, — I satisfies
h

d .
(3.40) amh(n O, xn) +ap (60, xn) —mp(t;9,08 xn) = —E1(Xn) — E2(Xn)
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where
E1(xn) = m(1:97p, 24) + 80(1:, i)
Ex(2n) = (mu(t; 98Tyt xu) — m(t500 myit, 21)) + (g (t: T, 2) — 8ot 7t 1))
+mlt311, 0%, — 97 14).
Proof. We transform (3.36) into variational form using (G1), then together with the defi-

nition of the Ritz projection (3.20), we see that

d . . . e
amh(f;nhu, xn) +aj, (t:10yat, ) — my, (211408, O x)

d 5 5 . .
— a(mh(l;nhbhxh) —m(t;00, 1)) — (mn (65 Tyt, O o) — m(t528,0° x1) ).

We use the transport formulae (G, 1) for my, and (G 1) for m to see

d . . L e
amh(t;nhbl,%h) +ay, (t:Tyit, xn) — my, (81042t O x1)

= (i (305 Ty, x) — (13971, 1)) + (8 (13 Thae, ) — o133, %1))
+m(t311,0° 1y — 97 2.
Subtracting this equation from (3.37) and rearranging gives (3.40). O

Lemma 3.13. For x;, € S;,(t), the consistency terms E| and E, satisfy

(3.41) 1 Q)|+ B2 () | < b ([litl] 2y +110%8 5. ) 120l o) -

Proof. For E, we use (M2) and (2.6) together with the error bounds from (3.23) and (3.30)
to see

E1(en)] < (1Pl + 197 Pllagy ) 12l e,
< N ([lat] 5+ 1078 20 ) 112, 1) -

For E,, we use the perturbation estimates (P1), (P2) and (P8) together with the stability
bounds on the Ritz projection (3.22) and (3.29) to see

E2n)| < el (Nl + 1 Tadilly, ) + 195 Thadilly, ) ) 12801y
< e (1] )+ 10 2 ) 128, 0 - 0

Lemma 3.14. The following bound holds for & = Uy, — It

T
2 2
@42 sup 19l + [ 1915, @

T
< ||19||ih<o>+ch2"“/o it % ) + 19%4] % ) .
Proof. We test (3.40) with x;, = ¥ to see

%mh(t;ﬁ,ﬁ) +ap (1;0,0) —my(1;9,050) = —E1 (9) — E2(9).

The transport formula for m;, (G 1) tells us that

d e 1d 1
a”’lh(l,'ﬂ,ﬂ)_mh(t,ﬁ,ghﬂ)—i&fﬂh([,ﬂ,ﬁ)‘f’égh(t,ﬂ,ﬁ%
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hence, applying the bound on E; and E; (3.41) we infer that

1d 1 . .
5 g (60, 0) +ai(6:9,9) < —Egh(t;ﬁ,19)+Chk+l(||qu(z)+|| il z) 191y,

Applying the boundedness and coercivity estimates form my, af and g, (M;2), (3.19) and
(Gj,2) with a Young’s inequality and integrating in time gives

t
19150+ [ 19150 0

<910+ [ 1910 &'+ 0252 [ (il + 10", ar

Finally, we use a Gronwall inequality to see the desired result. (I
Finally, we can show the result of Thm. 3.11.
Proof of Thm. 3.11. We apply the splitting (3.39), the bounds on p from Lem. 3.8, the

bounds on 6 from Lem. 3.14 and the estimate on # from (3.38) to see

T
2
sup. a0+ [ =B

te(0,T)
T
<c sup (HW&(:)H\PH%{(:))+h2/ (118150 +lele)
t€(0,T) 0
2
<Ch2k+2< sup ||“||z +/ ||M||Z(t +10° ||Z ) >+C‘|”_”h,0||q{(o)
t€(0,T)

2
gd#”<s?|wu [0l >+wmwmu@
te(0,T

The final line follows since the L? norm is bounded by the L* norm. (]
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Part 2. Evolving finite element spaces
4. EVOLVING BULK FINITE ELEMENT SPACES

In this section, we will define families of evolving bulk finite element spaces {S;(t) },c(0,7)
on families of evolving triangulated bulk domains {€(t) },c|o,) consisting of unions of el-
ements. We have in mind () C R"*! approximating an open bounded domain Q(t) C
R"*!. We will use the word bulk in this section to emphasise the difference to the surface
case considered in Sec. 6 but more common terminology would simply remove this word.

Our work extends from standard bulk finite element theory (Ciarlet, 1978) and the work
of Ciarlet and Raviart (1972) and Bernardi (1989) for Cartesian bulk domains with curved
boundaries to the evolving case. Throughout this section we will denote global discrete
quantities with a subscript & € (0,h¢), which is related to element size. We assume im-
plicitly that these structures exist for each £ in this range. See also Rem. 4.11. For ease of
exposition we begin with definitions without the time parameter, ¢.

4.1. Reference finite element.

Definition 4.1 (Reference finite element). The triple (K, P,¥) is a reference finite element
if:

(a) the element domain K C R™ is the closure of an open domain with Lipschitz piece-
wise smooth boundary,

(b) the set of shape functions P is a finite dimensional space of functions over K,

(c) the nodal variables or degrees of freedom & = {6y, ...,6,} are a basis of P’ the
dual space to P,

and £ determines P, that is if for § € P with 6(jf) = 0 for all 6 € £, we have ¥ = 0.

As part of this definition, we are implicitly assuming that the nodal variables live in
the dual to a larger function space than P. We will see that this usually requires further
smoothness or continuity of finite element functions. We give an example of a simpli-
cal finite element, but this definition includes other examples such as isoparametric finite
elements and brick finite elements.

Recall that a (non-degenerate) m-simplex K in R™, is the convex hull of m 41 distinct
points {ai}i";’;l C R™, called the vertices of the m-simplex, which are not contained in a
common (m — 1)-dimension hyperplane. More precisely, we have

m-1 m-+1
K=Sx=Y wao:0<p; <1, 1<i<m+1, Y p,=15.
i=1 i=1

For each x € K, we call {u; 1":11 barycentric coordinates. For any integer [ with 0 </ <m,

an /-facet of an m-simplex K is any /-simplex whose (I + 1) vertices are also vertices of K.
We call an (m — 1)-facet a boundary facet. We will also use the term boundary facet for
any boundary polytopes (union of simplicies) of a polytope K. For each k > 0, we shall
denote by P the space of all polynomials of degree k in the variables xy,...,x, in R™. For
any set A C R™, we let

Pi(A) ={x|a: x € P}

Example 4.2 (Example of reference finite element). The standard piecewise linear finite
element (K, Py (K),XX) is obtained by choosing K to be a non-degenerate m-simplex in
R™ and XX = {y — x(a;) : 1 <i<m+1}. We can also define higher order spaces
(K,P(K),ZK), for k > 2, by including extra evaluation points in XX (see, for example,
Ciarlet (1978, Section 2.2)). The key property of the extra evaluation points is that they
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determine the particular function in P(K). It is also true that the restriction of XX to any
facet determines the restriction of functions in P, (K) on that facet.

Given the reference element (K,P,%) and a function 7): K — R for which the nodal
variables 0;(1]) can be computed (e.g. in the case of Lagrange element we require 1} to be
continuous), we define the nodal interpolation of ), written /#, as the unique function in
P which has the same nodal values as f. Let {§;: 1 <i<d} C P be the basis of P dual to
¥ then we can characterise /] as

W

fﬁ =) oi(M)x-
i=1

Lemma 4.3 (Bramble-Hilbert Lemma, Ciarlet 1978, Thm. 3.1.5). Let the following inclu-
sions hold for m,k > 0, and p,q € [1,],

W L (R) — C(R)
WL (RY <5 wma(R)
P.(K) c Pc W™(K).

Under the above assumptions on the reference finite element we have that there exists a
constant C = C(K,P,%) > 0 such that for all functions fj € WP (K),

4.1) A =17 |ymagzy < C Al k) -

4.2. Bulk finite element. We start by defining a single bulk finite element in R"*!. Our
definition of bulk finite element combines Def. 2.1 and 2.3 from (Bernardi, 1989).

Definition 4.4 (Bulk element reference map and bulk finite element). Let (K,P,%) be a
reference finite element (Def. 4.1) with K ¢ R+,
(a) Let Fx: K — R satisfy
() (a) Fx € CHK,R");
(b) rankVFgx =n+1;
(c) Fx is a bijection onto its image;
(2) Fg can be decomposed into an affine part and smooth part

FK()?) = AgX+ by —‘rDK(.f)
such that Ag is an invertible (n+ 1) x (n+ 1) matrix, by € R*"!, and Dk €
C'(K)
4.2) Cx = sup || VD (£)Ag"|| < 1,
%€k
where ||-|| denotes the two-norm of the matrix.

In this situation we call Fx a bulk element reference map.
(b) Let Fx be a bulk element reference map and (K, P,X) be the triple given by

(4.3a) K := Fx(K) (the element domain)
(4.3b) P:={x OFK_1 :q € P} (the shape functions)
(4.3c) Yi={x—6(xoFk):6c¥L} (the nodal variables).

Under the above assumptions, we call (K, P,X) a bulk finite element, (K,P,%) the
associated reference finite element.



FINITE ELEMENT ANALYSIS FOR PDE IN EVOLVING DOMAINS 31

With the bulk reference element map Fx we can compute integrals and derivatives over
the reference element using the transformation identity:

[ x@ar= [ 2@ deVE(@]d, Vi) = VE VAR,
We denote by vk the outward pointing normal to K.

Definition 4.5 (©-bulk finite element, Def. 2.4 Bernardi 1989). Let ® € N and Fg be the
bulk element reference map for a bulk finite element (K, P,¥L).

(a) We say that Fx is a @-bulk finite element reference map if
(i) the bulk element reference map Fx € CO®+!(K;R"*1);
(ii) for 1 <m < O+ 1, there exists constants C,,(K) > 0 such that

(4.4) sup| V" Fk (£)|[|Ak || ™" < Cu(K).
ek
(b) We say that (K,P,X) is a ®-bulk finite element if Fx is a ®-bulk finite element
reference map and
(i) the space P contains the functions § o Fy Ufor all § € Po(K);
(ii) the space P is contained in CO+!(K).

Remark 4.6. The properties of K allow us to define the Sobolev spaces W"?(K) for 1 <
m<0+1,1< p<oo. Since P C COF!(K) and is finite dimensional, we clearly see that
P is a closed subspace of W"P(K) for | <m < O®+1,1 < p < oo,

Example 4.7 (Bulk finite elements). We are thinking of two particular examples. The first
is a standard Lagrange finite element and the second is an isoparametric finite element.
Examples of each of these cases are shown in Fig. 4.1.

(a) Let (K,P,%) be a reference finite element. Consider the affine map Fi: K — R"*!
given by Fx (%) = Ag£+ bk. If Ak is non-singular, then this defines a bulk finite
element (K,P,X). In the standard way, the element domain K is defined by the
location of its vertices. For a simplex reference element domain K, we are thinking
of line segments in R, triangles in R? and tetrahedra in R3.

(b) Let (K,P,%) be a reference finite element. Let (K,P,X) be a bulk finite element
which is the image of (K, 2,%) under a map Fx which satisfies Fx € (P)"*!. We
call (K, P,X) an isoparametric bulk finite element. We note that the functions in P
will not necessarily consist of polynomials over K even if P consists of polynomi-
als over K, however this leads to a practical scheme where integrals are computed
over reference elements. This example is the basis for the method in Sec. 8.

The definition of bulk finite element (Def. 4.4), in particular (4.2), is constructed to
allow the following result:

Lemma 4.8 (Lem. 2.1, Bernardi 1989). Let Fx: K — K be a bulk finite element reference
map then Fx is a C'-diffeomorphism and satisfies

4.5) sup [VFg (£)[| < (1+Cx) [| Akl
XekK
(4.6) sup||(VFk(£)) || < (1-Ck) [|Ag "],
XeK

and also for all £ € K
(4.7) (1—Cx)""" |det(Ax)| < |det(VF(£))| < (1+Ck)"" |det(A)|.
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FIGURE 4.1. Examples of different bulk finite elements in the case
n = 2. Left shows a reference finite element (in green), centre shows
a standard finite element (Ex. 4.7(a)) and right shows an isoparametric
bulk finite element (Ex. 6.7(b)) with quadratic Fx. The plot shows the
element domains in red and the location of the nodes in blue.

To help us understand the geometry of the new element domains K, we introduce a new
element domain K defined by the affine part of the parametrisation: K := {Axf+bg : £ €
kY.

Lemma 4.9. Let K be an element domain (4.3a) parametrised by a bulk element reference
map Fg over K. Denote by

(4.8a) hg := diam(K)
(4.8b) px := sup{diam(B) : B is a n-dimensional ball contained in K }.

We will also write h and P for the diameter of K and diameter of the maximum inscribed
ball in K. Then we have that

h
(4.92) Akl < =

p

h
(4.9b) ARl < —

'l <
1 1+C n+1
(4.9¢) sup|det(VFx (®))| < - ok meas(K).
ek measK \ 1 —Cg

Proof. See (Ciarlet, 1978, Thm. 3.1.3). O

Remark 4.10. We note that the volume of an element meas(K) can be estimated by g and
Pk by

clpl’?l <measK < czh?l.

Here the positive constants c1,cp depend on the volume of the unit ball in R and the
constant Ck.

Remark 4.11. In the sequel, we will assume implicitly that results hold for Ag sufficiently
small (hxg < hg) for some particular value of hy. In general this is always possible by
subdividing a particular element using a refinement procedure and applying the result to
the subdivided, smaller elements.

The choice of mapping allows us to relate functions defined on K to functions on K.
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Lemma 4.12 (Lem. 2.3, Bernardi 1989). Let Fx: K — K be a ©-bulk finite element ref-
erence map (Def. 4.5). Let 0 <m <@+ 1 and p € [1,0|, then y € W™P(K) implies
% = x o Fx belongs to W"P(K). We have for any y € W™P(K) that

(4.10) |2l gy < cldetAg|” P||AK|| ZmW,p

for a constant which depends on Cx,C(K),...,Cyn(K). We also have for any § € WP (K)
that y = f o F¢' € W™P(K) and

m
(4.11) Koy < eldetarl? Y 4! |12 hwnie)
r=0

where the constant here depends on Cx,Cy(K),...,Cp(K) and the product ||Ak|| HAI}1 H

Given a bulk finite element (K, P,Y) (Def. 4.4),let {); : 1 <i<d} C P be the basis dual
to X. This is the set of basis functions of the finite element. If 7 is a function for which all
ci(n), 1 <i<d is well defined, then we define the local interpolant by

d
(4.12) Ikn =Y oi(n)xi

i=1
We can think of Ixn as the unique shape function that has the same nodal values as 1 so
that, in particular, Ixy = x for x € P.
Theorem 4.13 (Local interpolation estimate). Let (K,P,X) be a ©-bulk finite element
(Def. 4.5) with reference element (K, P, ﬁ) by Fx which satisfies the assumptions of Lem. 4.3
for some 0 < k,m <O, p,q € [1,0]. Then there exists a constant C = C(K,P,i) such that
for all functions y € WKHLP(K)

k+
4.13) X — I X wma ) < Cmeas(K)'/9~ el o X lwitog)-
K

Proof. We re-scale (4.1) using Lem. 4.12 and the estimates from (4.9):

xeK

Iy <c<sup|aetvn<< >> 5 141 e

lq
<c (sumdetVFK()?)) Y |Ag" HrIQZIWm.p(,g)
r=0

XeK

Vq=1/p
N _ r
<c <suP|detVFK(x)> Z HAKl H A< X lwiete k)
r=0

fek
k+1
< emeas(K) 4P
Px
The last line holds if px < 1 (note that px > hg so this statement is true for g small
enough). U

4.3. Triangulated bulk domain and spaces. Next, we bring together a finite family of
bulk finite elements in order to create a bulk finite element space.

Definition 4.14. (a) A triangulated (bulk) domain is a set Q, equipped with an admis-
sible subdivision 7, consisting of bulk finite element domains such that Ugc 7, K =

Q. 1%1 ﬂ[%z =0 for K1,K, € J, with K| # Kj.
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(b) The maximum subdivision diameter 4 is defined by:

4.14) h:= Il(lée% hg.

(c) LetQy, be adiscrete bulk domain equipped with an admissible subdivision .7, such
that each set K € .7, is an element domain for a bulk finite element (K, PX xX)
parametrised over the same polygonal reference finite element (K ,f’,ﬁ). We say
that E C K is a facet if E is the image of a boundary facet of K.

(d) We say that .7, is a conforming subdivision of Q;, if any facet of an element domain
K is either a facet of another element domain K’ € .7, in which case we say K
and K’ are adjacent, or a portion of the boundary 9€,.

(e) For a conforming subdivision, we denote by F}, the set of facets between adjacent
elements and by 0.7}, the set of boundary facets. For a internal facet F € F,
between adjacent elements K, K’ € .7}, we make a choice of the two elements and
denote by v} the outward normal to K and by v the outward normal to K. The
particular choice will not affect our calculations.

Remark 4.15. (a) We recall that our elements domains (Def. 4.1(a)) are closed so that
Qy, is also a closed set.

(b) When putting together bulk finite elements in order to form a discrete domain Q,
we will be generally thinking of the case that only elements with more than one
vertex on the boundary are curved (Dg # 0). See Sec. 8 for more details. We allow
for the more general case here.

Definition 4.16 (Broken Sobolev spaces and norms). Let .7}, be a subdivision of Q; con-
sisting of ®@-bulk finite elements. Then for 0 <m < @+ 1, p € [1, 0], we define the broken
Sobolev space W™P(F},) by

(4.15) WP () = {n, € L' () : nulx € W™P(K) forall K € F,},
with norm
1/p
||77h||pm<,) > p <o
(4.16) [l = (xeze e
fnax [y i) p=ce.

Remark 4.17. This space is often used in the context of discontinuous Galerkin finite ele-
ment methods. See, for example, Arnold, Brezzi, Cockburn and Marini (2002).

Lemma 4.18. The space W™ (F},) is complete.

Proof. Consider a Cauchy sequence {n;} € W™ (.7,). This implies

e 1); is Cauchy in LP(€;) so there exists & such that n; — & in LP(€y,).
e 1|k is Cauchy for all K so there exists {x such that nj|x — &k in WP (K).

It is clear from the triangle inequality that & |x = Ek:

€1k — gK”W’"J’(K) < ||5|K - 771'|K| LmP(K) + Hnj"( - 5K||Ww(k)’

since the right hand-side converges to 0 as j — . Hence, we have shown that 1; converges
to a function & € W™ (.9},) in the W™P(.7},) norm. O
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Let Q) be a triangulated domain with conforming subdivision .7},. For K € .7, we
denote the trace of a function n € W7 (K) by Tgn € LP(dK) and recall that there exists a
constant ¢z, > 0 such that

(4.17) 1Tk N |k < cric INllwroy — foralln € WH(K).
We define the space W, ” (%) by
4.18) WP () = {nh € LP(Ty) : Malx € WP(K) for all K € F}, and
Tx (Mnlk) = Tx'(Mn|x7) ae. in KN K’ for adjacent K, K’ € 9;,}
We equip this space with the broken norm |- |y 1.5,

Lemma 4.19. The space WT1’17 () is a closed subspace of WP (F},) so is complete.

Proof. Take a sequence {n;} which converges to 1, € W''»(.7},). Then for any pair of
adjacent elements K, K’ € .7}, we have

[Mnl & = Mnl&e ] 2o (krgry < th_njHLP ak) T th—mHu(am
< CTx Hr’h _nJHWIP +CTK1 Mh — lelep (K" S (CTK +CTK,)

Clearly the right hand side converges to 0 as j — o so we have the traces of 7, from
adjacent elements coincide and 1, € W'?(.7},). O

mh_njuwhp(yh)-

We will use the notation for H}.(.7},) := WTl’2 () which is a Hilbert space when equipped
with the obvious broken inner product.

Lemma 4.20. Let .9}, be a conforming subdivision of Qy, then WTI”’ (F5) = WhP(Qy).

Proof. First, let 1, € WTI"’7 (). Then we have that 1, € LP(Qy) and it is left to show
that 1), has a weak derivative in L”(€Q;). We have a candidate £ given element-wise by
E|lx = V(mulk). Ttis clear that & € LP(Qy,) and for ¢ € C}(Q;) andi=1,...,n+ 1, we

have
/ Nnoip = Z /nhai(P
Qy

Ke,

=K§,9 (—/K<§i<p+/aKnh<pr<>

/§,<p+ Z/ movy.

KeZ,

‘We note that we can write

Z/ MoV /nh O(VE+VE)i /nmva—
KEF, Fe]—‘h

where F}, is the set of facets between adjacent elements in 7}, since the traces of 1|k
and M| to KN K’ coincide for any adjacent pair K, K’. We note that the sum over edges
is zero since the normals from adjacent elements are equal and opposite in a conforming
triangulation and the integral over boundary facets is zero since ¢ € C!(€;,) is zero here.
Thus, we see that & is the weak derivative of 7.

Second, let 1, € W!'7(Q,) then it is clear that 1, € L (), |k € W'?(K) and by the
trace theorem 1 has common trace between adjacent elements. g

Feaﬂ
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Remark 4.21. The proof is based on ideas from Ciarlet (1978, Thm. 2.1.1) which showed
that appropriate finite element spaces defined in that work are contained in H'(€;,) (in our
notation).

Bulk finite element space. We restrict to Lagrangian finite elements over a polygonal
reference finite element. More precisely, we assume that the degrees of freedom for each
element (K, P,X) are given by

£={x~ z(a):ac N5},

where N is a finite set of nodes in K. We call N'X the set of Lagrange nodes of K.

The set of degrees of freedom of adjacent bulk finite elements will be related as follows.
Let (K,P,X) and (K',P',¥') be two bulk finite elements such that K and K’ are adjacent
with L = {y — x(a),a e NX} and ¥’ = {) — x(d'),d’ € N¥'}. Then, we have

(4.19) (U a> nK'=|( |J 4 |nk.

aeNK deNK
We denote the global set of Lagrange nodes by
(4.20) Ni=|J NE.

Keg,
For each a € N, let 7 (a) C 7}, be the local neighbourhood of elements for which a € K

Definition 4.22 (Bulk finite element space). (a) Let €y, be adiscrete bulk domain equipped
with a conforming subdivision .7}, with each domain K equipped with a bulk finite
element (K, PX, XX) (Def. 4.4) which satisfy (4.19). A bulk finite element space is
a (generally proper) subset of the product space []xc 7, PX given by

Sp = {Xh = (xx)kez, € ] P*:
KeZ,

xx(a) = xx(a), forall K,K' € 7 (a), for all a GJ\/h}.

(b) The bulk finite element space is determined by the global degrees of freedom
Ln={xn— xn(a) :a € Ny}

In this definition, an element J; € S, is not, in general a “function” defined over Q,
since we do not necessarily have a good definition of ) over element boundaries: The
“function” may be double-valued.

If it happens, however, that for each element ), € Sy, the restrictions yx and yx coin-
cide along the common face of any adjacent elements K and K’, then the function J;, can
be identified with a function defined over the set I',. In this case, we call the elements
Xn € Sy bulk finite element functions. Examples of bulk finite element functions are shown
in Fig. 4.2.

We enumerate the nodes so that \Vj, = {a;}¥_| and take {);}), to be the basis of S,
dual to ¥;. Since, we have a finite basis of S, we note that we can identify any y;, € S,
with a vector y € R so that

N
i

N
Xn(x) = Z Yixi(x) for x € Q.
i=1
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AN
N %

FIGURE 4.2. Examples of finite element functions. Left shows a piece-
wise linear function over a collection of standard finite elements (c.f.
Ex. 4.7(a)), centre and right shows a piecewise quadratic and cubic
function over a collection of isoparametric (quadratic, respectively cu-
bic) finite elements (c.f. Ex. 4.7(b)). The functions shown are in-
terpolations into the appropriate finite element spaces of the function
x — |x|cos(4arctan(x, /x;)). The distribution of Lagrange points is
shown in blue

Lemma 4.23. Let S), be a bulk finite element space consisting of bulk finite elements over a
conforming subdivision I}, of Q. Assume further that for each K € 7, the corresponding
reference finite element is a Lagrange element of order k > 1 (Ex. 4.2). Then we can
identify elements of Sy, as functions in C(Qy,). Furthermore Sy, is a closed subspace in
HA(T).

Proof. Consider two adjacent elements K, K’ € 7}, and y;, € S;. The functions yk o Fx
and yg' o Fxr when restricted to the appropriate edges in K are polynomials of degree k
which agree at the Lagrange points on this edge from (6.20) and the definition of S,. The
Lagrange points in the reference element determine polynomials of degree k so we have
that yx = xx» on KNK'. Since .7, is a conforming subdivision we can define a global
function yj,: ©, — R such that y,|x = xx for each K € .7, which is globally continuous.
Indeed yj, restricted to each element is continuous, as the composition of a polynomial
(element of P = Pk(K )) and a smooth surface finite element reference map Fx, and is
single valued on the facets where any two elements meet.

In fact the restriction ;| to each element K € .7}, is a C!-function hence y;,|x € H'(K)
so it is clear that S;, C H}(%) The space Sy, is closed since it is finite dimensional. O

Remark 4.24. The proof is based on ideas from Ciarlet (1978, Thm. 2.2.3) wl}ich show that
appropriate finite element spaces defined in that work are contained in CO(Qh) NH'Y(Qy)
(in our notation).

The approximation property of the finite element space will be defined through an in-
terpolation operator:

Definition 4.25 (Interpolation). If i) is a function on Q; for which all ;(n), 1 <i <N,
is well defined (in case of Lagrangian finite elements, 11 € C(€;) suffices), then we can
define a global interpolant In by

N
Iim = Z ci(n)xi-
i=1
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Note that our construction implies that
(Inm)|x = Ixkn|k for all K € T,
and I, ), = xp, for all x;, € S

In order to prove estimates on the global interpolant, we will first define three further
properties of our subdivision 7.

Definition 4.26 (Regular and quasi-uniform subdivisions). For & € (0,ho), let Q, be a trian-
gulated bulk domain (Def. 4.14(a)) equipped with a conforming subdivision .7, (Def. 4.14(d)).
(a) [Def. 3.1, Bernardi 1989] The family is said to be non-degenerate or regular if
there exists preg > 0 such that for all K € .7, and all i € (0, ko),
Pk > preghK ’

and there exists a constant C > 0 such that

sup max Cx <C < 1.
he(0,hg) KETh

(b) [Def. 3.2, Bernardi 1989] The family is said to be ®-regular if it is regular, if for
all h € (0,ho) and all K € .7}, Fx € CO®+!(K;R"*!), and if, there exists a constant
C > 0 such that

sup max Cp(K) < C < +oo for2<m<O®+1.
he(0,h0) KE€Th

(c) A regular family is said to be quasi-uniform if there exists p > 0 such that
min{pg : K € 9} > ph forall h € (0,hy).

Remark 4.27. We note that:

e for a regular subdivision there exists a constant ¢ > 0 depending on the global
quantities P,/ and Preg

Akl < chg < ch and A" < chg',

e for a quasi-uniform subdivision there exists a constant ¢ > 0 depending on the
global quantities P,/ and p

Akl <ch  and  [Ag'[| <chl

Theorem 4.28 (Global interpolation estimates, c.f. Cor. 4.1, Bernardi 1989). For h €
(0,ho), let Qp be a triangulated bulk domain (Def. 4.14(a)) equipped with a ®-regular
(Def. 4.26(b)), quasi-uniform (Def. 4.26(c)), conforming (Def. 4.14(d)) subdivision 9}, Let
each K € ., be equipped with a ®-bulk finite element (K, PX,XX) (Def. 6.4) parametrised
over a reference finite element (I% ,ﬁ,ﬁ) which satisfies the assumptions of Lem. 4.3 for
some 0 < k,m < @, p,q € [1,0]. Then there exists a constant C = C(K,P,%,p) such that
for all functions n € WP ()N CO(Qy),

(4.21) 1N = BN lwma( ) < CH " Nl ) -

Proof. The proof follows by piecing together Thm. 4.13 using the fact that .7}, is quasi-
uniform. (]

Remark 4.29. The approximation property shown in (Bernardi, 1989, Cor. 4.1) is a result
for an L? projection for a more general class of finite element spaces.
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4.4. Evolving bulk finite elements. Let ¢ € [0,7] denote time. We consider families of
bulk finite elements, spaces and triangulated domains parametrised by ¢.

Definition 4.30 (Evolving bulk finite element). (a) Let (K(t),P(t),Z(t));c[o,r) be atime
dependent family of bulk finite elements (Def. 4.4) parametrised over a common
reference element (I% ,13,2). If the constant Cx = sup, Cx(;) is uniformly bounded
away from 1,

Ck := max sup||VDK()27t)AI_(1(t)|| <c<1,
1€[0,T] e
we say that (K(t),P(t),Z())c(o,r) is an evolving bulk finite element.
(b) Let®K € C?([0,T],C"(Ko)) where Ky := K(0). We say that if ®X : K := K(0) —

©)
K(¢) is such that

(4.22) Fy () (%) = @ (F, (%)) fort € K

then ®X is the flow defining the evolution of the element domain and that Fr) is
the evolving bulk element reference map.
(c) The element velocity W of K(t) is defined by

d
Wi (@K (x),1) = a@f(x) for x € Ko,t € [0,7T].

(d) Ifeach (K(t),P(r),X(t)) is a ®-bulk finite element for each ¢ € [0, 7] and the con-
stants C,,(K(¢)) are uniformly bounded:
sup Cp(K(2)) <c < oo for2<m<0O®+1
t€[0.7]
then we say that (K(t),P(t),X(t)).c[o,r) is an evolving ©-bulk finite element and
Fx(r) 1s an evolving ©-bulk element reference map.

(e) We say that an evolving bulk finite element is temporally quasi-uniform, if there
exists px > 0 such that

inf{pg(y : 1 €[0,T]} > prsup{hg 1t €[0,T]}.

(f) The family of element push forward maps denoted by ¢X(x): K(t) — R for
x: Ko — R, indexed by r € [0,T], is defined to be the linear bijections defined
by:

O () = x(@5,(x))  forx€K(r).

Lemma 4.31. Let Fy(: K = K(t), fort €[0,T] be an evolving ©-bulk finite element refer-
ence map (Def. 4.30(d)) for a temporally quasi-uniform element domain K (t) (Def. 4.30(¢))
and oK the family of element push forward maps (Def. 4.30(f)). Then there exists constants
c1,¢c2 > 0, which depend only on the reference element (k P, i) and the constants Cg and
Pk, such that for allt € [0,T), x € W™P(Ky) if and only if 9X y € W™P(K(t)) and

4.23)  crllxllwmpky) < H‘PzKXHWm,p(K(,)) <ol xllwmry — forall x € WP (Ko).
Proof. From Lem. 4.12 and (4.9), we have

meas(K () /7 K O (hri\
|X|Wm,p(1(0) <c (meas(Ko) ||¢z X| Wn1.p(K(t)>r§,l TKO
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and

K ) 1/p m h r
% < meas(Kp - Ko |
|¢f x’Wm’p(K(l» =¢ <meas([(([)) ||X||W »(Ko) Z pK(t)

r=I1
It can be easily seen that for a quasi-uniform evolving surface finite element that these
constants only depend on allowed quantities. ([

This result implies that (WP (K(t)), X lwm.p (ko) )relo,r] 1S @ compatible pair (Def. 2.2).
Furthermore (P(t), 9| P(0))refo,7]> €quipped with the WP (K (¢)) norm is also a compatible
pair since P(¢) is a closed subspace of W™?(K(t)) (Rem. 2.3 and 4.6).

4.5. Evolving bulk triangulations and spaces. We now derive definitions of an evolving
bulk finite element space which is part of a compatible pair (in the sense of Sec. 2, Def. 2.2).
For each 1 € (0, /o), we are given a family of discrete bulk domains {€;(¢) };c(o,7] and each
equipped with a bulk finite element space {Sy,(¢) },¢[o,7]- Furthermore, we are interested in
under what assumptions does the compatibility hold independently of the element diameter
h.

Definition 4.32 (Evolving bulk domain). For ¢ € [0,7], let Q,(z) be a family of trian-
gulated bulk domains (Def. 4.14(a)) each equipped with a conforming subdivision 7}, (¢)
(Def. 4.14(d)) such that each element domain K(¢) € Z,(t) is equipped with an element
flow map d:{?) € C%([0,T];C'(Ko)) (Def. 4.30(b)).

(a) We call {J(t)},co,r) an evolving conforming subdivision if for each element
K(0) € 3,(0) and each facet E(0) of K(0) either E(0) is a facet of another el-
ement K'(0) € 75,(0), in which case E(¢) is a common facet between K(¢) and
K'(z) for all t € [0,T] or E(0) is a portion of the boundary dQ(0), in which case
E(?) is a portion of the boundary dQ\(r) for all € [0, T].

(b) An evolving triangulated (bulk) domain is defined to be a family of triangulated
bulk domains {€(#)}c(o,7) equipped with an evolving conforming subdivision.
In this case, we define the mesh parameter / to be

4.24) h:= sup max hg;.
rel0.r) KOETn) <

(c) We define a global discrete flow CIDIZ.) (+): [0,T] x Q40 — R"*! element-wise by
Ok, =@  for Ko € Z(0).
Our assumptions imply that @/ is piecewise smooth and @/ : Q0 — Qu(t).
(d) We define a global discrete velocity W), given by
Wh‘[(([) = Wkg.
(e) The family of linear bijections induced by the flow CID;’ and called the global push
forward map is denoted by ¢/(n;): Q,(t) — R for 1;,: Q40 — R and defined by
(0/1) k(1) = O (Mnlxy) forall K(t) € Z(t).

In order to bring together a collection of elements, we again restrict to Lagrangian finite
elements over a polygonal reference finite element. We note that our construction implies
that for each element K (¢) each node a(r) € NX() is the trajectory of a point ag € NX(0)
under the flow ®X - that is a(t) = ®X(ay).

We make the following extra requirement on how adjacent elements will be related. For
each r € [0,T], we denote by A (r) the global set of Lagrange nodes of & (¢) (4.20) and



FINITE ELEMENT ANALYSIS FOR PDE IN EVOLVING DOMAINS 41

for any a € Nj(t), 7 (a) is the set of elements K(¢) such that a is a node of K(r). We
make the restriction that the global flow is single-valued at each Lagrange point: for all
ao € N, (0) we have

(4.25) K (ag) = DK (@) forall K,K' € T (ap).

Remark 4.33. We note that our construction does not imply that the global flow map is
indeed a function: Its restrictions to a facet from adjacent elements may not coincide. The
assumption (4.25) imposes that the global flow map should coincide at Lagrange points
along element boundaries.

Definition 4.34 (Evolving bulk finite element space). (a) Let {Q(t) };¢[0,r) be an evolv-
ing triangulated bulk domain (Def. 4.32(b)) equipped with an evolving conforming
subdivision { 7 (t) },e(o,r] (Def. 4.32(a)). Fort € [0,T], let Sp(t) be a bulk finite
element space (Def. 4.22(a)) over Q;(z). If each K(¢) € .7 (¢) is equipped with an
evolving bulk finite element (K (¢),P(t),X(t)).c(o,r) (Def. 4.30(a)) which together
satisfy (4.25) then we say {Sp(?) };¢(o,r) is an evolving bulk finite element space.

(b) Foreacht € [0,T], we will write X, (¢) for the set of global nodal variables (Def. 4.22(b)).

We will use the convention that

Zp(t) = {xn = xn(ai(t)) : 1 <i <N},
where a;(t) is the trajectory of a Lagrange point under the global flow ®". We
will denote by {y;(-,7) : 1 <i <N} the global basis of finite element functions
such that y;(a;(t),t) = &; fort € [0,7] and all i, j = 1,...,N. This implies that
xi(-51) = ¢ (i (-, 0)).

Definition 4.35 (Uniformly regular and uniformly quasi-uniform evolving subdivisions).

For h € (0,ho), let { Z,(t) },¢[0,r) be a family of evolving conforming subdivisions (Def. 4.32(a)).

(a) We say that the family is uniformly regular if there exists p > 0 such that for all
h € (0,hp) and all times ¢ € [0, T], we have

Pr() = Phyyy  forallK(r) € F,(1),
and there exists C > 0 such that

sup sup max Cg, <C<I1.
he(0,hg) te[0,7] K()€ (1) ®
(b) We say that the family is uniformly ®-regular if it is uniformly regular, if for each
time t € [0, T], the family {7,(¢) } re (0,1,) is ©-regular and if there exists a constant
such that

sup sup max GCu(K(r)) <C < oo for2<m<O®+1.
he(0,hg) 1e(0,7) K() €T (1)

(c) We say that the family is uniformly quasi-uniform if there exists p > 0 such that
for all & € (0,ho) and all times 7 € [0, T], we have

min{px) : K(1) € Tp(t)} = ph.

Note that a uniformly quasi-uniform subdivision consists of element domains for tem-
porally quasi-uniform evolving bulk finite elements.

Lemma 4.36. For h € (0,ho), let { F,(t) }ic(0.) be a uniformly ®-regular (Def. 4.35(b)),
uniformly quasi-uniform (Def. 4.35(c)), evolving, conforming subdivision (Def. 4.32(a))
and let ¢ be the global push-forward map (Def. 4.32(¢)). Let 0 <k <@+ 1, p € [0,00].
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Then, 1, € WP (.7,(0)) if and only if ¢]'ny, € WP (Z,(t)) for all t € [0, T]. Furthermore,
there exists c1,ca > 0 independent of h € (0,ho) and t € [0,T] such that for all 0}, € Sy(t)

¢th Nh

(4.20) ct[[Mllwme 7,0y < ’ < c2 [Mllwme(7,0)) -

Wip(F5(1))

Proof. We simply sum the element-wise result from Lem. 4.31. The constants are inde-
pendent of hg and pg due to the uniform quasi-uniformity of {.7,(¢)}. O

Remark 4.37. In particular, the pair (W (Q4(1)), 9/ lwn.r(o, ) )rcfo,r] is compatible with
respect to the broken Sobolev norm ||-|[yymp () (Def. 4.16). Furthermore, the pairs

(Sh (t)’ ¢th ‘Sh_o)ze[O,T] , equipped with the Wm’p(%(t)) norm, and (W;’p('%l(t))a ¢th IWTLP(ghAO))IE[O,T]
are also both compatible (Rem. 2.3 and Lem. 4.19 and 4.23). Note that this result implies

that the spaces L%h and C‘lgh are well defined when equipped with the appropriate norms

(c.f. (2.1) and (2.2)).

5. LIFTED BULK FINITE ELEMENT SPACES

This section sets out a procedure for relating functions on the discrete bulk domain €,
to the smooth domain Q via the construction of Sj() from the space S () defined in the
previous section. We start by defining a lifted bulk finite element (K*,P’,X¢) in Q using a
mapping Ax: K — K* C Q. This process is called /ifting. In the following we will provide
the appropriate assumptions on Ak to allow us to relate structures on € to their lifted
counterparts on Q.

5.1. Lifted bulk finite element. Consider a single bulk finite element (K, P,X) (Def. 4.4),
with element reference map Fx : K — K, where the element domain approximates a portion
of a domain Q with smooth boundary in R"*!. Let Ax: K — Q be a C'-map which is a
diffeomorphism onto its image. We define K := Ax(K) C Q. For a function x: K — R,
we call x*: K* — R the lift of y which is given by
2'(Axk(x) =x(x)  forxeKk.
We assume that we can decompose Ak into
Ak (x) = Apx+bp + Ak (x) forx € K,

where Ay is an invertible (n+ 1) x (n+ 1) matrix, by € R and Ax € C'(K,R"""). We
will assume that Ag does not affect the affine part of the parametrisation: Ag(a) =0 for
each vertex a € K.

Definition 5.1 (Lifted bulk finite element). We call the triple (K¢, P*,Z¢) defined by
K':=Ag(K) CQ
P = {2 (Ak () == x() : x € P}
¥={ct=x'—~o0o(y):0ex},

the lift of (K,P,X) and Ak the lifting map. If (K*,P',X') forms a bulk finite element
over (K,P,%) then we say that (K*, P*, %) is the lifted bulk finite element associated with
(K,P,X). In this case, we call Fi:(-) := Ag(Fxg(-)) the lifted bulk finite element reference
map.

The next two results show under what assumptions on Ag is (K', P!, X%) a bulk finite
element (Def. 4.4) or a ®-bulk finite element (Def. 4.5).
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Lemma 5.2. If Ak satisfies that

JAx! |~ cxllaall
14+Ck

(5.1 supHVKK(x)H <

xek

b

then (K*,P*2") is a bulk finite element. Furthermore, for p € [1,00], we have that there
exists ci,cy > 0 such that

< 2|12l k) forall y € LP(K)

¢
(5.2a) 1 HXHL:'(K) = Hx LP(KY)

¢ 1,
(526) ety < |2 le,w) <o lxlyiog — forallx e WH(K),

where the constants c1,cy depend on Ck, |AX1 || and the ratio hg | px.

Proof. To show that (K, P!, X") is a bulk finite element (Def. 4.4), the conditions on the el-
ement reference map Fy((£) = Ag (Fx (%)) are clear and we are left to check the curvedness
condition (4.2). Using the expansion of Ak, we see

Axt =AnAk, Al =A'AL by = Apbk + by
and  Dye(R) = AaDg (%) + Ax (Fx ().
So that
VDyi(£)A ) = ANVDk (£)Ag Ay + VicAk (Fi (£)) (1d+ VDg (£)Ag AL
Applying the curvedness condition for K we see

HVDKg (DA}

< Crc AnI AR ]+ (14 Cio) || VicAx (Fie() | 47"

The curvedness condition is shown by applying (5.1).
To show (5.2a) the result is clear for p = oo. For p < o, we will apply Lem. 6.12. Then
K
. ( meas(K)

we see
l/p|| i _ H ' <. meas(K*) 1/P|| |
meas(K) Xlr) = |2 Lk = meas(K) Xl k)

where ¢ depends on Cg and the bound (5.1). For the WP bound (5.2b), we note that

Ak = [|Ax ArAk]| < [|AX ] 1AAAK] = [|AX || 1Akl
so that we infer

A ||

(5.3) |Agell > .
S VY

Then applying Lem. 4.12 once more we see

c(measm )‘/” x|

meas(K?) lAk || HAIE

TR

meas(K)

K 1/p
e (2N el W b

The final result is given by applying (4.9a) and (4.9b). (]
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Lemma 5.3. If (K,P,X) is a ©-bulk finite element and Ay satisfies Ax € COT1(K;R")
and || Ak |lye+1=x) < ¢, then (K*,PY,X") is also a O-bulk finite element. Furthermore, for
0<m <O+ 1andp € [1,o], we have that there exists c1,c2 > 0 such that

et Itlhwmiy < |2 e, < 2 1hymozy  forall x €W (K),

where the constants c|,c; depend on Ci(K),...,Cy(K), AXI || and the ratio hg | px.

Proof. To see that (K*, P*,X") is a @-bulk finite element (Def. 4.5), the first three condi-
tions are clear from the smoothness assumption on Ag. We must show (4.4) holds: for
2 <m < ®+ 1, there exists a constant Cm(Ke) such that

IV" Fyr ()] < Cn(K") [[Age |
Computing directly using (Bernardi, 1989, Eq. (2.9)), we have

m m
=Y (V"Ax) (Fk(9)) ( Y o« H(V"Fkoew)
r=1 i€E(m,r) gq=1
where c; are constants and
m m
E(m,r) = {i e N", Z ig =rand Z qiy = m}
g=1 g=1

But applying the fact that (K,P,X) is a ®-bulk finite element, the definition of E(m,r),
Lem. 4.12 and the smoothness assumption on Ag, we see that

m
V" Fyt (8)] < c(Cr(K),-..,Cu(K)) ) [kl i) Ak ]|
r=1
Finally, applying (5.3), we have that
A _ m
V" Fge (@) < ¢ 1Ak llymei [1Age | [| AR

This shows that (K, P!, X¢) is a @-surface finite element.
To show the norm equivalence we again apply Lem. 4.12, recognising the geometric
progression, to see

meas(K) \ A7 —
¢ (meas(K‘)) A — ||X||me = Hl ‘ Wb (KY)
meas(K’)\ A7 —
() T Tathwma
where
= llaxl Ak ]| 1aall and 4> = x|k 1143
The final result is given by applying (5.4c), (4.9a) and (4.9Db). O

Remark 5.4. Considering the case that A fixes the vertices of K then we can write Ak as
Ag(x) =x+A(x) forxeK.
That is that Ay =1d and by = 0. Then the assumptions of Lem. 5.2 can be replaced by
1-Cg
T 1+Ck’

and the assumptions of Lem. 5.3 can be replaced by the assumption that ||Ag |y ) is
bounded.

sup HVKA ’
xeK
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We can also use Ak to define an inverse lift. Given an element domain K, lifted element
domain K* and lifting map Ax. We know that Ag is invertible onto its image, namely K*.
So for n: K — R, we denote its inverse lift by n~¢: K — R defined by

N~ (x) == n(Ax(x)) forxeK.
Lemma 5.5. Ifthe assumptions of Lem. 5.2 and 5.3 hold then, for 0 <m < @ and p € [1, 0],
we have that there exists c1,c; > 0 such that for all n € C(KY)N"W™P(K"), we have

nff

C1

< Inllwmp ey < c2 H”%‘ W ()

wm.p ( K)
Proof. The same proof can be applied to the case of the inverse lift as well as the lift. [
We next relate the geometry of the base and lifted element domains.

Lemma 5.6. Using the decomposition of Ak, we have

(5.40) AR ™" ik < e < ||All ik
(5.4b) |AXM|" px < pye < lAnllpx
(5.4¢)

n+1

n+1
e ("K) x| meas(K) < meas(K) < e (hK) x| meas(x).
h[( Pk

Proof. For (5.4a), we show the second inequality. The first follows by the same reasoning
applied to the inverse of Ax. Since K is compact, there exists x‘,y’ € K’ such that

hK[ = ’yé 7)/‘ .
But since A, is invertible, there exists x,y € K such that

AAX—FbA:)C(' and AAy—‘rbA:y[.

Then, we can compute that
e = [ =] = 1A Ge=D)] < Anlllx =] < 4]l .

Similarly, for (5.4b), we only show the first inequality. For each € > 0, there exists B a

ball in K such that
px —diamB, < €.

Denote by x¢ and r¢ the centre and radius of B, respectively. Consider the affine map
Ze: R — R given by

1
[N
It is clear that & maps balls to balls and B, is mapped to a ball centred at Axxe + by with
radius rg/ HAKl H We claim E,(Bg) is contained in K'. Indeed, take x’ € =, (B¢ ), then
there exists x € Be such that Z¢(x) = x’. Denote by

1
A

(x]

e(x) =

(x —x¢) +bp +Aprxe.

=Xg+ — 1 (x—xe¢),

then
1
55

|x/—xg| IH |A X — xg)|<|x Xe| <re,
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sox € B; C K and

AAX/“"bA = HAll H (x_x&‘) +Apxe +bp :)/7
A

so that x! € K* :AAE+bK. _
Therefore, we have found a ball Z¢ (B ) C K with radius re /( HAK1
that

), thus we can infer

1 — _
P = 5 [l || diamBe > [|43"[| (px ).

Since the proof holds for all € > 0, we see the desired result.
Given (5.4a) and (5.4b), the final result (5.4c) follows directly from Rem. 4.10. [l

5.2. Lifted bulk triangulations and spaces. Let Q be a smooth bulk domain and for 4 €
(0,hp) and let Q, be a triangulated bulk domain (Def. 4.14(a)) equipped with a conforming
subdivision .7, (Def. 4.14(d)) and a bulk finite element space S;, (Def. 4.22(a)). Let each
K € 7}, be associated with a lifted finite element K* with lifted map Ag.

Definition 5.7. (a) We denote by Zf the set of all lifted element domains
gl ={K': Ke T}

If the global map Ay, is single valued and ,Zf forms a conforming subdivision of
Q, we say that 9,1[ is an exact subdivision of the domain Q.

(b) We define a global lifting map Ay, Q, — Q by Ay|x = Ag. We define the inverse
lift A, ': © — Q in a similar element-wise fashion by A, [ = Ag'.

(c) We denote by A,(n;): Q — R, for n,: Qj, — R, the global lift given by

(M) (Ap(x)) = i (x) for x € Qj,
and by ¢,(n): @, — R, for n: Q — R,, the global inverse lift given by

6 (n)(x) = n(An(x)) for x € Q.

We will also use the notations 1 = A,(n;,) and 17 = g,(n).

(d) Let Sy, be a bulk finite element space. If for each bulk finite element (K, P,X) there
is an associated lifted bulk finite element (K*, P!, Z[), then, we define a lifted bulk
finite element space (c.f. (3.17)) by

si={x:mes}.

Proposition 5.8. Assume additionally that the family of triangulations {7}, } he(0,hg) IS T€8-
ular (Def. 4.26(a)), Ak satisfies the assumptions of Lem. 5.2 and there exists C;,C, > 0
such that

(5.5) JAAl S C1 and ||ALM| <Gy forall K € ) forall h € (0,hy),

for all K € Ty, for all h € (0,hy). Then {yhé}he(o,ho) is regular and S}, is a bulk finite
element space and there exists constants c1,cy > 0, which are independent of h € (0,ho)
such that

iy < ], ) S 2l forattmeeLr ()

(5.6)

cr Ml ) < anuwl,p( <crlMllwiniz, forall e WP (F).

7)
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Furthermore, if Ak satisfies the assumptions of Lem. 5.3 for all K € 9}, and all h € (0, hy),
then for 0 < m < @, there exists c1,cp > 0 independent of h € (0,hg) such that

< e lMullwme (g, for all ny € WP ().

G erlmlmaz < [0, -
Proof. The regularity of the family of triangulations {7, }¢(0,4,) follows from (5.4a) and
(5.4b) from assumption (5.5).

The results follow by combining the previous results for each element in .7},. We achieve
bounds independently of & € (0,h) since the regularity of the subdivisions implies that
hk /px is bounded independently of & € (0,4p). O

We next define interpolation estimate which interpolates smooth functions over the con-

tinuous surface into the lifted surface finite element space. We denote by 7, an interpolation
operator I, : C(Q) — S, defined by
(5.8) Inm|ge := Igem-
Theorem 5.9 (Global lifted interpolation theorem). For h € (0,ho), let { T} pe (o,ny) be @ ©-
regular (Def. 4.26(b)), quasi-uniform (Def. 4.26(c)) family of subdivisions of triangulated
bulk domains ), equipped with a bulk finite element space Sy, (Def. 4.22(a)) consisting
of ©-bulk finite elements (Def. 4.5) over a reference element which satisfies Lem. 4.3 for
some 0 < k,m < @, p,q € [1,%]. Let each element K € I}, be equipped with a lifting map
Ak € COFY(K) such that ||AKHW®+L°°(K) < Cand (5.5) and (5.1) hold each uniformly for
h € (0,hy). Then {Zf}lm(o,ho) is a @-regular, quasi-uniform family of subdivisions of Q
and Sfl is a bulk finite element space consisting of ®-bulk finite elements. Let ) € C(Q) be
a continuous function, then Iyn € Sﬁ is well defined. Furthermore, if the assumptions of
Thm. 4.13 hold for the reference element (K, P, %), there exists a constant C = C(K,P,%,p)
such that for all functions n € WP (75N C(Q),

(5.9) Im —Zim ”W”"q(?;f) <cpft In ||Wk+1<,p(yhf) .

Proof. The result follows by combining previous lemmas in the appropriate way. We see
the lifted triangulation is quasi-uniform by applying the results in Lem. 5.6 and the as-
sumption (5.5). The interpolation result then follows by applying Thm. 4.28. t

Corollary 5.10. Let ) € C(Q), then the interpolant of 1 into Sy, denoted by Iyn, given by

(5.10) I = (Lm) ™.

Furthermore, there exists a constant C such that for all functions n € W12 (79N C(Q),
and all h € (0,hp), we have

- 7 k+1—m
. — < ) .
©-11) H" Ih"”wmﬂ(y,,) =ch Iy rr 7
Proof. We apply the inverse lift result to the estimates in the theorem. (I

5.3. Evolving lifted bulk triangulations. For ¢ € [0,T], let Q(¢) be a smoothly evolving
bulk domain with flow map ®; defined for the closure Q(1): i.e. @) € C*([0,T],C"' (Q(0))),
@, (Q(0)) = Q(r) and P,(dQ(0)) = dQ(r). For h € (0,hp), let Q(r) be an evolving
triangulated bulk domain (Def. 4.32(b)) with global discrete flow <I>f‘ (Def. 4.32(c)) and
equipped with an evolving conforming subdivision 7,(¢) (Def. 4.32(a)) and an evolving
bulk finite element space Sy (¢) (Def. 4.34(a)). We assume that we are given a global lifting
map Ay(-,¢) (Def. 5.7(b)) which gives an exact subdivision Zf (t) of Q(¢) (Def. 5.7(a)).
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Definition 5.11 (Lifted discrete flow map, material velocity and pushed forward map).
(a) The lifted flow map CIDE.)(): [0,T] x Qg — R"™! of the smooth bulk domain is
defined by

DL (Ap(x,1)) = Ap(®(x),1)  forx e Qp.

We note that ®f : Qy — Q(t).
(b) The lifted discrete material velocity wy, on {Q(t)},e[o_ﬂ is defined by

d
() = wn(@{().).
(c) The family of lifted push forward maps denoted by ¢/ (n): Q(t) — R, forn: Qo —

R, indexed by ¢ € [0,T], are the linear bijections defined by
o/(M)(0) =n(@L,(x))  forxe Q).

Remark 5.12. Note that in general CIDf is different to ®,, but each describes a different
parametrisation of the same evolving domain. Also w, the material velocity of Q(¢), and
wy, define the same domain (¢) evolving from Q(0), so have the same normal components
on the boundary dQ\(r).

Proposition 5.13. For h € (0,ho), let {Sy(t) },¢(0,7) be an evolving bulk finite element space
over a O-regular (Def. 4.26(b)), uniformly quasi-uniform (Def. 4.35(c)), evolving conform-
ing subdivision { J},(t)},c(0,r) consisting of ®-evolving bulk finite elements (Def. 4.30(d))
and §!" the global push-forward map (Def. 4.32(e)). For eacht € [0,T] and each h € (0, hy),
let each element K(t) € },(t) be equipped with a lifting map Ak (-,t) € C®T1(K(t)) such
that || Ak (-,1)|lye+1= k) < C and (5.5) and (5.1) hold each uniformly for h € (0,ho) and
t€10,T]. Then {S; (t) }ico,1) is also an evolving bulk finite element space over a ©-regular,
uniformly quasi-uniform, evolving conforming subdivision {Zf (t)}ze[o,ﬂ consisting of ®-
evolving bulk finite elements. Furthermore, for 0 < k < ©®+1, p € [0,00], there exists
c1,¢2 > 0 independent of h € (0,hy) andt € [0,T] such that

(5.12)

C1 HnHWkP(%[(O)) S ‘ (p[[n’ S (&) ||nHwkp(th[(o)) fOI" all n S Wkp(%e(O))

whe (7} (1))
In particular; the pair (Wk*P(Zf(t)),M),E[O’T] is compatible (Def. 2.2). Furthermore,

(Su(0).0{15,0 relo» equipped with the norm |-y 71, and (W2 (€46)). 0/ [y o
are also compatible pairs (Rem. 2.3 and Lem. 4.19 and 4.23).

Proof. The properties of Sﬁ(r) follow for the same reasoning as Prop. 5.8 since the con-
stants are bounded uniformly in time. The bounds (5.12) and the compatibility of

(Wk*p(Zf(t)),qb,f),e[o_’T] follow since the assumptions imply that (W*?(.Z,(t)), d),h),e[O’T]
are compatible and we can simply lift this result with uniform bounds. (]

6. EVOLVING SURFACE FINITE ELEMENT SPACES

In this section, we will give precise definitions concerning the evolving surface finite
element spaces we use. The ideas follow in a similar manner to Sec. 4. The upshot will be
a notion of a discrete surface I';(#) consisting of a union of elements and a finite element
space Sy(t) defined on this discrete domain. Our extensions from standard bulk finite
element theory, presented in Sec. 4, to surface finite elements build on the work of Nedelec
(1976), Dziuk (1988) and Heine (2005) for surfaces. The subscript & parametrises the
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constructions and will be related to the size of elements used in our computational domain.
Implicitly it is assumed that these structures exist for all & € (0, k) for some fixed value of
ho. See also Rem. 6.11.

6.1. Surface finite elements. We next define a surface finite element which takes its in-
spiration from the notion of curved finite elements studied by Ciarlet and Raviart (1972)
and Bernardi (1989). The key idea here is that a surface finite element is an n-dimensional
parametrised surface with boundary embedded in R"*!. In the following for a matrix A,
we use A" to denote the pseudo-inverse. For any matrix A of full column rank the pseudo-
inverse is given by
AT = (ATA)71A"
In this case AT is the left inverse of A: ATA =1d.

Definition 6.1 (Surface finite element and surface element reference map). Let (K,P,%) be
a reference finite element with K C R”.
(a) Let Fg: K — R**! satisfy
(1) (a) Fg e CY(K,R");
(b) rankVFgx = n;
(c) Fg is a bijection onto its image;
(2) Fg can be decomposed into an affine part, and smooth part

Fx (%) = Ak + bk + Dk (%)
such that Ag has full column rank, Dg € C'(K) and
6.1) Cx = supHVDK(;e)A}H <1,
tek
where ||-|| denotes the two-norm in this context.

In this case, we call Fx a surface element reference map.
(b) Let Fx be a surface element reference map and (K, P,X) be the triple given by

(6.2a) K := Fx(K) (the element domain)
(6.2b) P:={joF': P} (the shape functions)
(6.2¢) Yi={x— 6(xoFkx):6c¥L} (the nodal variables).

Under the above assumptions, we call (K, P,X) a surface finite element, and (K, P, )
the associated reference finite element.

Remark 6.2. (a) We note that our assumptions imply that both Ax and VFx () are full
column rank.
(b) The first three assumptions in the definition of surface finite element imply that K
is a parametrised surface and the fourth (6.1) that K is not too curved. The final
assumption allows the case that K is a flat simplical domain and X is curved.

Remark 6.3. (a) We denote by v the unit normal vector field to K. It is the unique
(up to sign) unit vector orthogonal to the £; partial derivatives of Fx fori=1,...,n
and is given by

forn=1
‘(aFK)i
. %
Vi = 1
K oFg . g
oz NN DRy f 1
IF¢ T orn> 1.
SEALAG
X £
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Here A denotes the wedge product. The sign of the normal vector field is chosen
by fixing a permutation of the barycentric coordinates £,...%, of the reference
element. By swapping any two elements, we reverse the sign of vg. For a simplex
reference element, the orientation can be fixed by ordering the labels of vertices
so that a; = Fx(d;) where {d;} are the vertices of the reference element domain.

(b) We also define the outward pointing unit conormal [y on the boundary of the
element domain dK. This is the unique (up to sign) vector which is orthogonal to
the boundary dK and the normal V.

(c) Our assumptions imply that VFg (%) (or A;) is a left inverse but not a right inverse
of VFk () (respectively, Ax). We can compute that

VFg (%) VFx (£)" = 1d — vk (Fk (%)) ® vk (Fk (%)) =: Pk (Fk (%)),
where Px denotes projection onto the tangent plane to K. One way to interpret this
result is to note that Pk is the identity operator when restricted to the tangent plane

so that in some sense VFy (£)" is a right inverse of VFy (%) when we restrict to the
tangent plane of K.

Definition 6.4 (®-surface finite element and ®-surface element reference map). Let ® € N
and Fx a surface element reference map for a surface finite element (K, P, X).

(a) We say that Fx is a @-surface finite element reference map if
(i) the surface element reference map Fx € COT!(K;R"*!) (i.e. K is a CO*1-

hypersurface);
(ii) for 1 <m < @+ 1, there exists constants C,,(K) > 0 such that
(6.3) sup | V" Fx (£)] |Ak| ™" < Cu(K).
ek

(b) We say that (K, P,X) is a O-surface finite element if Fx is a @-surface finite element
reference map and
(i) the space P contains the functions § o Fi ! for all § € Po(K);
(ii) the space P is contained in CO+!(K).

Remark 6.5. (a) The ®-surface finite element is a generalisation of a curved finite
element of order ® given by Bernardi (1989). See also Def. 4.5.

(b) For a ®@-surface finite element (K, P,X), we have that the Sobolev space W7 (K)
is well defined for 0 <m < ®+ 1 and 1 < p < oo (Hebey, 2000; Dziuk and Elliott,
2013b).

(c) Since P C C®*!(K) and P is finite dimensional, P is a closed subspace of W"?(K)
for0<m<®+1andp € [l,00].

(d) We note that (K,P,X) is a 1-surface finite element if (K,P,X) is a surface finite
element (Def. 6.1), the map Fx € C?(K,R"*!) and P contains all affine functions
on K. We see that the constant C; (K) = 1 4+ Ck (see Lem. 6.8).

(e) Our applications (Sec. 9 and 10) will use Fx € Py (I% ) in the computational method
but we allow the more general case here.

Using transformation formulae, we have for ¥ : K — R

N e i O (£) OF (£)
- - ij
Jyrdo= frVe@a  Vert) = ¥ o0 G0
where F (%) = x and (%) = x(x), and

G(XA) = (VFK(),C\))[ (VFK(),C\)% g(x/\) = detG(xA)v
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and finally, (g'/) are the components of the inverse G~!. Note that the surface gradient on
K can also be written as:

Vix(x) = Vx(x) = (VX(x) - vk (x)) vk (x) = (Id = Vi (x) @ Vi () VZ (x),
where VY is the gradient of an arbitrary extension of y away from K.

Remark 6.6. If the surface finite element map F is a C function then we can define the
extended Weingarten map H : K — RO +Dx(n+1) by

(6.4) (H[(),’j:(VK),‘(V[()j fori,j:l,...,n—!—l.

Example 6.7 (Surface finite elements). We are thinking of three particular examples. The
first is due to Dziuk (1988) and the second due to Heine (2005). Examples of each of these
first two cases are shown in Fig. 6.1.

(a) Let (K,P (K ),f‘.) be a reference Lagrangian finite element. Consider the affine
map Fx: K — R"! given by Fx (%) = Ag£+ bk. If Ak is non-degenerate, then
this defines a surface finite element (K, P,X). The element domain K is determined
by its vertices and P consists of affine functions over K. This is the surface finite
element introduced by Dziuk (1988) which we will call an affine finite element. We
think of a simplex for K so that the domains K are either line segments embedded
in R2, triangles embedded in R3, and tetrahedra embedded in R?.

(b) Let (K, P,%) be a reference finite element. Let (K, P,X) be a surface finite element
which the image of (K, P,%) under a map Fx which satisfies Fx € (P)"*!. We call
(K,P,X) an isoparametric (surface) finite element. This construction is a general-
isation of an affine finite element and was introduced by Heine (2005). We note
that the functions in P will not necessarily consist of polynomials over K even if
P consists of polynomials over K, however this leads to a practical scheme where
integrals are computed over reference elements. This example is the basis for the
method in Sec. 9.

(c) Let (K,P,%) be a reference finite element. Then (K,P,%) can be thought of a
surface finite element (K, P,X) by defining the parametrisation Fx by

Fx (%) = (£1,...,%,,0).
Note that K € R” but K ¢ R**!, In general, we could consider flat surface fi-

nite elements to be surface finite elements to have parametrisation Fx such that
(F K ) n+1 = 0

Lemma 6.8. Let Fx: K — K be a surface finite element reference map then Fx is a C'-
diffeomorphism and satisfies

(6.5) sup [[VF (£)|| < (1+Ck) [|Ak ||
xeK
6.6) sup |(VFc(8))"]| < (1 - ik
xekK

and also for all £ € K
(6.7) (1 —Cx)*" det(AkAk) < g(£)* < (1+Cx)> det(AjAx).-
Proof. The proof of (6.5), (6.6) and (6.7) follows immediately from (6.1) by writing VFg
as
VFx (%) = (Id+ VDg (R)A})Ax.
For (6.7), we use the fact that the determinant is an n-linear continuous form. O
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FIGURE 6.1. Examples of different surface finite elements in the case
n = 2. Left shows a reference finite element (in green), centre shows
an affine finite element (Ex. 6.7(a)) and right shows an isoparametric
surface finite element (Ex. 6.7(b)) with a quadratic Fx. The plot shows
the element domains in red and the location of nodes in blue.

To help us understand the geometry of the new elements, given an element domain K,
we introduce a new affine element domain K defined by the affine part of the parametrisa-
tion: K := {Axt+bg : £ € K}.

Lemma 6.9. Let K be an element domain (6.2a) parametrised by a surface element refer-
ence map Fx over K. Denote by

(6.82) hg = diam(K)
(6.8b) px := sup{diam(B) : B is a n-dimensional ball contained in K}.

We will also write h and P for the diameter of K and diameter of the maximum inscribed
ball in K. Then we have that

h
(6.92) Akl < =

p
(6.9b) HA};H <

[9:¢

1 1 "
(6.9c) sup+/g(x) < = +Ck meas(K).
cek measK \ 1—Ck

Proof. To show (6.9a), we start by noticing that
1 A
k]l = 5 sup{lAxc|: & € R |S] = P}

From the definition of p we know that for all & € R”, |E| = p, there exists §,2 € K such
that § — 2 = &. Then noting that Ax$,AxZ € K, we have that
IAkE| = Ak (9 —2)| = |Ax9 — AgZ| < hk.

Since the choice of & was arbitrary, we have shown (6.9a).
For (6.9b), we proceed in a similar fashion with

|4k = o sun {4k & el = e}

Let & € R""!. We note that A}, has a non-trivial kernel so we decompose & = & + &
where Aj(éz =0 and &; is in the tangent plane to K. Then, we see that there exists y,z € K
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such that y — z = &, and noting that A} (v —bk),A (z —bk) € K (we see this using the
definition of K and that A;( is a left inverse of Ag), we see that

’A% ’ = ‘A;((y - Z)‘ = ‘A}(y —bg) —Ag(z— bK)‘ <h.

Again, since the choice of & was arbitrary, we have shown (6.9b).
To see (6.9c) we apply each of the previous two bounds with the result of Lem. 6.8 to
see

sup+\/g (14+Ck)"y/det(A%Ak)

%€k

< ——(14+Co)" [ y/detlan)de

meas

(1—|—CK /(1 —=Ckg)" /\/ £)de
meas
1 1

< A< JrCK) meas(K)

measK \ 1 —Ck
< C(K)meas(K). O

Remark 6.10. We note that the volume of an element meas(K) can be estimated by /g and
Pk by
c1pg <measK < cph.

Here the positive constants c¢j,c, depend on the volume of the unit ball in R” and the
constant Ck.

Remark 6.11. In the sequel, we will assume implicitly that results hold for hg sufficiently
small (hx < hg) for some particular value of hg. In general this is always possible by
subdividing a particular element using a refinement procedure and applying the result to
the subdivided, smaller elements.

This scaling property allows us to characterise Sobolev spaces over a surface finite
element K and calculate norms over K (see Rem. 6.5(b)).

Lemma 6.12. Let F: K — K be a O-reference finite element map Def. 6.4(a). Let 0 <
m <@+ 1and p € [1,], then y € W™P(K) implies § = x o Fx belongs to W™ (K). We
have for any y € W™P(K) that

1
P m
(6.10) |X‘me <c (sup V38 ) A" Z |7C|Wnp(1<)
XekK r=1
for a constant which depends on Cx,Cy(K), ...,Cp(K). We also have for any § € W™P(K)
that y = o F' € W™P(K) and

1
7m

©6.11) Xy i) < (sup Vsl )

\A* H R lwro i)

where the constant here depends on Cx,Cy(K),...,Cp(K) and the product ||Ak|| HA;L H

Proof. In this proof we use the results and notation for the Fad di Bruno result presented
in App. A.
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For (6.10) using (A.1), we see that

om m n+l n+l r 9losl
78)2, 3% ;1/1121 er (Vk)a VK)MX(X)%rSI;IIWjGX(FK(xA))M'
Then
om m ntl o+l r | glosl
m ; Z:: : Z::I ](VK)A,"'(VK);LIX(X)’E;SI;II 9)?;'65( K (£)2,

We see that from assumption (6.3)

alffr
(6.12) ZH 7, < ZHc €l (K)) Ak |
< c(Ci(K),...Cu(K)) Y IIAR |E=1% < e(Cy (K). ... .Cu(K)) | AKI™
IP)m,r
Then, we have that
am m n+l n+1
W%(@ <c(Ci(K),.-. NIAx™Y Y - Z [(VK)a - (V) x(x)|
Xjp -+ 0Xj)

r=12=1 Ar=1

The inequality (6.10) then follows from integration and a Minkowski inequality.
For (6.11), from (A.4), we have

|V )i - (Vi)iy 2 ()]

n an’l m
n—1 n+l a|03 m
+1Y Y (Vou (Vo) x(x) Z ZH 36, FK ), [T(VF(®)5
r=1,....,A=1 Jmseeos J1=1 Py 5= s=1
=:A|+A;.

We bound each of A; and A; in turn. We see that for Ay, applying (6.6)

A< (1-Cx) HAI H (%)
1< K) Zl Z T ax“X(x)
Jm J1= m
For A;, applying (6.6) and (6.12):
1n+1 n+1
A2 < (oK), CalK)(1— i " |45 T Lo K10 Tz
r=1 A=

Combining the above estimates and integrating over the domain, we see

1/p
|X|Wm:p(1() < (SUP V g@)) (1 _CK)m

T m N
AKH | Zlwm i)
£ek

+ (C(Cr (KD, CulK)) (1= C)" A " HA*H |x|wm1p<,<>
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Define B, = (¢(C1(K),...,Cu(K))(1 —Cg)™ || Ak |
argument shows that

p .,
|X‘W"LP([{) S c (Sup V g(£)> Z Cm,r
r=I1

ek

m
A};H ). Then, a simple induction

1”15
AKH |X|wr-p(12)
where ¢, , satisfies

m—1
Cmm = 1 Cm,r = Z ﬁmcs,r~ (]
s=r

Given a surface finite element (K, P,X) (Def. 6.1), let {x; : 1 <i <d} C P be the basis
dual to X. This is the set of basis functions of the finite element. If i is a function for
which all 0;(n), 1 <i <d is well defined, then we define the local interpolant by

(6.13) Ixn =Y oi(n)x-
=1

1
We can think of Ixn as the unique shape function that has the same nodal values as 1 so
that, in particular, Ixy = y for y € P.

Theorem 6.13 (Local interpolation estimate). Let (K,P,X) be a @-surface finite element
(Def. 6.4) with reference element (K ,13,2) which satisfies the assumptions of Lem. 4.3 for
some 0 < k,m < ©, p,q € [1,00]. Then there exists a constant C = C(K,P,¥) such that for
all functions y € WK1P(K),

h/]<(+1
PK

Proof. We re-scale (4.1) using Lem. 6.12 and the estimates from (6.9):

(6.14) 14 — I K wma ) < Cmeas(K)V 9P ]

XeK

/a ,,
1%~ Ik Xlmar) Sc<sup\/g<f>> Y[k | 12 - el
r=1

lq .
<e (sup \/goe)) Y [ak]| 12weoie
r=1

ek

Vq=1/p
gc(sup\/goe)) 3 [k | bk gy

ek r=1
hk+1
< cmeas(K)'/4 /7K 12 lw+1.0(x) -
Pk
The last line holds if px < 1 (note that px > hg so this statement is true for hg small
enough). O

6.2. Triangulated hypersurface and surface finite element spaces. We will next bring
together several surface finite elements in order to define I', as a collection of finite element
domains.

Definition 6.14. (a) A triangulated hypersurface is a set I'y, equipped with an admis-
sible subdivision 7}, consisting of surface finite element domains (6.2a) such that
UKE%K =TI}, KiNK, =0 for Ki,K, € F, with K| # K;.
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(b)
(6.15)

(©)

(d)

(e)
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The maximum subdivision diameter 4 is defined by:

h:= Ir{réa% hg.

Let I';, be a discrete hypersurface equipped with an admissible subdivision .7, such
that each set K € .7, is an element domain for a surface finite element (K, PK ¥K )
parametrised over the same polygonal reference finite element (K ,f’,i). We say
that E C K is a facet if E is the image of a boundary facet of K.

We say that .7}, is a conforming subdivision of '}, if any facet of an element domain
K is either a facet of another element domain K’ € .7}, in which case we say K
and K’ are adjacent, or a portion of the boundary dT';, (if such a boundary exists).
For a conforming subdivision .7, of I'j,, we denote by Fj, the set of facets between
adjacent elements and d.7}, any boundary facets. For a common facet F € F,
between elements K, K’ € .7},, we make a fixed choice that the conormal gonF
will be denoted 7 and the conormal g, on F will be denoted fi 5. The choice of
which element is on which side of the facet is not important in our considerations.

Remark 6.15. o In the above definition we do not impose any global assumptions on

the connectivity or smoothness of I',. Thus there may not be an underling smooth
surface.

We orient a discrete hypersurface which is equipped with a conforming subdivi-
sion by choosing a particular sign to the element-wise definition of normal. We
restrict that the induced orientation of the intersection of adjacent element domains
are opposite. For example, for a simplex reference element, the vertices in facets
between two elements should be ordered oppositely in each element.

For any triangulated hypersurface I';,, we may define spaces of Lebesgue integrable
functions LP(I';) with the usual norms |[-[| ., for p € [1,0].

Definition 6.16 (Broken Sobolev spaces and norms). Let .7}, be a subdivision of I';, con-
sisting of @-surface finite elements. Then for 0 <m < @+ 1, p € [1,00], we define the
broken Sobolev space W7 (.7,) by

(6.16) WP () i= {nn € L' (L) : nu|x € WP (K) for all K € F }
with norm
1/p
”nh”pm, p <o
(6.17) allymo () = (KZy A

fnax 70l wme= k) p=c°

Lemma 6.17. The space W™ (F},) is complete.

Proof. Consider a Cauchy sequence {n;} € W"™P(.7,). This implies

n; is Cauchy in L”(I') so there exists & such that n; — & in LP(T'y).
1|k is Cauchy for all K so there exists g such that nj|x — &g in W™ (K).

It is clear from the triangle inequality that & |x = E:

||§|K*§K||Wm,p(1<) < ||§|K - 77j|KHLm.p(K) + Hnj‘K - §K| wmp(K)

since the right hand-side converges to 0 as j — . Hence, we have shown that 1; converges
to a function & € W™ (.9},) in the W™P(.7},) norm. O
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We also want more connectivity between elements. This is achieved in the following
space. Let I, be a triangulated hypersurface with conforming subdivision .7,. For K € .7,
we denote the trace of a function y € W7 (K) by Txx € LP(dK) and recall that there exists
a constant ¢z, > 0 such that

(6.18) 1Tk 2| r(ar) < e 12w (i) for all x € W'?(K).

We define the space W, (.},) by
6.19) WP (F) = {nh € LP(T)) : mlx € WP (K) for all K € 7, and

Te (k) = T (Ml ) ae. in K NK' for adjacent K, K’ € 9,,}
We equip this space with the broken norm ||- ||W1,,,( 7))

Lemma 6.18. The space WTI”’ () is a closed subspace of WP (.F},) so is complete.

Proof. Take a sequence {n;} C WTl‘p () which converges to n, € WP (.7,). Then for
any pair of adjacent elements K, K’ € ., we have

LP(9K) + th - niHLﬂ(aK/)
Nh— njHuﬂ,pa(l) < (CTK + CTK/)

7|k = Mg | 2o (ki) < l|nn— ;|

SCTKth_anWI»P(K)"'CTK/ !nh_n/HWW(yh)'

Clearly the right hand side converges to 0 as j — oo so we have the traces of 1, from
adjacent elements coincide and 1, € WP (.7,). O

We will use the notation for H-(.7,) := W,

with the obvious broken inner product.

(J),) which is a Hilbert space when equipped

Surface finite element space. We now restrict to Lagrangian finite elements over a polyg-
onal reference finite element. Here we assume that the degrees of freedom for each element
(K,P,X) are given by
L={x x(a):ac N},

where MK is a finite set of nodes in K. We call N'X the set of Lagrange nodes of K. This
restriction avoids difficulties in defining the edge of elements and how to effectively bring
elements together to form a global finite element space. Extensions to other element types
such as Hermite elements are left to future work.

Finally, the set of degrees of freedom of adjacent surface finite elements will be related
as follows. Let (K,P,X) and (K',P’,¥’) be two surface finite elements such that K and K’
are adjacent with £ = {) — x(a),a € N¥} and ' = {y — x(d'),d € N¥'}. Then, we
have

(6.20) (U a> nk'=| U 4|nk

acNK deNK
We denote the global set of Lagrange nodes by
(6.21) Ny = U NEK.

Ke,

For each a € NV}, let 7 (a) C 7, be the local neighbourhood of elements for which a € 'K,
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Definition 6.19 (Surface finite element space). (a) Let I';, be a discrete hypersurface
equipped with a conforming subdivision .7}, with each domain K equipped with a
surface finite element (K ,PK ¥K ) (Def. 6.1) which satisfy (6.20). A surface finite
element space is a (generally proper) subset of the product space [[xe 7, PK given
by

Sp = {Xh = (x)kez € ] PX:
Keg,

xx(a) = xx:(a), forall K,K' € 7 (a), foralla ENh}.

(b) The surface finite element space is determined by the global degrees of freedom
Y= {xnr> xn(a) :a € Ny}

In this definition, an element y; € S, is not, in general a “function” defined over I,
since we do not necessarily have a good definition of J; over element boundaries: The
“function” may be double-valued.

If it happens, however, that for each element ¥, € Sj, the restrictions g and g’ coin-
cide along the common face of any adjacent elements K and K’, then the function J;, can
be identified with a function defined over the set I',. In this case, we call the elements
Xn € Sy surface finite element functions. Examples of surface finite element functions are
shown in Fig. 6.2.

Lemma 6.20. Let S;, be a surface finite element space consisting of surface element el-
ements over a conforming subdivision J, of I'y. Assume further that for each K € 9},
the corresponding reference finite element is a Lagrange element of order k > 1 (Ex. 4.2).
Then we can identify elements of Sy, as functions in C(I'y). Furthermore Sy, is a closed
subspace in H}-(F,).

Proof. Consider two adjacent elements K, K’ € .7}, and a element ¥, € S,. The functions
xk © Fx and yg o Fxr when restricted to the appropriate edges in K are polynomials of
degree k£ which agree at the Lagrange points on this edge from (6.20) and the definition of
Sp- The Lagrange points in the reference element determine polynomials of degree k so we
have that yx = xx on KNK’. Since .7}, is a conforming subdivision we can define a global
function J;,: I, — R such that y;|x = xx for each K € .7, which is globally continuous.
Indeed yj, restricted to each element is continuous, as the composition of a polynomial
(element of P = P, (K ) for some k) and a smooth surface finite element reference map Fg,
and is single valued on the facets where any two elements meet.

In fact the restriction |k to each element K € .7}, is a C'-function hence x|k € H'(K)
so it is clear that S, C H}.(.7,). The space S, is closed since it is finite dimensional. [

We enumerate the nodes so that \V;, = {a;}} | and take {; {vz | to be the basis of S
dual to ¥;. Since, we have a finite basis of S, we note that we can identify any y;, € Sj,
with a vector y € R so that

N
N

An(x) = Z Yixi(x) for x € T,
i=1

Definition 6.21 (Interpolation). If 1 is a function on I'j, for which all c;(n7), 1 <i <N,
is well defined (in case of Lagrangian finite elements, n € C(I'),) suffices), then we can
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FIGURE 6.2. Examples of finite element functions. Left shows a piece-
wise linear function over a collection of affine finite elements (c.f.
Ex. 6.7(a)) and right shows a piecewise quadratic function over a col-
lection of isoparametric (quadratic) finite elements (c.f. Ex. 6.7(b)).

define a global interpolant I;n € S, by

N
L =Y ci(n)x-
=1

Note that our construction implies that
(Inm)|x = Ik |k forall K € .7,
and I, ), = X for all x, € Sp.

In order to prove estimates on the global interpolant, we will first define three further
properties of our subdivision 7.

Definition 6.22 (Regular and quasi-uniform subdivisions). For & € (0,hg), let ', be a trian-
gulated hypersurface (Def. 6.14(a)) equipped with a conforming subdivision .7}, (Def. 6.14(d)).
(a) The family is said to be non-degenerate or regular if there exists preg > 0 such that
forall K € ., and all i € (0,hy),
Pk > preghK )
and there exists a constant C > 0 such that

sup maxCx <C< 1.
he(0,h9) KETh

(b) The family is said to be ®-regular if it is regular, if for all 4 € (0,hg) and all
K € ., Fx € CO1(K;R"™1), and if, there exists a constant C > 0 such that

sup max C,(K) < C < +oo for2<m<O®+1.
he(0,hg) K€

This implies that Fx is a @-reference surface finite element map for each K € .7j,.
(c) A regular family is said to be quasi-uniform if there exists p > 0 such that

min{pg : K € 9} > ph forall h € (0,hy).

Remark 6.23. We note that:
o for a regular subdivision there exists a constant ¢ > 0 depending on the global
quantities P,/ and Preg

[Ak|| < chg <ch  and HA}H < chi!,

e for a quasi-uniform subdivision there exists a constant ¢ > 0 depending on the
global quantities P,/ and p

Akl < ch and ALl <ceh™'.
| K



60 C. M. ELLIOTT AND T. RANNER

Theorem 6.24 (Global interpolation estimates). For h € (0,hy), let T, be a triangulated
hypersurface (Def. 6.14(a)) equipped with a ®-regular (Def. 6.22(b)), quasi-uniform (Def. 6.22(c)),
conforming (Def. 6.14(d)) subdivision . Let each K € J), be equipped with a ®-surface

finite element (K, PX,XX) (Def. 6.4) parametrised over a reference finite element (K ,Pﬁ)

which satisfies the assumptions of Thm. 6.13 for some 0 < k,m < @, p,q € [1,|. Then

there exists a constant C = C(K,P,2,p) such that for all functions 1 € W*LP(Z,)N
C(Tp),

(6.22) I = Iilyma( ) < CH " I lwktir( ) -

Proof. The proof follows by piecing together Thm. 6.13 using the fact that .7}, is quasi-
uniform. ]

6.3. Evolving surface finite elements. Let ¢ € [0,7]. We consider families of surface
finite elements, spaces and triangulated hypersurfaces parametrised by ¢.

Definition 6.25 (Evolving surface finite element). (a) Let (K(t),P(t),X(t));c0,r) be a
time dependent family of surface finite elements (Def. 6.1) parametrised over a
common reference element (K, P, ). If the constant Cx = sup, Ck(y) 1s uniformly
bounded away from 1,

H<c<1

te[OT

we say that (K (), P(t ) Xt )),e[o 7] 18 an evolving surface finite element.
(b) Let <I>K) € C*([0,T],C" (Kyp)) Where Ko := K(0). We say that if ®X: Ky :=K(0) —
K(t) such that

(6.23) Fy() (£) = @f (Fi, (£)) fort € K

then ®X is the flow defining the evolution of the element domain and that Fi) is
the evolving surface element reference map.
(c) The element velocity W of K(t) is defined by
d
Wi (OK (x),1) = ac1>{<(x) for x € Ko, € [0,T].
(d) If each (K(z),P(t),2(¢)) is a @-surface finite element for each ¢ € [0,T] and the
constants C,,(K(¢)) are uniformly bounded:

sup Cp(K(2)) <c < oo for2<m<0O+1
t€[0,T]

then we say that (K (t),P(t),£(t)).c[o,r) is an evolving ©-surface finite element and
F ;) is the evolving ©-surface element reference map.

(e) We say that an evolving finite element domain is temporally quasi-uniform, if there
exists px > 0 such that

inf{p,((,) te [0, T]} > Pk sup{h,((t) re [0, T]}

(f) The family of element push forward maps ¢, indexed by ¢ € [0, T], is defined to
be the linear invertible map given for y : Ko — R by ¢X(x): K(t) — R where

O (0 () = x(@5,(x))  forx€K(r).
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Lemma 6.26. Let Fy(): K — K(t), for t € [0,T), be an evolving ®-surface finite ele-
ment reference map (Def. 6.25(d)) for a temporally quasi-uniform element domain K (t)
(Def. 6.25(¢)) and ¢K the family of element push forward maps (Def. 6.25(f)). Then there
exists constant cy,ca > 0 which depend only on the reference element domain K, and the
constant Cg,Cy,...,Co and pg, such that for 0 <m < @ and all t € [0,T], x € W™ (Kp)
if, and only if, 9Ky € W™P(K(t)) and

©24)  crlxllwmexy < H¢zK7Cme,p(K(,)) <clxllwmeky — forall x € W™P(Ko).
Proof. From Lem. 6.9 and 6.12, we have
meas(K(t))

< 1/r K & (ke '
Xl (i) < € “meas(Ko) Hd)lXHWmP(K(t))Z Pre

r=1

meas(Ko) \ /7 hk, '
< _— m.p .
me ( )) sC (meas([{(t))) ||x||W I KO) Z pK(t)

and

|0 x

r=1
It can be easily seen that for a quasi-uniform evolving surface finite element that these
constants only depend on allowed quantities. (]

This result implies that (WP (K(t)), X lwmp(ky))relo,r] i @ compatible pair (Def. 2.2)
and in particular (P(z), 9| P(0)) is @ compatible pair when equipped with the W7 (K (t))-
norm (as P(t) is a closed subspace of W™ (K(t)), Rem. 2.3 and Rem. 6.5(c)).

6.4. Evolving surface finite element spaces. We now formulate an evolving surface finite
element space forming part of a compatible pair (in the sense of Sec. 2, Def. 2.2). For
each h € (0,ho), we are given a family of discrete hypersurfaces {I';(t)},c[0,r] and each
equipped with a surface finite element space {Sy(¢) }c(o,7]- Furthermore, we are interested
in under what assumptions does the compatibility hold independently of the mesh size A.

Definition 6.27 (Evolving triangulated hypersurface). For ¢ € [0,T], let I';,(¢) be a family
of triangulated hypersurfaces (Def. 6.14(a)) each equipped with a conforming subdivision

T(t) (Def. 6.14(d)) such that each element domain K(t) € J,(¢) is equipped with an
element flow map @) € C*([0,T};C" (Ko)) (Def. 6.25(b)).

)
(a) We call {F(t)}e0,) an evolving conforming subdivision if for each element
K(0) € 3,(0) and each facet E(0) of K(0) either E(0) is a facet of another el-
ement K'(0) € 75,(0), in which case E(t) is a common facet between K(¢) and
K'(¢) for all 7 € [0,T] or E(0) is a portion of the boundary d€(0), in which case
E(?) is a portion of the boundary dQ\(r) for all ¢ € [0, T].
(b) An evolving triangulated hypersurface is defined to be a family of triangulated
hypersurfaces {I';(t) },c[o,r] equipped with an evolving conforming subdivision.
In this case, we define the mesh parameter / to be

(6.25) h:= su max g
te[OI;"]K( 1ET(t) K@)

(c) We define a global discrete flow CIDE’.) (): [0,T] xTppo — R"*! element-wise by
O, = @K for Ky € 7,,(0).

Our assumptions imply that ®” is piecewise smooth and ®: I’ o — [ (¢).
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(d) We define a global discrete velocity W), given by
Wh‘K(t) = Wkg.

(e) The family of linear homeomorphisms induced by the flow ®" and called the
global push forward map is denoted by ¢/"(n,): Ti(t) — R for mj,: Tjp — R
and defined by

(¢thnh)|K(t) = ‘PtK(nh‘Ko) forall K(r) € F(t).

Again, in order to bring together a collection of evolving surface finite elements we
restrict to Lagrangian surface finite elements. For each ¢ € [0, T], we denote by N (z) the
global set of Lagrange nodes of I',(¢) (6.21) and for any a € N, (1), 7 (a) is the set of
elements K (z) such that a is a node of K(r). We make the further restriction that the global
flow is single-valued at each Lagrange point: for all ag € N;,(0) we have

(6.26) K (ag) = DK (ag)  forall K,K' € T (ap).

Definition 6.28 (Evolving surface finite element space). (@) Let{T'x()}c(o,r) be an evolv-
ing triangulated hypersurface (Def. 6.27(b)) equipped with an evolving conform-
ing subdivision { 7,(¢) },¢0,r] (Def. 6.27(a)). For ¢ € [0,T], let Sy(t) be a surface
finite element space (Def. 6.19(a)) over I',(¢). If each K(¢) € J},(¢) is equipped
with an evolving surface finite element (K (t),P(t),2(t)),c(o,r)] (Def. 6.25(a)) then
we say {S(t) }re(o,7] is an evolving surface finite element space.

(b) Foreacht € [0,T], we will write X;(¢) for the set of global nodal variables (Def. 6.19(b)).

We will use the convention that

Zy(t) = {on = 2n(ai(1)) : 1 <i <N},
where ;(t) is the trajectory of a Lagrange point under the global flow ®”. We
will denote by {y;(-,7) : 1 <i <N} the global basis of finite element functions
such that y;(a;(t),tr) = &; fort € [0,7] and all i,j = 1,...,N. This implies that
2i(-t) = 0/ (x:(-,0)). See also (3.4).
Definition 6.29 (Uniformly regular and uniformly quasi-uniform evolving subdivisions).
For h € (0,ho), let { Z,(t) },¢[0,r) be a family of evolving conforming subdivisions (Def. 6.27(a)).
(a) We say that the family is uniformly regular if there exists p > 0 such that for all
h € (0,ho) and all times 7 € [0, T], we have
Px(1) = Pl forall K(t) € (1),
and there exists C > 0 such that

sup sup max Cgip<C<I1.
he(0,hg) te[0,T] K(1)€ T (1) ©
(b) We say that the family is uniformly ®-regular if it is uniformly regular, if for each
time ¢ € [0, 7], the family { 7, (¢) } ne (0,1,) is ©-regular and if there exists a constant
such that
sup sup max Cu(K(r)) <C < oo for2<m<O®+1.
he(0,hg) te(0,7) K()€F (1)
This implies that Fg(,) is an evolving @-reference finite element map for each
K(t) € Z(r).
(c) We say that the family is uniformly quasi-uniform if there exists p > 0 such that
for all i € (0,hp) and all times 7 € [0, 7], we have

min{px) : K(1) € Tp(t)} = ph.
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Note that a uniformly quasi-uniform subdivision consists of element domains for tem-
porally quasi-uniform evolving surface finite element domains.

Lemma 6.30. For h € (0,hy), let {T},(t)},c(0,1) be a uniformly ©-regular (Def. 6.29(b)),
uniformly quasi-uniform (Def. 6.29(c)), evolving, conforming subdivision (Def. 6.27(a))
and let ¢! be the global push-forward map (Def. 6.27(¢)). Let 0 <k < @+ 1, p € [0,00].
Then 1y, € WP (Z,(0)) if and only if ¢/'ny € W™P(Z(t)) for all t € [0,T). Further-
more, there exists ci,cp > 0 independent of h € (0,hy) and t € [0,T] such that for all
N, € WP (T(t))

(6.27) e mllwmr( 2,000 < ‘ ¢th7’lh‘ < 2 [Mllwme7,(0)) -

e (7(0))
Remark 6.31. This implies that (W™?(.Z,(t)), ¢/! lwmp(,(0)))refo,7] is @ compatible pair. In
particular the pairs (Sy(¢), ¢/") r[0,7]> equipped with the broken Sobolev norm ||-[|yymp( 7 (1))

(Def. 6.16), and (WTl’p(%(I)),¢,h),e[0’T] are compatible since each is a closed subspace
(Rem. 2.3 and Lem. 6.18 and 6.20).

Proof. We simply sum the element-wise result from Lem. 6.26. The constants are inde-
pendent of hg and px due to the uniform quasi-uniformity of {.7,(¢)}. O

Note that this result implies that the spaces Lfgh and C «1971 are well defined when equipped
with the appropriate norms (c.f. (2.1) and (2.2)).

7. LIFTED SURFACE FINITE ELEMENT SPACES

So far we have only defined surface finite elements without relation to approximation of
a smooth hypersurface I" and function spaces on I" through the definition of a lifted finite
element space S,f(t). In general, due to the curvature of the surface, the computational do-
main I, will be an approximation to I'. We will identify surface finite elements (K, P,X) on
I, with a corresponding curved surface finite elements (K¢, P‘,Z’) on I using a mapping
Ag: K —T'. We call this process lifting. This provides a convenient way to compare the
smooth functions (solutions to PDEs) on I" with the lift of discrete functions on I';,. We will
also require an inverse lift that maps functions on the smooth domain to the computational
domain.

In the following, we will answer the question what assumptions on Ag must be made so
that (K¢, P*,£¢) is a ®-surface finite element and how we can put several such lifted surface
finite elements together in order to recover I" and finite element spaces on I'. We will also
explore some interpolation results when these assumptions hold. Finally, we explore how
we can lift the discrete push forward map.

7.1. Lifted surface finite element. We consider the situation of a surface finite element
(K,P,X) (Def. 6.1), with element reference map Fx: K — K, where the element domain
approximates a portion of I'.

Let Ag: K — I' be a C'-map which is a diffeomorphism onto its image. For a function
x: K — R, we call x’ defined by x(Ax(-)) = x(-) the lift of x. We will assume that we
can decompose Ak into

Ak (x) = Apx+ by + Ag (x) forx € K,

where A is an invertible (n+ 1) X (n-+ 1) matrix, by € R"*! and Ag € C'(K,R"t1). We
will assume that Ax does affect the affine part of the parametrisations:

Ak +bge = Ap(Agk+bg)+by  forall £ € K.
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Definition 7.1 (Lifted surface finite element). We call the triple (K¢, P’,X') defined by
K':=Ag(K)CT
Ph={x"(Ak() == 2(): x € P}
v ={c'=x'—~o(y):0ce},

the lift of (K,P,X) and Ak the lifting map. 1f (K*,P*,X) forms a surface finite element
over (K,P,%) then we say that (K', P!,X%) is the lifted surface finite element associated
with (K,P,X). In this case we call Fy(-) = Ax(Fk(-)) the lifted surface finite element
reference map.

The next two results show under what assumptions on Ak is (K, P!, ‘) a surface finite
element (Def. 6.1) or a ®-surface finite element (Def. 6.4).

Lemma 7.2. If Ak satisfies that

A" —Cx llAAl
14+Ck

)

(7.1) supHvKX(x)H <
xeK

then (K', P!, X) is a surface finite element. Furthermore, for p € [1,00], we have that there

exists c1,cy > 0 such that

el xllpr ) < H%Hmm <o lxllrx) forall x € L¥(K)
(7.2)

cullxllwipg) < H%ZH < xXlwiog) forall x e W'P(K),

Wl‘p([(ﬂ)

where the constants cy,c, depend on Ck, |AX1 || and the ratio hg | px.

Proof. To show that (K, P!, X") is a surface finite element (Def. 6.1), the conditions on
the element reference map Fy/(£) = Ag(Fk(%)) are clear and we are left to check the
curvedness condition (6.1). Using the expansion of Ag, we see

Age = ApAx, A;(é =ALAYY, bge = Apbi + by
and Dy (£) = AnDk (£) + Ak (Fx (£)).
So that
VD ()AL, = ANVDk (R)ARAL + VicAk (F (£))(Id+ VDg (R)A§)AKAL AL

Applying the curvedness condition for K and the fact that A KA; is a projection (Rem. 6.3(c)
applied to the flat element K) we see

HVDKz (AL,

< e JAnlIAR" | + (1 + Ce) |[VicAe (Fie(@) | a5

The curvedness condition is shown by applying (7.1).
To show (7.2) the result is clear for p = oo. For p < oo, we will apply Lem. 6.12. Then

Wwe see
1/ ¢ meas(K*) 1/
< <c| —/——2
) Wl < ]y < (D) il

meas(K)
o =27
meas(K")
where ¢ depends on Ck and the bound (7.1). For the higher order bound, we note that
Akl = [[Ax"AnAk || < (AL [ 1AAAK( = A5 1| Akl
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so that we infer

A
Then applying Lem. 6.12 once more we see
meas(K) \ V7 _fJAc] <
c ,
meas(K’) Xlwir) = || X whp(K!)

Il [4%|

meas(K*) 1/ _
<c (meas(K)) HAAI | 1A HA;(H Xlwe k)

The final result is given by applying (7.4c), (6.9a) and (6.9Db). ]
Lemma 7.3. If (K, P,X) is a ®-surface finite element and Ay satisfies Ax € CO (K;R™1)

and || Ak |lye+1x) < ¢, then (', P, XY) is also a ©-surface finite element. Furthermore,
for0<m < O®+1and p € [1,], we have that there exists c1,c2 > 0 such that

1 Ilhymoqr) < 2] <crlxlwmy — Jorall x €WP(K),

wm.p K%

where the constants cy,c; depend on Cy(K),...,Cp(K),

Axl || and the ratio hg / pk.

Proof. To see that (K', P*,X") is a @-surface finite element (Def. 6.4), the first three con-
ditions are clear from the smoothness assumption on Ag. We must show (6.3) holds: for
2 <m < O+ 1, there exists a constant Cy,, (KZ) such that

IV" Fr ()] < Cn(K") [ Age |

Computing directly using the Faa di Bruno formula (A.1), we have

o . UAAR R ool ¢
WFK[(X) = Z Z (Vk)a, - (Vi) Ak (Fk(£)) Z H 9% (Fk), (%).
x]m Tt x]l r=1 },1,...71,1:1 ]P(m-,r) s=1 x]o‘s

But applying the fact that (K,P,X) is a @-surface finite element and the smoothness as-
sumption on Ag, we see that

m

V" Fye (8)] < e(Ci(K),-...Cu(K)) ) [Nkl i) Ak

r=I1
Finally, applying (7.3), we have that
A — m
vaFKf(x)H < ||AK||W’"~°°(K) ||A1<me ||AA1H
This shows that (K, P!, X!) is a @-surface finite element.

To show the norm equivalence we again apply Lem. 6.12, recognising the geometric
progression, to see

meas Aerl
( () ) L ltlhymoce,

meas(KY) ) A —

(meas(Kﬁ)) A
<c

meas(K) Ay — ”X”me(K),
where
= ||Ak]| HA};H lAAll  and Ap = ||Ak]] HA};H HAXIH

The final result is given by applying (7.4c), (6.9a) and (6.9b). (]
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Remark 7.4. Considering the case that A fixes the vertices of K then we can write Ak as
Ax(x) =x+A(x) forxek.
That is that Ay = Id and by = 0. Then the assumptions of Lem. 7.2 can be replaced by
—Ck
T 14+Ck’

and the assumptions of Lem. 7.3 can be replaced by the assumption that HAKHW@,N( K) is
uniformly bounded.

sup HVKA ’
xeK

We next relate the geometry of the base and lifted element domains.

Lemma 7.5. Using the decomposition of Ak, we have

(7.42) A ke < By < 1Al Bk
(7.4b) A px < pxe < ANl px
n
(T40) o (”K) HAAIH"meas(K)<meas(z<f)<cz(h ) ALY " meas(K).
hK Pk

Proof. For (7.4a), we show the second inequality. The first follows by the same reasoning
applied to the inverse of A4. Since K* is compact, there exists x’,y* € K* such that
hK[ = ’yé 7)/‘ .
But since A is invertible, there exists x,y € K such that
Apx+bp = and  Apy+ba=)"
Then, we can compute that
e = ¥ =] = 1A (= )] < JAnl[x =] < 4l

Similarly, for (7.4b), we only show the first inequality. For each &€ > 0, there exists B; a
ball in K such that
px —diamB; < €.
Denote by x¢ and r¢ the centre and radius of B, respectively. Consider the affine map
Ee: R — R given by

(x]

s(x) (X —Xe) + b+ Apxe.

[N
It is clear that E; maps balls to balls and B, is mapped to a ball centred at Apx¢ + by with
radius re/ ||AX1 |- We claim Z¢(Be) is contained in K. Indeed, take x’ € ¢ (Be), then
there exists x € Be such that Z¢(x) = x’. Denote by

=Xe + Ay (x—xe),
Sttt
then |
|x —xg‘ HA 1” ‘A (x— xg)’<|x xe| < re,
sox € B C K and
ApX +bp = ! (x—xe)‘FAAxe“‘bA:xgv

Izl
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so that x! € K* :AAE+bK. B
Therefore, we have found a ball Z¢(Be) C K* with radius re /(|4
that

), thus we can infer

1 _ _
e > AR diame > la3! | (o —e).

Since the proof holds for all € > 0, we see the desired result.
Given (7.4a) and (7.4b), the final result (7.4c) follows directly from Rem. 6.10. ([l

We can also use Ak to define an inverse lift. Given an element domain K, lifted element
domain K* and lifting map Ax. We know that Ag is invertible onto its image, namely K*.
So for : K — R, we denote its inverse lift by n¢: K — R defined by

n‘(x):=n(Ax(x)) forxeK.

Lemma 7.6. If the assumptions of Lem. 7.2 and 7.3 hold then, for 0 <m < @+ 1 and
p € [1,00], we have that there exists c1,c; > 0 such that for all 1 € WP (K"), we have

WP (K)

1 HTI_Z ) < HTIHWm,p(Kz) <cy Hn—é‘

wmp (K

Proof. The same proof can be applied to the case of the inverse lift as well as the usual
lift. O

7.2. Lifted surface finite element space. Let I be a smooth hypersurface and for / €
(0,hp) and let I', be a triangulated hypersurface (Def. 6.14(a)) equipped with a conforming
subdivision .7, (Def. 6.14(d)) and a surface finite element space Sj, (Def. 6.19(a)). Let each
K € 7}, be associated with a lifted finite element K¢ with lifted map Ag.

Definition 7.7. (a) We denote by Zf the set of all lifted element domains
Zf = U K.
Keg,

If the global map A, is single valued and Zf forms a conforming subdivision of
I', we say that ZIZ is an exact subdivision of the surface I'. In this case we set F, f
to be the set of facets between adjacent elements.

(b) We define a global lifting map Aj,: Ty — T by Ay|x = Ax. We define the inverse
lift A;l : I' = I'j, in a similar element-wise fashion by A;l ke =Ag'

(c) We denote by A, the global lift given for n,: T', — R by

A (M) (An(x)) = M (x) for x € Ty,
and by ¢, the global inverse lift given for n: I' — R by

Gn(n)(x) = n(Ap(x)) for x € Ty,

We will also use the notation 17/ = A;(1;,) and =" = g,(n).

(d) If for each surface finite element (K, P,X) there is an associated lifted surface fi-
nite element (KZ P! ,EZ), then, we define a lifted surface finite element space (c.f.
(3.17)) by

Sh = {x,f:xh € Sh}.
Proposition 7.8. Assume additionally that the family of triangulations { T, }pe (0 ny) IS reg-

ular (Def. 6.22(a)), Ak satisfies the assumptions of Lem. 7.2 and there exists C;,C> > 0
such that

(7.5) |AAll<C1 and  ||AYM|| <G forallK € F, forall h € (0,hy),
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for all K € Ty, for all h € (0,hy). Then {Zf}he(o’ho) is regular and S, is a surface finite
element space and there exists constants c,cy > 0, which are independent of h € (0,ho)
such that

e Ml < i, sy Sl forallm €L ()
(7.6)

cllmllwiogzy < i) L, Sclmllyiogg,  forain, e w'r (7).

whe(gl) =

Furthermore, if Ak satisfies the assumptions of Lem. 7.3 for all K € J}, and all h € (0, hy),
then for 0 < m < @, there exists c1,cp > 0 independent of h € (0,hg) such that

A7) et lmlhymoz < ||k < erlMllymo(zy  forallny € WP (F).

wmp (1)
Proof. The regularity of the family of triangulations {%}he(o,ho) follows from (7.4a) and
(7.4b) from assumption (7.5).

The results follow by combining the previous results for each element in .75,. We achieve
bounds independently of & € (0,h) since the regularity of the subdivisions implies that
hk / px is independent of & € (0, hg). O
Lemma 7.9. Let 7' be an exact decomposition of T then er,p (75 =whr(T).

n

Proof. First, letn € WTI”’ (3). Then we have that ) € LP(T') and it is left to show that n
has a weak derivative in L?(T") (Dziuk and Elliott, 2013b, Def. 2.11). We have a candidate
& given element-wise by & = Vr(n)|ge. It is clear that & € LP(T) and for ¢ € C'(T)

with compact support and i = 1,...,n+ 1, we have
/ nDip= Y / nD;¢
Kiea!

( f§,<p+/ noHv; +/ nw)
K/eﬂl

- éi<p+/n<pva+ / noeu;.
/r r K’E’Zf oK

‘We note that we can write

)y

nep; =y, / M@t +150)i =0,
Kle!

JIK?! y
FleFf

where }"f is the set of facets between adjacent elements in .7, since the traces of 1|x
and 1| gy to K'N (K" coincide for any adjacent pair K,K’. We note that the sum over
edges is zero since the conormals from adjacent elements are equal and opposite in the
exact triangulation and we see that & is the weak derivative of 7.

Second, let 1 € W!P(T) then it is clear that n € LP(T), n|xe € WP(K") and by the
trace theorem 1 has common trace between adjacent elements. (]

We can also show a special interpolation estimate which interpolates smooth functions
over the continuous surface into the lifted surface finite element space. We denote by I, an
interpolation operator I, : C(I') — Sj, defined by

(7.8) Iin|ge = 1Igem.
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Theorem 7.10 (Global lifted interpolation theorem). For h € (0,ho), let { T }e(0.ny) be
a O-regular (Def. 6.22(b)), quasi-uniform (Def. 6.22(c)) family of triangulations of T},
equipped with a surface finite element space Sy, (Def. 6.19(a)) consisting of ®-surface finite
elements (Def. 6.4) over a reference element which satisfies the assumptions of Lem. 4.3
for some 0 < k;m < @, p,q € [1,)|. Let each element K € F}, be equipped with a lifting
map Ag € COTV(K) such that [Akllwer1=(x) < € and (1.5) and (7.1) hold each uniformly
for h € (0,hg), then {Zf}he(o,ho) is a O-regular, quasi-uniform family of triangulations
of I' and Sfl is a surface finite element space consisting of @-surface finite elements. Let
n € C(T') be a continuous function, then In € Sf is well defined. Furthermore, if the
assumptions of Thm. 6.13 hold for the reference element (K ,P,i), there exists a constant
C =C(K,P,%,p) such that for all functions n € W1r(75NC(T),

(7.9) In—1Iym ||Wm,q(yhfi) < CHErI=m [Im ||Wk+l4,p<‘7hk) .

Proof. The result follows by combining previous lemmas in the appropriate way. We see
the lifted triangulation is quasi-uniform by applying the results in Lem. 7.5 and the as-
sumption (7.5). The interpolation result then follows by applying Thm. 6.24. O

Thm. 7.10 will be used to show the abstract approximation properties (I1) and (12).

Corollary 7.11. Let n € C(T), then the interpolant of N into Sy, denoted by I~hn, is given
by

(7.10) I = (him) ™"
Furthermore, there exists a constant C such that for all functions n € W2(75nC(T),
and all h € (0,hp), we have
-t 7 k+1—m
(7.11) I Ihnme‘q(%) < O i,
Proof. We apply the inverse lift result to the estimates in the theorem. O

7.3. Evolving lifted finite element spaces. For¢ € [0,7], let I'(z) be a smoothly evolving
hypersurface with flow map &;: i.e. @) € C%([0,T],C(I(0))) and &, (I(0)) = I'(t). For
h € (0,hp), let T';,(f) be an evolving triangulated hypersurface (Def. 6.27(b)) with global
discrete flow ®! (Def. 6.27(c)) and equipped with an evolving conforming subdivision
T (t) (Def. 6.27(a)) and an evolving surface finite element space Sy,(¢) (Def. 6.28(a)). We
assume that we are given a global lifting map Ay(-,¢) (Def. 7.7(b)) which gives an exact
subdivision .7/ (t) of T'(t) (Def. 7.7(a)).
Definition 7.12 (Lifted discrete flow map, material velocity and pushed forward map).

(a) The lifted flow map CI)f_)(~): [0,T] x Ty — R™! of the smooth hypersurface is

defined by

O (Ap(x,1)) = Ap(®(x),1)  forxeT.

We note that ®!: Tg — I'(z).
(b) The lifted discrete material velocity wy on {I'(t) },¢(o,7) is defined by

d
&l () = wi(@().1)
(¢) The family of lifted push forward maps is denoted by ¢/ (n): T'(t) = R forn: Ty —
R and is defined by

o/(M)(0) =n(@L,(x))  forxel(r).
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See also (3.13).

Remark 7.13. Note that in general CI)f is different to ®;, but each describes a different
parametrisation of the same evolving surface. Also w, the material velocity of I'(¢), and
wj, define the same surface I'(¢) evolving from I'(0), so have the same normal components
whilst the tangential components may not agree.

Proposition 7.14. For h € (0,hp), let {Sy(t)}ico,1) be an evolving surface finite ele-
ment space over a O-regular (Def. 6.22(b)), uniformly quasi-uniform (Def. 6.29(c)), evolv-
ing conforming subdivision {f%,(t)},e[oﬂ consisting of ®-evolving surface finite elements
(Def. 6.25(d)) and (])th the global push-forward map (Def. 6.27(¢e)). For each t € [0,T]
and each h € (0,hy), let each element K € }, be equipped with a lifting map Ak (-,t) €
CO*1(K(t)) such that [Ak (- t)llwesiex) < C and (1.5) and (7.1) hold each uniformly
for h € (0,hy) and t € [0,T]. Then {Sf;(t)},e[oﬂ is also an evolving surface finite el-
ement space over a O-regular, uniformly quasi-uniform, evolving conforming subdivi-
sion {,%f(t)}le[oﬂ consisting of @-evolving surface finite elements. Furthermore, for
0<m<O®+1, pe€[0,00] there exists c1,cz > 0 independent of h € (0,hg) and t € [0,T]
such that

(7.12)

o/n)|

In particular, the pair (W™P(ZL(t)), ¢ |yymp (70 o)) )eelo,7) is compatible (Def. 2.2). Fur-

Cl Hn”me gl >~ ‘ )) S (&9) Hnllwm,]a<zlé(0)) for all n S me(%é(()))

wm.p y[

thermore the pairs (S (t), ¢! \8/ )ze[o 1], equipped with the norm ||- ||me 70 and (WP (T ),¢,[|W1,p(1~0)),€[0ﬂ
are also compatible.

Proof. The initial properties of Sj(¢) follow for the same reasoning as Prop. 7.8 since
the constants are bounded uniformly in time. The bounds (7.12) and the compatibility of
(wmp (Zf),q)f),e[oﬂ follow since the assumptions imply that (W”’*”(Zf),(]),h),e[oﬂ are
compatible and we can simply lift this result with uniform bounds. The compatibility of
(S,f(t),qbf\sﬁvo)le[oﬂ and (Wlﬂp(l"(t)),¢,Z|W1A,p(r0)),e[0’r] follow since they are closed sub-

spaces of WP (Z£(t)) (Lem. 6.18, 6.20 and 7.9) and Rem. 2.3. O
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Part 3. Application to parabolic equations on evolving domains
8. APPLICATION I: PARABOLIC EQUATION ON AN EVOLVING BULK DOMAIN

In this section, we will formulate and analyse a finite element method for a parabolic
problem posed in an evolving bulk domain (1.4). We will begin with notation and defini-
tions for the initial value problem. The numerical method is based on the general theory of
Sec. 4 applied here with isoparametric bulk finite element spaces of order k. The analysis
is based on the abstract theory presented in Sec. 2 and 3.

8.1. The domain and function spaces. We set H(t) = L>(Q(t)), V(t) = H'(Q(t)) and
V*(t) = (H'(Q(t)))*. We will also make use of the spaces Zy(t) = H>(Q(t)) and Z(t) =
H*1(Q(r)). We see that Z(t) C Zo(t) C V(t) for each ¢ € [0,T] and the inclusions are
uniformly continuous. We define the push-forward operator ¢; by

8.1 (o) (1) =N (D (+)) for n € Ho.

(LZ(Q(t)),(])I),E[O.T] and (HI(Q(t)),¢,),e[O7T] are compatible pairs (Def. 2.2), the spaces
L%_l, L%, and Lé* are well defined (c.f. (2.1)) and we have a well defined strong mate-
rial derivative, denoted 9® (2.4). (V(t),H(t),V*(¢))c(o,r) form an evolving Hilbert triple
(Def. 2.4). We also have that (Z(t), ¢| z, ) )icjo,r] and (Z(t), ¢| z,(1))ic[o,) are compati-
ble pairs. For details see Alphonse, Elliott and Stinner (2015b).

Remark 8.1. For the well posedness of the partial differential equation Prob. 8.3 we require
that the boundary I is a C?>-hypersurface and that the flow map Dy() € C*(0,T;C*(Q)).
See Alphonse et al. (2015b) for more details. For the approximation properties we de-
rive we require that I" is a C¥*2-hypersurface and that @ (-) € C*"2(0,T;C*"%(Qp)) with
@, Qo — Q(t) and D, : Q(r) — Q both of class C<+2.

We introduce a signed distance function for the boundary surface I'(r) = dQ(z). The
oriented signed distance function for I'(¢) is given by

_J—inf{lx—y[:yeT(r)} forxeQ(r)
dlx,1) = {inf{|xy| iyel(n)} otherwise.

For each ¢ € [0,T], we orient I'(¢) by choosing the unit normal v(x,) = Vd(x,t) for x €
['(r). Our assumptions on I'(z) imply that there exists a neighbourhood A/ (¢) of I'(r) and
normal projection operator p(-,¢): N () — I'(r) given as the unique solution of

(8.2) x:p(x,t)+d(x,t)v(p(x,t),t).

See Gilbarg and Trudinger (1983, Lem. 14.16); Foote (1984) for more details.
The final result we show in this section will be useful in the error analysis of our meth-
ods.

Lemma 8.2 (Narrow band trace inequality). Fort € [0,T], let B¢(t) C N (t) be the band
given by

Be(t) = {x € Q(r) : —e < d(x,t) <0}.
Then there exists a constant ¢ such that for all t € [0,T],

IMlaey — foralln € HY(Q()).

Proof. The proof for stationary domains in given by Elliott and Ranner (2013, Lem. 4.10)
which can be easily extended to the evolving case. g

(8.3) 1Ml (ry) < ce'/?



72 C. M. ELLIOTT AND T. RANNER

8.2. The initial value problem. We assume that o7y € C'(Qr; RUHD*(H1) is an (n+
1) x (n+ 1) symmetric diffusion tensor, Zq € C!(Qr;R""!) a smooth vector field and
%a € C'(Qr) is a smooth scalar field. We assume that for each ¢ € [0,T], @ (-,t) is
uniformly positive definite: There exists ag > 0 such that for all ¢ € [0, 7]

Ao(1)E-E > ag|E[*  forall & e R™L.
We consider the initial value problem

Problem 8.3. Find u such that

(8.4a) d%u+V - (PBqu)— V- (oVu)+Gou+ (V-wu=0 on Q1)
(8.4b) (—Bou+ HLoVu)-v =0 on T(t)
(8.4¢) u(0) =ug on Q.

Remark 8.4. The problem (1.4) is recovered by setting &7 = aq,PBqo = bo—w and 6o =
cQ.-

Transport formulae. The following transport formulae hold on portions {@(t) C Q(#) }1c(o,7)
of the domain {Q(¢) },¢[o,7], which follow the flow @ (¢) = ®;(w(0)) for € [0, T], and have
Lipschitz boundaries at each time. :-

e Forn,{ € Cl, by
d
8.5) E/ nCdx:/ a°nz;+a'nc:dx+/ nCV - wd.
t Jo(r) o(r) o(r)
e For 1,{ € Cl,, we have the identity

4 %vn.vcdxzf SV -V + AV - VO dx
(8.6) dr Jo@) o(t)

+ [ Bwon)vn-VEar
o(t)

where B(w, «7g) is given by
8.7 B(w, o) =3 oo+ V -wap — 2D(w, g)
and D(w, o) is the rate of deformation tensor

ln+1 o
D(w, a)ij = 5 Y {()w(V)iw;+ () w(Viiwsy  fori,j=1,...,n+1.
k=1

e Forn €Cl, { €C), wehave

d
S| Ban-Vedi= [ (Bad"n-VE+Han VI C}ax
(8.8) dr Jo() o(t)

“r/ Badv(m %Q)T] -VCdx,
o(t)

where Bagy (w, B ) is given by

n+1
Baav(w, Ba) = 0° Ba+ BV -w— Y (%Ba)(V)w.
=1
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8.3. The bilinear forms and transport formulae. We define

m(t;n,§) / ngdx n,6 €M)
g(t:n.¢): / nev-wdx n,6 €M)
a(t:n,¢) —as(t n.8)+an(t:n,€) n.¢ V()
as(t:n.0) : / AoV -VE+%anldx n,6eV()
alin.0)= [ Fon-vear n e R V)

We can apply (8.5), (8.6) and (8.8) to see that we have the transport laws
(8.9)

Cm(n. Q) =m0, ) +m(.9°0) +gln.8) foralln.¢ € C

(8.10)

Eas(t;n,é?) =a,(t:0°n,8) +a,(t:1,9°8) +by(t;1,{)  foralln,§ €y,
(8.11)

%an(f 1,8) = an(t:0°1,8) +an(t:1,9°C) +ba(t:0,§)  foralln € Gy, € Cy,

with the new forms

bs(t;n,C)=/Q(I)Bg(w,%)vn-VC+(9'<€+%V-W)nCdx forn,{ € V(r)

ba(t:1,8) = /g@ By (w, Bo)n - VE dx forn € H(1), £ € V(1),

where

BQ(W, o) =0+ V- -walg — 2Dh(w)
n+1

Baav(w, Bg) = 3* By + BV -w— Z (%g)ﬁxIW,
=1

and D(w) is the rate of deformation tensor:

]n+1 o
(AQ)udyw;+ (Ha)jdywi fori,j=1,...,n+1.
2 =1

D(w)ij =

We define b(t;-,-): V(1) x V(t) — R to be
b(t:m,8) :=bs(t;n,8) +ba(t:m,§)  forn, & e V().

The smoothness assumptions on the coefficients and the velocity imply that g, b and b,
are uniformly bounded. There exists a constant ¢ > 0 such that

(8.12) 861, ) < ellnllagry 161100 forall n,¢ € H(r)
(8.13) [bs(6:1, E) < Mgy 161y forall n,§ € V(1)
(8.14) ba(t:1, E) < el lly ) 161 foralln € H(z),& € V(1).
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8.4. Variational formulation. We consider the following variational formulation of (1.4):

Problem 8.5. Given ug € L*(Qy), find u € W(V,V*)such that for almost every t € (0,T)
we have

m(t;0°0,8) +g(t;u,8) +a(t;u,8) =0 forall §{ € H(Q(r))

815 u(0) = up.

Theorem 8.6. There exists a unique solution u to Prob. 8.5 which satisfies the stability
bound:

(8.16) sup.[ul20)) + / ull31 ey @ < e(T) w02y
t€[0,T]

and if uy € H'(Qp)

(8.17) sup [[ull31 g0 + / 1002 0y & < (1) o1 gy -
t€[0,7T]

Proof. We simply apply the abstract theory of Thm. 2.15. For Ass. 2.6 and 2.9 we refer
to Alphonse et al. (2015b, Sec. 4 and Sec. 5). Ass. 2.13 is a consequence of Rem. 2.14.
Also Assumptions (M1), (M2), (G1), (G2), (A1), (A2), (A3), (As), (Bs1), (B,1), (By2)
and (B,,2) hold. It is clear that (M1) and (M2) hold since m(; -, -) is equal to the H(¢)-inner
product. Similarly assumptions (G1) and (G2) follow from the transport formula (8.9) and
the boundedness of the velocity. We know that the map ¢ — a(z;-, -) is differentiable hence
measurable which shows (Al). The coercivity (A3) and boundedness (A 4) of a; and
the boundedness of (A,4) follow from standard arguments. The existence of the bilinear
forms by (Bs1) and b, (B, 1) has been shown in (8.10) and (8.11) and the estimates (B;2)
and (B,,2) are shown in (8.13) and (8.14). [l

8.5. Discretisation of the domain and finite element spaces. The first stage in construct-
ing our finite element method is to define an approximate computation domain {Q;(#)}.
Our construction satisfies that the boundary Lagrange points of Q(¢) lie on the boundary
of Q(¢) and all Lagrange points evolve with the prescribed velocity w. We will consider
Q,(t) as an interpolant of Q(¢). We recall k is the order of isoparametric bulk finite el-
ement spaces we wish to use. Throughout the remainder of this section we will denote
global discrete quantities with a subscript & € (0, h¢), which is related to element size. We
assume implicitly that these structures exist for each 4 in this range (see also Rem. 4.11).

We will use the simplical, Lagrangian reference element (K, P,%) over order k from
Ex. 4.2. We start by constructing a family of time dependent element reference maps
(Def. 4.30(b)) which will define an evolving conforming subdivision {.7,(¢)} (Def. 4.32(a))
of an evolving triangulated open domain {Q,(¢)} (Def. 4.32(b)).

Let Qh .0 be a polyhedral approxunatlon of Qg equipped with a quasi-uniform, conform-
ing subdivision into 51mphc1es % 0 (see Sec. 4.3 for details). We denote by r ho = 8Qh 0-
‘We restrict that the vertices of Fh,O lie on the surface I'y. We assume that the normal projec-
tion operator (8.2), p(+,0) is a homomorphism from l:h o onto I'y. More precisely, for each
Ke ,% .0» there exists an affine map K — R™! which satisfies the assumption of Def. 4.4
so that we can define a bulk finite element (K ,P,Z) using (4.3). We assume the Lagrange
points satisfy (4.19).

We extend p to construct a bijection ¥, : f)hp — Qg which we will define element-wise.

A similar construction is used by Elliott and Ranner (2013). We first decompose f?; 0
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into boundary elements, which have more than one vertex on the boundary, and interior
elements. For an interior element K € .7}, o, we define

Y,(X)=x%  for¥ek.

Otherwise, let K be a boundary element and consider ¥ € K. Denote by {@}} the vertices
of K ordered so that {a;}E | lie on Ty (recall that Q(¢) C R™*1). First, decompose X into
barycentric coordinates:

n+2

j=1
We introduce the function p*(X) and the singular set ¢ by
L ~
WE=Y @, o={fek:u"(®=0}.
j=1
The scalar u* represents how far we are from f‘hp with u* =1 on I';,. Note that we have

0 < u* < 1. The set o is the set of points in K furthest from 1~";,70. If X € o, we denote the
projection onto I';, g N K by y(%). We see that y(%) is given by

Then, we define ¥j|z by

ST (p(r(2),0) - ¥(X)  if¥¢ o
il = {3{ otherwise.

Remark 8.7. This mapping takes points on 1:;,70 onto Iy, since here u* =1 and y(X) =X
and we recover P, (X) = p(x,0). Points in ¢ remain unchanged by this mapping, since
W = 0 here and furthermore the power k +2 on u* ensures that the mapping is C**! on
the closed domain K.

We write I for interpolation over (E P, f) (4.12) and define an initial element reference
map Fx,: K — R"1 by

Fy, (£) = [1%] (Fz (%)) for £ € K.

We call the union of all domains K constructed in this way .7, ¢, which is a conforming
subdivision (Def. 4.14(d)), and call the union of element domains £, 9, which is a trian-
gulated bulk domain (Def. 4.14(a)). Finally, we call {a; f\’: , the Lagrange nodes of Qo
which satisfy (4.19) since Lagrange points on the boundaries of each element K are not
moved by ¥j,. An example of domains constructed using the above are shown in Fig. 8.1.

To complete the construction, for Ky € %30, we consider the discrete domain K (z) given
by the discrete flow ®X: Ky — K(¢) defined by

Df |k = I [P1 (Pa ()],

which is a bijection onto its image for 4 small enough. We denote its inverse by ®X,. Using
(4.22) ®K defines an evolving reference element map and with (4.3) we have a bulk finite
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Yoo

FIGURE 8.1. Examples of collections of isoparametric bulk finite ele-
ments. In each example we have four finite elements which approximate
the unit disc in R%. The element domains are shown in red and the La-
grange points in blue. From left to right we use k = 1,2,3,4.

element (K (¢),P(t)X,2(t)X) (Def. 4.30(a)). We call the set of such domains at each time
T (t) and we define Q,(¢) by

Q)= U K@),

K(1)e Z,(1)

and write a global discrete flow map ®: Q0 — Q(¢) defined element-wise by @ g, :=
<I>,K (Def. 4.32(c)). By h we denote the maximum mesh diameter over time (4.24):

h:= max max diam(K(r)).
t€[0,T]K(1)€ T (t)
We introduce the Hilbert spaces Hy,(t) := L*(Q;(t)) and V), (1) := H+( (1)) (c.f. Lem. 4.20).

Since @/ is a globally continuous function, it is clear that the Lagrange points in each ele-
ment satisfy (4.25). We define a global discrete function space (Def. 4.34(a)) by

(8.18) Sp(t) == {XhZ(%h)K(t)eyh(t)E 11 {%0 i P EP(R)}
Ke (1)

xx(a(t)) = xxr( for all K(1),K' (1) € T (a(t)), for all a(r) € Nh(t)}.

Using Lem. 4.23 we can identify elements in Sy(7) as continuous functions and S (¢) C
Vi (t ) .

We will assume that this construction results in a uniformly quasi-uniform evolving sub-
division {.7,(t) },c(o,7) (Def. 4.35(c)) - that is that the velocity w is such that the simplicies
in J},(¢) do not become too distorted. In order to show the result of this construction sat-
isfies the other assumptions we require we first state a result shown by Elliott and Ranner

(2013):

Lemma 8.8 (Prop. 4.4, Elliott and Ranner 2013). The mapping Wk = W,| is of class
C*t! when restricted to each element K € 0 and the composed map Y o Fy satisfies

(8.19) | V"™ (¥k o Fg — Fp) <ch®  for0<m<k+1.

HL°° (K)
Proposition 8.9. The space {Sy(t) },c(o,r) defined by the above construction is an evolving
bulk finite element space consisting of k-surface finite elements over a uniformly k-regular
evolving subdivision.
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Proof. Let K(t) be a single element in 7,(¢). We can write the element parametrisation
FK(t) as

FK(t) (%) = cI:'zK(FKo (£))
= OF (e (%)) + (@ (P, (£) - BF (g, (9))).

where CID,’? is the flow map from Ky = F % (%) defined as the piecewise linear interpolant of

@K, We note that £+ CID,E (F; % (®)) is linear so we define the splitting

Fey@®) = OK(Fe (1) + (0F (Fiy () — DK (R (2))) -

::AK(I)XA-l-bK(t) = CDK(,)()?)

Since ®f (Fi,(-)) and P (Fz(Fg (-))) agree at the vertices of K, we have that X (Fg(+))

is a linear interpolant of ®X (Fk, (-)) over K. Thus, we infer that

Ve (©F (e (8)) — @K (g, (9)) )| = | Vi (@6 (Fie (9)) — 110 (i () |

< | @ (Fiy (D lwaee )

< chi HCD,KHWLN(KO) :
Here, we have used the notation /| for piecewise linear interpolation over K and applied
the Bramble-Hilbert Lemma (Lem. 4.3) and the rescaling (4.10).

Hence we have

; % 1k
‘AKH < CPT{ ‘q)t |W2<,°°(l<0

VDK()?J)A;(H < chi Hq)fKHWZr“(KO)

CK(,) = sug )
fek
Since we have assumed that { 7} (¢) };¢(o,7] is uniformly quasi-uniform we see that h% /pk is

uniformly bounded, it remains to show that ‘CID,K ’Wlw ( is uniformly bounded. However,

Ko)
this follows from the definition of @ﬁ“ and the smoothness of W (8.19) and the smooth
flow map ®;. Therefore, for hk sufficiently small, Cg(,) < 1.

To show the higher order bounds, we compute similarly that for 2 <m < k-+1

V2 ()
< |V Ak £+ i) | + | V2 (@ (Fig (9) — B (Fy, ()|
= |V (F (Fi () ~ 112 (Fi, (9)]|

< e[ (Fig ()]

wme(R)
< chi HqDIKHW’”P"(KO) :

Hence, we see that

A B B l’lK m
sup V" Fic ()| [ Ak ]| ™" < chig Ak | ™" |9 [yymee ) < (p) [Snl [
%€k K

In the final inequality, we use that [|Ax| ™' < HA;(l H < pg'. The bounds on C,,(K(¢)) then

follow since we have assumed that the mesh is uniformly quasi-uniform and that ®X is
sufficiently smooth. (]
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The element flow map CIDf defines a velocity on each element Wy (Def. 4.30(c)) by

d
a(l)l(( ) WK(q)tK()at) forz e [07T]
This can be combined into a global velocity W), (4.32(d)). We note that the global velocity

is determined purely by the velocity of the vertices {a;(¢)}Y_;:

=

—

(8.20) Wi(x,t) =) wlai(t),t)xi(x,1) for x € Q(1).

We also have a discrete push forward map q)th (Def. 4.32(e)) for n: €50 — R given by

o/ (M) (x) =M (®,(x)),  forxe Qy(r),r €[0,7).

Since we have constructed a uniformly k-regular mesh, we infer that (H,(¢), ¢th) refo,7) s @
compatible pair (Lem. 4.36) so we may define the space C,I{h (2.2) and a discrete material
derivative by (3.3):

R d
ah M= ¢th (dt (‘meh)) forny, € C71-L;,'

We note that the pairs (V),(z), ¢/ V() rejo,r) and (Sx(t) L0 |5,,(1))refo,7] are also compatible
(Lem. 4.36 and Rem. 4.37) so we may also define the spaces th and CSh

Lemma 8.10. Fort € [0,T) and for each K(t) € ,(t), let FX be a smooth, positive-
definite, diffusion tensor on K(t) and BE be a smooth vector field on K (t) for each K (t) €
T(t) and t € [0,T). Forny, € C}, , we have the transport formula:

d o
(8.21) —/ Npdx = / o+ N,V - Wy, dx.
dr Joy, () K() 657,,

Furthermore for 0y, &, € C\I}h we have

(8.22) ;t / AEVn, -V, dx
<
= / ,eigV&h N+ VC;,#’%&VTM Vah (;hdx
<>e%
+ ¥ / By (W, X )V - Vg dx,
K()ETi(1)

and for m;, € C{,h, G e C"}-L,,
d

(8.23) < | #hn VG
ds K(,);,h(,) K(0)

[, ZB VG4, VO d

+ Y / Baav.x (Wi, B8) 1 - V& dx,
K(n)eZ, () K
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where Bg and Bagy k are given by
By (Wi, &) = op ot +V - Witk — 2D, (W)
n+1
Buav x (Wk, BG) = g BG + BEV - Wk — Y (88) (V) Wk,
j=1
and Dy, is the rate of deformation tensor

1 n+l1 o
Dy(Wi)ij = 5 3 (7 )a(V)e(Wi)j + () je(V)eWi)i - forinj=1,....n+1.
k=1
Proof. We note that the left hand side maybe decomposed into individual elements then
apply (8.5), (8.6) and (8.8) on each element. [l

8.6. Construction of the lifted finite element space. We construct a bijection between
the computation domain Q(¢) and the continuous problem domain Q(7) which we will
call the lifting operator. We do this using a similar construction to ¥}, used to define Qy,(7)
at the start of Sec. 8.5. It will again be based on using an extension of the normal projection
operator used as a lifting operator in Sec. 9.6.

Fix t € [0,T]. We wish to construct a bijection Ay (-,1): Q,(t) — Q(t) which we will
define element-wise. We decompose .7},(¢) into boundary elements, which have more than
one vertex on the boundary, and interior elements. For an interior element K(¢) € .7(¢),
we define

Ap(x,t) =x for x € K(r).
Otherwise, let K(t) be a boundary element and consider x € K(¢). Denote by {a;(t)}}"
the vertices of K(t) ordered so that {a;(¢)}-_, lie on I'(t). We recall that the element K ( )
is given by a parametrisation Fx over a reference element K so that, fixing a point x € K,
we can define points £ and vertices {d,}i’:lz in K by

x=Fg(%t) and a;(t) = Fgx(a;t) for 1 <i<n+2.

n+2

We decompose £ into barycentric coordinates on K:

We introduce the function f1*(£) and the singular set & by
L
Z 6={tcK:p* %) =0}
=1

Again, we note that 0 < fi* <1, |[D¢fi"| < 1 and D¥1* = 0 for m > 2. If x & Fx(6,1), we
denote the projection onto I';(¢) NK(t) by y(x,t) given by

A o oy
(8.24) Y& =Fc(3®)0), 90 =) =
We then define Ay(-,1)[k() by

x4 (B @) (p((x0),1) =y(x,1))  if x f Fi(6,1)
X otherwise.

(825  Mu(,1)|k(y(x) = {

The lifting map A, induces a lifted subdivision {Zf(t)}te[oﬂ given as the set of all ele-
ments
K1) := Ak (K(t),1) forall K(1) € F(t).



80 C. M. ELLIOTT AND T. RANNER

Remark 8.11. The ideas behind this construction are similar to the construction of ¥;,. See
Rem. 8.7 for more discussion and also Lem. 8.12.

We next follow a sequence of calculations to show the properties of Aj,. These estimates
are based on previous work by Bernardi (1989) and Elliott and Ranner (2013). It is useful
to recall the following Fad di Bruno formula (Bernardi, 1989, Eq. 2.9) for two smooth
functions f,g

(8.26) "(fog) = ZV’ ( Yy ciﬁmg)’ﬁ)’

i€E(m,r) q=1

where {c;} are constants and E (m,r) is the set given by

n m
E(mv”)z{iENmi Ziqzrand Zqiq:m}.

q=1 qg=1
We wish to calculate derivatives of Ay, of order m for m < k+ 1. A direct calculation

shows that
c

| D% R\6) S TAE e
9= (@ @)
for a constant ¢ independent of £ and K(¢). Then, we have that

IVEYC )l gin ) < € X IVEFR (5 0) =) ( Yy H ||foyAHqum R\0) )
r=1

i€E(m,r)
ua hl hg
<Y A < e
r; (as@)m = (ar @)
where in the second line, we have used that K is a k-surface finite element so

IVEFk (D)l =) < c Ak [I" < chi.

(8.27)

Next, applying (8.26) and (8.27), we have
m r h;{
[VE (pO().0) =y (ot HL“ <CZHV Id)HL""(K(t)) @ @)m
Using a similar geometric construction to Lem. 9.10, we have
r r k+1—r
1V (P(+8) = 18) | ey = 1V ey < k™

Hence, we infer that

- jxan
HV)? (p(y(-,t)ﬁ) —y(-,l)) HL“(I?\(;) < C(‘a*l((w~

Finally, using the Leibniz formula and the properties of {1*, we have

(R @) PO, —y(0)))|

<cz DEEVE (PO =3O i
< CZ k+2 rL
(ﬂ*(xf\))m—r

< ch’?‘(u (")
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Lemma 8.12. The lifting function Ay (-,t): Q,(t) — Q(t) is an element-wise C+'-diffeomorphism
and satisfies
(8.28) sup  sup [|Ay (1) [kt g0 < C-
he(0,hy)t€[0.T]
Proof. The first result is clear for all internal elements. Consider a time ¢ € [0,7] and a
single boundary element K (¢) € .7,(¢). The smoothness away from () = Fx(6,1) follows

from the fact that Ay, restricted to each element is the composition of smooth functions.
The above calculations, combined with (4.11) and (4.9b), show that for x = Fg(%,¢) €

K(1)\ o),

c R .
(829)  |V"Aplg((x,1) —1d| < p—myVmA,,|K(,>(FK(x,z),z)—Id\ < 657|(u (£))™.
K K

The mapping A, is of class C**! on K(¢) \ o(¢) with derivatives of order less than or equal
to k+ 1 tending to zero when x tends to a point in o(¢). Hence, it can be extended to a
C*1 mapping on K (z). O

Lemma 8.13. Furthermore, we have that the lifted triangulation {Zf(t)},e[oﬂ is a uni-
formly k-regular evolving subdivision (Def. 4.35(b)).
Proof. We use the splitting

Ap(x,1) =x+ Ap(x,1),
and write Ag(-,1) = /N\h(~,t)|K(,) = (Ak(x,t) —x). We start by taking m = 1 in (8.29) to
give

hk+1

97 Aul(56) <] < ¢ "2

Clearly the right hand side is less than (1 —Ck)/(1+ Ck) for hg small enough for a uni-
formly regular subdivision. This inequality can clearly be translated to the required esti-
mate on Ay,. U

For t € [0,T] and a function n: Q(¢) — R, we define its lift n/ : Q(¢) — R by
nf(Ap(x,1)) = u(x) for x € Q(1).

We will also make use of an inverse lift for functions on Q(¢). For n: Q(¢) — R, we define
the inverse lift of 17, denoted by n~¢: Q(t) — R by

N~ %) = n(An(x,1),1) for x € Q(1).

Lemma 8.14. Ler 1, € Hy,(¢) and denote its lift by n}f. Then there exists constants c1,cy >
0 such that

4 L
@300 eng < Il <e|ni],,,
@30 er|ngl], < Il < i), i € Vi),
Proof. We apply Prop. 5.8 and Lem. 8.13. (]

For each K (1) € J,(t), we use Def. 5.1 to construct an associated lifted bulk finite
element (K'(z),P!(r),X‘(r)). We assume that the domains {€, (t) }sco,r] are such that the

set of lifted element domains .7’ (¢) defines an exact decomposition of Q(t) (Def. 5.7(a))
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for each ¢ € [0,T]. For ¢ € [0,T], we define the space of lifted functions to be Sj(t) given
by (c.f. (3.17))
Si(t) = {2 = o € Su(0)}-

Using the lift A, and the discrete flow @, we can define the lifted flow map @/
(Def. 5.11(a)), lifted discrete velocity wy, (Def. 5.11(b)) and lifted push forward maps d)f
(Def. 5.11(c)). The results of Lem. 8.13 imply with Prop. 5.13 that (H(t),(])f),e[oﬂ and
(V(r), ¢f|v0)te[oﬂ and (Sf(1), d),é|s£0)te[0ﬂ form compatible pairs (Def. 2.2). We will use

. 1 1
the notations C(HW) and C(V,W)

with respect to the push-forward map ¢, in () and V(r) respectively. We may define a
lifted strong material derivative (3.15):

o d
a[ n= ¢t[ (dl‘ (¢£tr’)> for ne C(I'H(p(’)

Lemma 8.15. The flow map ®! induces a new transport formula on {Q(t)}. For n €

1
C<H’¢€) we have

for the spaces of functions smoothly evolving in time (2.2)

(8.32) dt/ ndx / N+ MV -wadr,
63[

Let o/ be a smooth, positive-definite, diffusion tensor on Q(t) and B¢ be a smooth vector

field on Q(t) for all t € [0,T). Furthermore, we have for 1, € C(IV 00)

(8.33) g/ VN -VEdx
dr Ja@)

- Sy 0 (VO VEH V0 VOFE) 4 B w0 V- VE
K(1) 6.9[

andfornecCl, ,.C¢c C(IH , we have

(V,0f) $°)

d
(8.34) 7/ Bon -VEdx
dr Ja)

= / B (9N -VE+1-VIyC) + By yqy(Wk, Ba)n - Vi do,
()695

where By and By 4, are defined as in Lem. 8.10.

,adv

Proof. We note that the left hand side may be decomposed into individual elements then
apply (8.5), (8.6) and (8.8) on each element. U

For the later analysis, we will also require bounds on the time derivative of A;. We
consider an element K(f) € .7(t) and the trajectory of a point X(¢) which follows the
velocity field Wj,. From the definition of W}, we have that

n+2

= Z.a ai
j=1

In particular, the barycentric coordinate representation of X (z) does not depend on time.
Therefore, writing x = X (¢) and using y from (8.24), we have

Ay (r) = Sy (X(0),1) = SFe(().1) = S (5(5),0) = Waly(x.),0)

=

X(1) = Fx(%,1),
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Then we can compute that if K(¢) is a boundary element, recalling the definition of Ay,
(8.25), we have

. d
Iy Anlk () (x,1) = aAh|K(z (X(t),1)

_ {vvh<x,r>+<ﬂ*<x>>k+2(;<yr>+vp<y7 Wiy (e0),) = Wa(y(en).r)) i Fi(6.1)

0 otherwise

_ W)+ (272 (Wa (1) =w(n0) - vn) V(1) —d (1) ve(0it)) - if x & Fie(6,1)
0 otherwise.

A similar calculation to those prior to Lem. 8.12 show that for m < k+ 1

(8.35) ||a}:/\h(,t) _VVh('at)me,m( () < Chk+1 m(’a*( ))k-!-l m < hk+1 m

This follows by using the smoothness of the surface I'(¢) along with the fact that W}, is an
interpolant of w (Cor. 5.10).

We conclude this section by showing some geometric estimates arising from the use of
the lifting function Ay,

Lemma 8.16. Under the above assumptions, we have the estimates that

(8.36) sup [[VA(,1) = 1d|| (g, (1)) < h*
t€[0,7]

(8.37) sup (|98 VAL(1) |-, 1)) < -

t€[0,7]
Additionally, writing Jy(-, \/det ((VAR(-,2)) (VAR(-,1))), we have
(8.38) sup [[J5(1) = 1l (g, (1)) < ch*

t€[0,7T]
(8.39) sup (|9 Jn (1) | L=, (1)) < ch"-

t€[0,7]

Proof. We have already shown (8.36) as part of the proof of Lem. 8.12. Inequality (8.38)
then follows by a result of (Ipsen and Rehman, 2008, Cor. 2.11).
To show the time derivative bounds, we note that for each K(¢) € .7,(¢) we can write

I (x,1) = I Mp(x,1) + Wi (x,1) - VN (x,1) for x € intK(¢).

Then we can compute, fori=1,...,n+1
n+1
8}:8xiAh = (8xl.Ah), + Z 8xj8xiAh(Wh)j
j=1
n+1 n+1
= 8x[(atAh) + ax,' Z 8)c_/Ah(VVh)j - Z ax_/Ahax,' (‘/Vh)j
Jj=1 j=1
n+1 n+1

— Z 8XI8X,A;, Wh Z ax[ axjAh(VVh)

Hence we have that (up to a set of measure zero)

VA, =V Ay — (YWi)(VA).
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Then applying (8.35), (8.36) together with Lem. 8.18, we have
197V Anll =, 07) < 1V (95 Ak = Wil 2=, 1)) + VW (1A = VAR) [l 1))
S Chk + HVVV]IHL""(Qh(t)) Chk S Chk.

This shows (8.37).
For (8.39) we have, applying (8.36) and (8.37), that

95 \/det (VAL (x,1) VA (x.1))

%\/ det (VAL (x, 1)/ VA (x,1)) trace ((VAh (x5, 1) VAR (x,2)) " O (VA(x,1) VA, (x,t))) ’
< cl|de VAL < k. O

8.7. The discrete problem and stability. The practical finite element method is based
on the variational formulation (2.12) of Prob. 8.5. We introduce a element-wise smooth
(n+1) x (n+ 1)-diffusion tensor 27, an element-wise smooth (n+ 1) dimensional vector
field 2%, and an element-wise smooth scalar field 6/2. We will use the notation 27X :=
«dg}ﬂk(z) , B = %@K([) and 6% := (5g]§|l((z), forall K(r) € (t), which we assume satisfy:

K K K
he (@) 1€OTIKIETH() (111 ey 128 oy + 18 oy ) < €

We assume that /K is uniformly positive definite: There exists @ > 0 such that for all
he (0,hy),t €[0,T) and K(¢) € F(¢)

AE(,)E &> a €l for all £ € R"*!.
Problem 8.17. Given Uy, € Sy, find Uy, € C}S,, such that for everyt € [0,T]

d L]
—mpy(t;Un, §p) + an(t;Un, Gn) = my(1:Up, 95 &) for all &, € Cs,

(8.40) dr
Un() = Unp,
where we have
my (M, Ep) = /Q o Ny dx for iy, &, € Hy(t)
h

an(t; My, &) = Z / AN -V + BEN -V CENG. A for ny, & € Vi(2).
KOz ()7 K1)

To show the properties of these bilinear forms we require one further lemma:

Lemma 8.18. The discrete velocity Wy, of the discrete evolving domain {Q,(t)} is uni-
formly bounded in W' (Q,(t)). That is, there exists a constant C > 0 such that for all
he (O,ho)

(841) sup ||WhHW11°°(L%,(t)) S C
t€[0.7]

Proof. The bound follows using the characterisation (8.20) by using the interpolation
bound shown in Cor. 5.10. O

We have a transport formula for the domain {Q,(¢)}.
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Lemma 8.19. There exists bilinear forms gy (t;-,-): Hp(t) x Hp(t) = R, and by (t;-,-): Vi(t) X
V(1) = R such that

(8.42a)

d
a1 G) = ma (839, §) (63103 95 Go) 80 (13100 Gh) - for M, G € Ci,

(8.42b)
d L] L[]
aah(ﬁnha Ch) = an(t: 08 My §n) + an(t: M3 O ) + b (6314, Gn) — for M, G € Gy,

where

gn(t: M, Cn) 5:/Q

h

o NGV - Wy dx,
and
byt Gn) == Y, / By(Wh, 5 )V 1 -V &+ Bagys (Wi, BE) - Vi
OEEALRGY
+ (R +6QV - Wi)naGydx.
Furthermore, there exists a constants ¢ > 0 such that for all t € [0,T] and all h € (0, hp)

we have

18 (t:100: Cn) | < el 1) I1nll 2, ) for all np, & € Hy(t)

b (#3110, S)| < el[mnlly, i 1Snlly, 0 for all my, &y € V(1)

Proof. The bilinear forms exist due to the more general Lem. 8.10. The estimates follow
from Lem. 8.18. (]

Theorem 8.20. There exists a unique solution of the finite element scheme (8.40). The
solution Uy, satisfies the stability bound:

r 2
(8.43) s [0 + [ 10, @ < e Unoll3
Proof. We apply the abstract result of Thm. 3.3. It is left to check the required assumptions.
The assumptions on my, (M;,1) and (M,2), follow directly since my, is equal to the Hy(r)
inner-product. That t — ay(t;-,-) is measurable (A;1) and the estimates on ay, (A;2) and
(A;,3) follow in the same manner as Thm. 8.6. The transport formulae and estimates for g,
and by, (G, 1), (G,42) (By,1) and (Bj2), are shown in Lem. 8.19. ([

8.8. Error analysis. The space S,f (¢) is equipped with the following approximation prop-
erty.

Lemma 8.21. For N € C(Q(t)) there exists a Lagrangian interpolation operator ;N €
Sﬁ (t) that is well defined. Furthermore, the following bounds hold for constants indepen-
dent of h and time:

®44) 1N =1l 200 + IV =T 2000y < K Nllze)  forn € 2(2)
®45)  [n=bnll2u) + IV =)z < P Nllzy0  forn € Zo().

Proof. We apply Thm. 5.9. The second result applies the theorem in the obvious way. The
first result applies the theorem with k = 1 noting that P (K) C P(K) and the inclusions for
Lem. 4.3 still hold. ]
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We can also use the lift to define an evolving lifted triangulation. For each ¢ € [0,T] and
h € (0,hg), we define
FL() = {K' () : K (1) € Fi(0)}.
The edges of these curvilinear-simplicies evolve with a velocity w;, which can be charac-

terised as follows. Let X (¢) be the trajectory of a point on £ (¢) according to the flow ®.

Then we have that
d
WLX().) = SX(0).
Now consider a point Y (t) = A, (X(t),?). The trajectory of Y (¢) defines the velocity field
wp by
. d
S dr

Equivalently this means the flow ®! is given by

(8.46) wi(Y (£),1) := =Y (1) = (M) (X (1), 1) + (VAR (X (1), ) Wi (X (1), 7).

L (yo) =Y(r*) such that %Y(r) =wp(Y(2),t),Y(0) = yo.

Lemma 8.22. The pairs {H(t), ¢/ }eefo,r) and {V(1), 0! }ielo,r) are compatible and we may
define a material derivative d;n for 1 € C(lH o
bilinear for g¢(t;-,+): H(t) x H(t) — R given by

ge(t;:m, §) :=/ n&v-wydx,
()

) and transport formula: There exists a

such that

d L] L]
847) —m(t:n,§) =m(1;9/0,0) +m(tn,078) +ec(tm, §)  forn,§ €Ch, 4,
and there exists a constant ¢ > 0 such that for allt € [0,T] and h € (0,hy) we have
(8.48) lge(t:m O < clnllygy 16130y Soralln, & e H(r).

Furthermore, we have a new transport formula for the a bilinear form. There exists a
bilinear form by(t;-,-): V(t) x V(t) — R given by

by(t;m,8) = /Q( )B(Whaﬁfsz)vn VA4 Baay (Wi, Ba)n - VE+ (9] Ca + CaV -wir)n{ dx,
t
such that

d
849)  <altn.§)=a(t:rn.C)+a(tn,970) +bi(rn,L)  forn.CECh, g0,

and there exists a constant ¢ > 0 such that for all t € [0,T] and h € (0,hy) we have

(8.50) be(esm, ) <clinllv ISl foralln, & e V().
Proof. We simply apply Lem. 8.15. g

The bounds in Lem. 8.16 allow to show some of the abstract error bounds required use
the result of Thm. 3.11.

Lemma 8.23. We have the estimate:

(851) |W — Wh|L°°(Q([)) +h |V(W — Wh)‘Lw(Q(t)) § Chk+1 .
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Ifn EC;{QC% thenn € C! )andifn EC\l,ﬂC%O then n € C! . Moreover

(H.9° (V.9
(8.52a) 10°1 =Nl 200 < chn a1 (e fornec,
(8.52b) IV(@* 1 =Mz < h Iz forn €Ck,.

Proof. We write for x € Q(¢) that

w(AR(x,1),1) = wi(An(x,1))
= (W(Ah(x,t),t) ./ (x,t)) + (Wh (x,1) —wy, (x,t))
= (W(AR(x,1),0) = Wy(x,1)) + (Wi (x,1) — I Ap(x,1)).
This allows us to apply the interpolation theorem (Cor. 5.10) to the embedded velocity with

the estimate (8.35) to achieve the estimate (8.51). The inclusions and bounds (8.52) follow
from a simple calculation finding d1 — d*n for appropriate 7 and (8.51). (]

For the remainder of this section, we will take ;z{{z‘ =4y t %é’z = %’ée and ‘53 =64 t
and assume that o7 is of class C? in space.

Lemma 8.24. There exists a constant ¢ > 0 such that for all t € [0,T] and all h € (0,hy)
the following holds for all My, &, € Vi (t) with lifts n}, -

(8.53) e, ) = (10 Go) Sch"“Hn;va(t) CfHW)
(8.54) Jaettnio &)t G| < o i el
(8.55) ja(mh, ) —anttsm, )| < e[l
(8:56) ettt ) = a6 < ] et]
(8.57) ety ) —sesmi 6| <] (e,
(8.58) ettt &) = (e, 6| < e i et
For 1, € Zo(t) with inverse lifts 1=, £, we have

®59)  |atin,0)—auen L] < mlzy 1] 20
(8.60) [be(e:m. ) = balrn ™, 67| < iz 181120

(8.61) ’a(f;af,'nvf) fah(tzain‘f,é“)‘ < H (1N 20 + 101 200) 111 200y -

Proof. We use the notation Jj, = \/ det ((VAh)’(VAh)). We note that A, is the identity
on elements away from the boundary and hence J;, = 1 on these elements. We denote by
[Jx # 1] the union of boundary elements where J; # 1 and note that we have

Un# 1 = {Ap(x,0):xe [ 1)} c{xeQ: —h <d(x,t) <0}.
For (8.53), we have

/ MG dx = / NnCndp dx.
Q(r) Qp(1)
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Hence, we have, applying (8.38) and Lem. 8.14, that

‘ (t:M4: G ) — mhtnh,Ch‘—‘/ MG ( -]h_l)‘dx

|

< Jy— 1] dx < ch* :
< /Uh#]mhughuh v < et [mally 0 41,

Applying the narrow band trace inequality Lem. 8.2 this can be improved to
pmtesh, &) =m0 < | #]mhuchufh—udx
h

gc‘[fwél]f‘h"‘

¢ chiH
G - ||TIthh

14
N

oy

L2([14#1]1) L [Jlﬁél][

Similarly we have
¢ 4 ¢ 4 (pt
/Q(t) AoV, - V&, +PBany, - V&, +Can, G, dx

= o (VAR GV Y-V G+ Th (YA B -V
h

+ Ih oG dx.

Applying (8.36), (8.38) and Lem. 8.14 we can see (8.55). Again, by applying Lem. 8.2 we
show the improved bound in (8.59).

We apply a similar process to the proof of (Ranner, 2013, Lemma 3.3.14) combined
with the results of Lem. 8.16 and the narrow band trace inequality (Lem. 8.2) to show the
estimates (8.54), (8.56) and (8.60).

Finally, (8.57) and (8.58) follow from the estimate (8.51). The bound (8.61) follows
from (8.59), the fact that (d; n) t= ay n~¢ and the estimate (8.52). Indeed we can compute
that

lale:07m. &) —an(usdpm L)

< Ja(:@rn = 9*m).0) —an(t:(@5n~" = (3*m) ™). ¢ )|
+[a(:9*n.0) —an(s: (9°m) 1,67

< e 11l 2 1€ llwiny+ e 100z 1€ 2 O

The remaining assumtion to verify is the estimate (B3).

Lemma 8.25. For any t € [0,T], let z,m,z be as in (3.20) and N = z — m,z then for all
§ € Zy(t), we have

(8.62) Ib(r:n, Q)| <c (”n”’H(t) R[Ny + ”Z”Z(t)) €112, )

Proof. The proof is based on a duality argument from Douglas and Dupont (1973). Fix
t € [0,T]. We use the Hilbert triple ((H'/>(T'(¢)))’,L>(T(r)),H'/>(T(¢))) (at each time
t € [0,T]) and identify

8.63) 120y (& Otz = (1562 when n € L(T(1)), ¢ € HYA(D(1)).
For any n) € H] (Q(t)), let &, € H'/Z( (1)) be the solution of the variational problem
(énvg)ﬁlﬂ T(t) = (H'/2(I(t <77 C>H1/2 T(t)) forall ¢ € H'/*(T(1)).
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By the trace theorem the trace of 1 lies in L?(I'(¢)) so that interpreting the duality product
on the right-hand side as an L?(I'(¢)) inner-product (8.63), we see that

(8.64a) &l 12000y = 1 a2y
(8.64b) /m) é"n il LI M

This is a simple consequence of the trace theorem and the Riesz representation theorem.
As in Sec. 3.3, we introduce x > 0 such that there exists a constant ¢ > 0 such that

a*(t;4,8) = a(t:§, )+ km(:,8) > ¢S]}y forall § € V().

We wish to estimate ) = z— 7,z in the (H'/?(I'(¢)))’-norm. We consider the dual problem:
Given &, find R(&,) € H'(Q(t)) such that

(8.65) a*(C,R(Ey)) / E.Cdo forall £ € H(Q()).

The problem is a weak form of an elliptic problem with inhomogenous Neumann boundary
data and has a unique solution which satisfies the regularity estimate (Ladyzhenskaya and
Uraltseva, 1968; Gilbarg and Trudinger, 1983)

(8.66) HR(én)HHZ(Q

for a constant independent of time ¢.
We see using (8.64b) and { = 7 in (8.65), that
(8.67)

Il g2 /—/ Syndo =a"(n,R(&y)) =a" (N, R(&n) —1nR(En)) —a* (. 11 R(En))-

HHI/Z( =Clnll g rwey

For the first term on the right hand side of (8.67), we apply the boundedness of a* and the
interpolation estimate (8.45) to see

!a"(n,R(in) —IhR(gnm
< clnllarau) REn) = WRE) |1 o) < Mm@y RED |20

For the second term on the right hand side, we apply the geometric estimates (8.55), (8.53)
and (8.59) and the interpolation estimate (8.45) to see that

@ (1, LR (En))] = | (miz, LR (&) — af (T2, R (&)
< [a*(miz— 2. 1R (&) — af Mz = TiR (&)
+|a @R En) ~ R(En) — af (TR () = R(&n) )|

+[a* (@ R(E) — a (= RAE) )

< cht! ||Z||ZO(1) ||R(én)||go(,)

Hence, combining the previous estimates and applying the dual regularity (8.66), we infer
that

HHH?Hl/z(F(,))) <c (thHH] +hk+] ”ZHZO ) ||R(§n)||go<,)

<c (hnnum(m,)) 2l 2y ) Il gy
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and we have shown that
(8.68) Il 2oy < € (h 11 @ + K ||Z||Zo(t)) :

Returning to (B3), we now see that for 1 =z — m,z and @ € Zy(¢) that
biein, O <| [ Bona) V0 VEas| | [ Bl Fan- vy

+ ‘/ (0° %o+ %oV w)nCdx‘
Q(r)
=L+L+5.
For I}, using the smoothness of . and the divergence theorem, we have
L= / B(w, )V - VE dx
Q(r)
n+1

= Z B(W,ﬂg)ijaxjﬂaxiCdx
ij=179()

n+1 n+1 n+1
= Z/ Oy (B(W MQ),jnaxlC d.x Z / n Z axj WWQ ua C)

ij=179() ij=1 ij=1
n+]

n+1 n+1
/ T]BW%Q ,18 CVJdG— Z/ n Zax/ W%Q tjaC)

i,j=1 i,j=1 i,j=1

=111 +12.

We interpret the first term, /;;, on the right hand side as the duality pairing between
H'/2(I'(t)) and its dual (8.63) and apply (8.68) and the trace theorem to see

n+1

LIRS M L [P C A Py < e (Il + 1 12 zy0)) 161200
For I, we use the smoothness of &7 and w to see
2| < e[l 181 250
Similarly for I, and I3 we have
B+ 5] < e[l 1] z50) - O
Finally, we have collected all the estimates we require to show the error bound.
Theorem 8.26. Let /o € C*(Qr), ot = o/ ", Bl = B and €4 = 65" and letu € I3,

be the solution of (8.15) which we assume satisfies

(8.69) sup Hu||Z +/ J0%ul% ) dr < G

te(0,7

Let Uy € C‘ljh be the solution of the finite element scheme (8.40) and denote its lift by

up = U,f. Then we have the following error estimate

T
2 2
®70)  sup fJu- e +h2/0 o —unlry dt < e fJu—unol[3,,) +ch*Co
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Proof. The proof is performed by applying the abstract result from Thm. 3.11. We know
the lift is stable from Lem. 8.14. The existence and boundedness of g; and b} are dealt
with in Lem. 8.22. The interpolation properties (I1) and (I2) are shown in Lem. 8.21. The
geometric perturbation estimates (P1) to (P9) are shown in Lem. 8.23 and 8.24 and (P7)
follow from (P1) to (P4’) and that fact that lifting and taking material derivatives commute
(Lem. 3.5). We have shown (B3) in Lem. 8.25. ([l

9. APPLICATION II: PARABOLIC EQUATION ON AN EVOLVING SURFACE

In this section, we will formulate and analyse a finite element method for a parabolic
equation posed on an evolving surface (1.5). We begin with some notation and a definition
of the initial value problem. Our numerical approach will be to first discretise the domain
and construct isoparametric surface finite element spaces based on the general theory in
Sec. 6 and 7. We will consider isoparametric finite elements of order k, which will be
fixed throughout this section. We will analyse this method using both techniques from the
general surface finite element constructions in Sec. 6 and the abstract theory from Sec. 3.

9.1. The domain and function spaces. Let 0 < T < o and I'y C R"*! be a compact suf-
ficiently smooth hypersurface without boundary. Let {I'(¢) },c[o,7) be a family of evolving
hypersurfaces such that there exists a sufficiently smooth mapping (called the flow map)
®((-): [0,T] x Tp — R"*! such that:

(1) ®,(-) is a diffeomorphism of I'y onto I'(¢) for each r € [0,T);
(2) ®o(-) =Idj,.

We call
w:Sr == |J T@)x{} ]| =R,
t€(0,T)
2P, 1
w(x,1) = W((CI>,(-)) (x)), xe€l(t),r€(0,T)
the material velocity field of I'(¢) which also satisfies
d

(91) Eq)l(p)zw(q)l(p)vt)vt€(07T)a ¢0(p):p

We denote H(¢) = L*(T(¢)), V(t) = H' (T'(t)) and V*(¢) = (H'(['(r)))*. We will also make
use of the spaces Zy(t) = H>(['(¢)) and Z(t) = H**1(I'(t)). We see that Z(t) C Z(t) C
V(t) for each r € [0,T] and the inclusions are uniformly continuous. We define the push-
forward operator ¢ by

©.2) (0m) (1) :==n(®-(-))  forn cHo.

(L*(T(1)), O )rejo,r) and (H'(T(1)), 1 )1c(0,r) are compatible pairs (Def. 2.2), the spaces L3,
L%, and L%,* are well defined (c.f. (2.1)) and we have a well defined strong material deriva-
tive denoted by d° (2.4) (see Vierling 2014, Lem. 3.2,3.3). (V(¢),H(t),V*(¢));c[o,r) form a
Hilbert triple (Def. 2.4). We also have that (Zo(t), ¢|z,())ic(o,r) and (Z(t), 9| z,())rejo.1)
are compatible pairs. For details see Alphonse et al. (2015b).

Remark 9.1. For the well posedness of the partial differential equation Prob. 9.2 we require
that the boundary T"is a C*-hypersurface and that the flow map ®(-) € C*(0,T:C*(Qy)).
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See Alphonse et al. (2015b) for more details. For the approximation properties we de-
rive we require that I" is a C**2-hypersurface and that ®,(-) € C*72(0,T:C*%(Qp)) with

®;: Qp — Q(t) and @, : Q() — Q both of class CF2.
We introduce a signed distance function for a closed surface I'(r). We assume that

I'(t) = dQ(r) is the boundary of an open bounded domain. The oriented distance function
for I'(¢) is defined by

d(et) = inf{lx—y|:ye(r)} for x € R*™1\ Q(¢)
’ —inf{lx—y|:yeT(r)} forxeQ(r).

We can orient I'(¢) by choosing the unit normal v as
9.3) v(x,t) =Vd(x,t)  forxe(t).

This allows us to define the (extended) Weingarten map by H := {H;;} = {dx,-x,} and the
mean curvature by Hy := trace H. Note that, for example when n = 2, this definition of Hy
is the sum of the principal curvatures rather than the mean. For each time 7 € [0, T], there
exists a narrow band A/ (¢) such that the distance function d(-,¢) is smooth and, for each
x € N (¢) there exists a unique point p(x,#) € I'(t) such that (see Lemma 14.16 of Gilbarg
and Trudinger (1983) and Foote (1984))

9.4) x = p(x,t) +d(x,t)v(p(x,t),1).

We call the operator p(-,7): N () — I'(r) the normal projection operator and note that
p(-,t) is also smooth. We use this projection to extend the unit normal and Weingarten
map to be defined in M (¢) by v(x,t) = v(p(x,t),t) and H(x,r) = H(p(x,t),t). See Gilbarg
and Trudinger (1983, Lem. 14.16); Foote (1984) for more details.

9.2. The initial value problem. We assume that @4 € C'(Sp; RUHD*(1+1) is a symmet-
ric diffusion tensor which maps the tangent space of I'(¢) at a point into itself, and there
exists ap > 0 such that for all 7 € [0, T]

(- 0)E-E>ap|éF forall € e R™E - v(,1)=0.

PBr € C'(S7;R"™1) is a smooth tangential vector field and 4t € C'(S7) is a smooth scalar
field.
We consider the initial value problem

Problem 9.2. Find u such that

(9.5a) 0*u+Vr-(%ru) —Vr- (&4 Vru) +éru+ (Vr-w)u=0 onT(t)
(9.5b) u(0) =ug onTy.
Remark 9.3. Writing w = w; +w, for a decomposition of w into tangential and normal

components, the problem (1.5) is recovered by setting & = ar, Br = br —w; and 6T =
cr — Vr‘ Wy

Transport formulae. The following transport formulae hold on @(¢) = I'(r) and on
portions {@(t) C I'(t) },¢(o,r) of the domain {I'(#)},c[o,r), which follow the flow w(t) =
@, (w(0)) for ¢ € [0,T], and have Lipschitz boundaries at each time :-

e Forn,{ €C,

d ° ° .
©6) G f 1600 = [ (@0 +nd*)dotglin.g).
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where

g:n.0)= [ n{Vrwdo.
o(r)

More precisely, we can show that Ass. 2.6 holds for (¢) = L*(T'(t)) (Alphonse
et al., 2015b, Sec. 4.1).
e For 11,{ € C),, we have the identity

d

- / ﬂrVrT] -Vrgdd = / JZfrVr&'T] 'VFC + ,!ZVFVFT[ . Vr&'CdG

dr . o(t) JI(t)

9.7

+‘/F( )B(W,WF)VFT[ . VerG,
t

where B(w, o) is given by
9.8) B(W, Mr) =0+ Vr-waf — ZD(W7 ﬂ[‘)
and D(w, o) is the rate of deformation tensor
n+l

1
D(w, o )ij = 3 Y {()i(Vr)ew; + (@) s (Vr)iwi} fori,j=1,...,n+1.
=1

e Forn e C7l-t’ e C\l,, we have

d
— e@rn'VerO':/ {%ﬁ‘n-Vﬂ—k%’mVﬁ'C}do
9.9) dr Jo(r) o(r)

+ Badv(w, %r)n . Vrng’,
Jo(t)

where Bagy (w, Pr) is given by

n+1
Buay(w, Br) = 0*Br + BrVr-w— Y (#r),;(Vr),w.
=1

Remark 9.4. The identity (9.9) is equivalent to (Elliott and Venkataraman, 2015, Lem. A.1).
The proof of (9.7) and (9.9) follows from applying (9.6) with the identity (in which v is
the unit normal to I'(z))

(9.10)

ntl n+l1
9*(Vr)ix = (Vr)id*x — Y (Vr)iw;(Vr)jx + (Vr(w- v)-Vrx— Y, Wj(Vr)zX(Vr)sz> Vi.

j=1 Jhi=1

9.3. The bilinear forms and transport formulae. We define

m(t:n.8) ::/ancw n,¢ € H(1)
g6, ) = /m)ncvr-wdo n,{ €M)
a(f§n>C) ::as(t;TIvC)_'_aﬂ(t;nvg) nvcev(t)
as(:m,8) = /m) Ve -Vl + G do n,¢ V)

an(t:, ) ::./F , i Vrgdo neH(), L €V).
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We can apply (9.6) (9.7) and (9.9) to see that:
9.11)

%m(t 1,8) =m(t:0°n,0) +m(t:n,9°C) +g(t:n. &) foralln,{ € Cy

(9.12)

Sas(t.8) =a(6:0",0) +ay(rin,0°C) + bi(tin.€)  foralln, & € C

(9.13)

an(1,0) = a(5:3°1,0) +an(0,0°) +ha(n, ) forall n e Ch, ¢ e C

with
b(tn.0)i= [ , BORSRIVE VEL 4 (376 + 6V ) Cdo
by(t:n,¢) := /m) Baav(w, Br)n - Vrldo.

We define b(t;-,-): V(t) x V() — R to be

b(t;n,8) :=by(t;n,8) +ba(t;m,0) forn,l € V(t).

9.4. Variational formulation. The weak formulation of Prob. 9.2 becomes

Problem 9.5. Given uy € L*(Ty), find u such that for almost every t € (0,T) we have

m(t;9%u,8) +g(t;u,8) +a(r;u,§) =0 forall & € H'(T'(r))

(9.14) 4(0) = .

We have the following well-posedness result.

Theorem 9.6. There exists a unique solution u to (9.14) which satisfies

©.15) sup_[Jul[22 ) + / 2 e 4 < e luollaqr,

t€(0,7T]

and if uy € H' (L) then

9.16) sup [lul3 ¢ +/ 10°ul2y ) d < clluolZ e,
1€(0,7T]

Proof. We simply check the assumptions required for Thm. 2.15. For Ass. 2.6 and 2.9
we refer to Alphonse et al. (2015b, Sec. 4 and Sec. 5). Ass. 2.13 is a consequence of
Rem. 2.14. The assumptions (M1) and (M2) follow simply since m(t;-,-) is the H(t) =

L?(I'(t))-inner product. (G1) holds from (9.6) and (2.6) from the assumption that V- w is
uniformly bounded in space and time. The bilinear form a(¢;-,-) is differentiable in time,
hence measurable (A1). The coercivity of a (A3) follows from a standard calculation since
o is positive definite and 4t is bounded.. The smoothness of o, Zr and %1 imply that
ag and a, are bounded (A4), (A,4). The existence of the bilinear forms b; (B;1) and b,
(B,;1) follow from (9.12) and (9.13) and the bounds (B;2) and (B,,2) from the smoothness
of ﬂr, %1" and %1". [l
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K* K* K*

/RN g ;

L v \ 4
K=K

FIGURE 9.1. Examples of construction of an isoparametric surface fi-
nite element for k = 1 (left), k = 2 (centre), k = 3 (right). The Lagrange
nodes a; are shown in grey on K which are lifted to K C [y (red) to
the Lagrange nodes a; (black) which lie on the smooth surface K* C I’y
(blue).

9.5. Discretisation of the domain and finite element spaces. The first stage in develop-
ing our finite element method is to define the approximate computational domain {I';()}.
We do this by constructing an isoparametric approximation of I'y which is then pushed-
forwards under an approximation to the flow ®;. The result will be that the Langrange
points of I',(¢) lie on the surface I'(¢) for all times and evolving according to the velocity
w. In this sense, I';(¢) can be considered as an interpolation of I'(¢). Recall that p denotes
the normal projection operator (9.4) and that & is the order of isoparametric finite elements
we will use. Throughout the remainder of this section we will denote global discrete quan-
tities with a subscript & € (0,4), which is related to element size. We assume implicitly
that these structures exist for each 4 in this range (see also Rem. 6.11).

We will use the simplical, Lagrange reference element (K ,ﬁ,fl) from Ex. 4.2. We start
by constructing a family of time dependent element reference maps (Def. 6.1) which de-
fines an evolving conforming subdivision {.7,(¢)} (Def. 6.27(a)) of an evolving triangu-
lated hypersurface {I';,(z)} (Def. 6.27(b)).

Let 1:;1,0 be a polyhedral approximation of I'y equipped with a quasi-uniform, conform-
ing subdivision 7, ¢ (Def. 6.14(d)). We restrict the vertices of 1~"h70 to lie on the surface
I'p and denote by Eo the maximum element domain diameter on thQ (Def. 6.14(b)). We
assume that /g is sufficiently small and fh,o is such that p(-,0) is a smooth bijection from

1:;,70 onto I'g. More precisely, for each Ke 0, there exists an affine map Fy: K — Rl
which satisfies the assumptions of Def. 6.1 so that we can define a surface finite element
(E ya i) using (6.2). Note that the vertices of K lie on I but the other Lagrange points
may not. We assume the collection of all Lagrange points satisfy (6.20). We write I for
the local interpolation operator over (I? P, i) (6.13) and define an initial element reference
map Fx,: K — R""1 by

Fio (£) = [T(p(- O)](Fg(8)  for £ € &.

An example of element domains (6.2a) defined by F, is given for k = 1,2,3 in Fig. 9.1.
We denote the union of all elements constructed in this way I, o which is a triangulated
hypersurface (Def. 6.14(a)) equipped with a conforming subdivision 7, o (Def. 6.14(d)),
the set of all element domains K.

To complete the construction of FK<,) - R — R"™! for Ky € %70, we consider the ele-
ment flow map ®X: Ky — K(t) (Def. 6.25(b)) defined by

O .= I, [ (p(-,0))]  forall Ky € T,
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FIGURE 9.2. Examples of construction of an isoparametric evolving
surface finite element for k = 3. The Lagrange nodes «;(r) follow the
dashed black trajectories from the initial element Koy C I’y o to a element
K(t) CTy(t).

which is a bijection onto its image and we denote its inverse by ®X,. An example is shown
in Fig. 9.2. Using (6.23), ®X defines an evolving reference element map:

Fi(y (%) = ®f (F,(8))  fortek.

Using (6.2), this defines an evolving surface finite element (K (z), PX (1), ZX (1)) ;[0 7] (Def. 6.25(a)).
We call the set of such elements 7, (¢) and the union I'),(¢) and write a global discrete

flow map ®': I, 0 — [(t) given element-wise by @[, := X (Def. 6.27(c)). By h we

denote the maximum mesh diameter over time (6.25):

h:= max max diam(K(r)).
t€[0,T1K(1)e Ty (1)

Our construction implies that (6.26) holds since each of the transformation from fh_g are
continuous.

We will use two Hilbert spaces defined over I';(¢). First we will denote by H,;(t) :=
L*(T(t)) and by V(¢) := Hy () (6.19). We equip each space with a norm:

1
2
(9.17) Mall24, ) = 1Ml 20, ) = (/ nfd0h>
Ly (1)
%
(9.18) 1Mallv, ) = M8l 1 ,00) = ( )y / |VKnh|2+’713d°h>
K(eZ(r) K0

We note that each element reference map F ) is an element of P so that at each time ¢
the triple (K(¢),P(t),X(¢)) is an isoparametric surface finite element. Furthermore, we can
use the basis functions of P to decompose Fi;:

Nk
Fey(®) = Y Fie(r (@) 2 (%)
i=1

In particular, this implies that the evolving triangulated surface I'j,(¢) only depends on the
evolving of the Lagrange points {a;(r)}Y, which we can infer satisfy

a;(t) =wl(a(t),1).
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We define a global evolving surface finite element space (Def. 6.28(a)) by

(9.19) Spu(t) == {Xh =(Wkneann € T] {koF 2 erR)}:
Ke (1)

xx(a(t)) = xxr(o for all K(1),K' (1) € T (a(t)), for all a(r) € Nh(t).}

Using Lem. 6.20 we can identify elements in Sy, (¢) as continuous functions and Sj,(¢) C
Vi (l‘ )

Remark 9.77. This construction is a generalisation of the construction of Dziuk and Elliott
(2007). Indeed, in the case that we wish to consider affine finite elements, it is worth noting
that Ip(¥,0) =X for ¥ € K and K = K. A different view of the same construction is given
by Kovacs (2018) and at each time our construction coincides with the work of Demlow
(2009).

We will assume that the evolving subdivision {7 (t) },¢[o,r] is uniformly quasi-uniform
(Def. 6.29(c)). It is clear that our construction maintains the conformity of the initial base

triangulation 7}, .

Proposition 9.8. The evolving surface finite element space {Sy(t)},c(o,r) defined by the
above construction consists of evolving k-surface finite elements (Def. 6.25(d)) over a uni-
formly k-regular subdivision (Def. 6.29(D)).

Proof. The proof follows in the same way as Prop. 8.9 and we do not give full details
here. The only part to check is that the discrete flow map ®/ is uniformly bounded in
W2=(F},0). However, this follows directly from the definition of ®X as an interpolation
of @,(p(+,0)) which is a smooth function. O

The element flow map CIDtK defines a velocity on each element Wy (Def. 6.25(c)) by

%apf(-) — Wi (@K (),1)  fort e [0,T].

This can be combined into a global velocity W), (Def. 6.27(d)). We note that the global
velocity is determined purely by the velocity of the vertices {a;(¢)}Y;:

(9.20) Wi (x,0) =Y wla;(t),6)xi(x,1) for x € T,(1).

-

Il
_

4

We also have a discrete push forward map (Def. 6.27(e)) ¢/* on H,,(t) by
9 () (x) = Ma(@", (x)) forx € [y(z),2 € [0, T].

Since we have constructed a uniformly k-regular mesh, we infer that (H(t), ¢ refo,r] 18 @
compatible pair (Lem. 6.30) and we may define the space C;{h (2.2) and a discrete material

derivative by (3.3):
. d
=9 (dt (‘thh)) :

We also have that (V;,(t), ¢/* V0 )refo,r) @nd (Si(t), o' | 51,0 )1€(0,7] are compatible pairs (Rem
so we may define the spaces Cy, and Cg, .

Lemma 9.9. For t € [0,T] and for each K(t) € (t), let <X be a smooth, positive-
definite, diffusion tensor on K (t), which maps the tangent space of K(t) to itself, and BE

.6.31)
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be a smooth tangential vector field on K(t) for each K(t) € F,(t) and t € [0,T]. Then for
Ny € C;l_L o

d
9.21) - / npdoy, = / O+ MV, - Wy doy.
trh(t) Fh(t)

For all 0y, g, € C,])h, we have

d
9.22) — Z / JZ%FKVKT[}I -Vg&pdoy,
df )z KO

= / AEVkopy - Vi G+ AV, - Vi §ydoy,
K(t )6911

+ ¥ / B (W, 45)Viet - Vi dop,
K(t)e Ty(t)

and for all ny, € C%,h, & e C71-l/,’ we have

d
©23) L ¥ [ #m-vbdo
" kez0) /KO

= Z / BE(Opnn- Vi&y+mp-Vidp &) doy,
K(t)e T(t)

+ Y / Baav.x (Wi, BE ) - Vi G doy,
K(n)eZ(r) Kl
where By and B,gy x are given by
BK(WK,WI—K) = 8,}%15 + Vg - WK%FK 72Dh(Wh)
n+1
Baav.x (Wi, BE) = R BE + BEVK-Wk — Y (BF)(Vi) Wk,

j=1

and Dy, is the rate of deformation tensor

1 n+1

D(w)ij= 5 Y (A )i (Vi) k(Wi ) j + (A5) i (Vi )Wk )i forij=1,...,n+1.
k=1

Proof. We note that the left hand side may be decomposed into individual elements then
apply (9.6), (9.7) and (9.9) on each element. U
9.6. Construction of the lifted finite element space. Recalling the normal projection
operator (9.4), we define the global lifting map Ay (-,1): T'y(¢r) = T'(¢) (Def. 7.7(b)) by
Ap(x,1) := p(x,1) for x € Iy (1),
and denote the restriction to each element by Ak (+,1) := Ay (+,1)|k () for each K() € F(t).
For n: Ty(t) — R, we denote its lift by 1/ (x) given by
np(AR(x,1)) = N (x) forx € T,(1)
and for 17: T'(r) — R, we denote its inverse lift by n~/(x) given by
N (x) = mu(Ap(x,r))  forx € Ty(r).

For each 7 € [0,T] and each K(¢) € Tj(), we use Def. 7.1 to construct an associated
lifted surface finite element (K‘(r),P(r),X(¢)). We assume the domains {Tn(t) }eefo,r)
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are such that the set of lifted element domains Zf(t) defines an exact decomposition of
['(r) (Def. 7.7(a)) ateach t € [0,T].
We use the lift to define the space of lifted finite element functions Sf(t) (Def. 7.7(d))
by
Si(t) == {th : 20 € Su(0)}.
We continue by showing some basic geometric estimates. These geometric estimates
have been given by (Kovics, 2018, Lemma 5.2).

Lemma 9.10. Under the above smoothness assumptions, we have

(9.24) sup max ||d|; < chHL
te[o,T]K(t)eﬁh(z)H Iz (K(1))

(9.25) sup  max ||V — vkl < o
re[o,T]K(t)eﬂ,,(t)H . (K(1))

(9.26) sup  max ||H—Hg]|, < ok,
te[O,T]K(t)E%(t)” . (K(1))

where H := Vg Vvg. Writing 8y, for the quotient between discrete and continuous surface
measures so that do = 6, doy, we have

(927) sup max 1— 5 - S Chk+1_
refo,1) K(1)E€Z (1) I Al (K(1))

Lemma 9.11. Let { 7! (t)}ic(o,1] be the evolving subdivision defined by the lifting map Ay,
and assume that { J(t)},c(0,7) is a uniformly k-regular, uniformly quasi-uniform, evolv-
ing conforming subdivision. Then {Zf (t)},e[oﬂ is also a uniformly k-regular, uniformly
quasi-uniform, evolving conforming exact subdivision of T'(t).

Proof. We use the decomposition that

A1) = x4 (p(x,1) —x) =: x+ Ap(x,1),
and write Ak (-,7) for ;\vh(-,t)|K(,). From Rem. 7.4 and Prop. 7.14, we have to show
(9.28)

~ 1-C
sup ’VK(,)AK(x)H < K forallK € Ty(t), allt € [0,T], and all h € (0,hy),
xeK 14+Ck
and
(9.29) sup  sup [[An(0)llyrsre(r, ) < €.

he(0,hg) 1€[0,T]

The second estimate follows from the smoothness of p (9.4) (which follows from the
smoothness of I'(¢) (Foote, 1984)). Next we compute directly that

axj(p(x,l‘))i = 0jj — V,'(x,t)vj(x,t) fd(x,t)H(x,t),-j

so that using the notations P;; = 6;; — v;v; and (P,);j = & — (vp,)i(nuy)j for j=1,...,n+
1, we have

VK(t);\K(x,t) = Py(x,1)(P(x,t) —d(x,t)H(x,t)) — Py(x,1)
= Py (x,t)(P(x,t) — Py(x,1)) — d(x,1) Py (x,t)H(x,1).
Applying (9.24) and (9.25), we see that
Vi A0 < I1PGer) = R0+ b |G| < el
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Clearly the right hand side of this equation is less that (1 —Ck)/(1 + Ck) for h sufficiently
small. g

Lemma 9.12. Ler 1, € Hy, (1) and denote its lift by nf. Then there exists constants c1,cy >
0 such that

(9.30)
Furthermore, if N, € Vy(t), there exists constants c3,c4 > 0 such that

¢ <
| < I8l

©31) s [, < Il < es i),
Proof. We apply Prop. 7.8 using Lem. 9.11. O

Using the lift A, and the discrete flow ®, we can define the lifted flow map &'
(Def. 7.12(a)), lifted discrete velocity wy (Def. 7.12(b)) and lifted push forward maps
¢! (Def. 7.12(c) and (3.13)). Lem. 9.11 implies, with Prop. 7.14, that (H(t),(])f),e[oﬂ,
V@), ¢! Vo )refo,r] and (S HON |5, (0 ),G[O’T] are compatible pairs uniformly for & € (0, hy).

We will use the notations C(H 00) and C<V o) for the spaces of functions smoothly evolving

in time (2.2) with respect to the push-forward map ¢, in 7(¢) and V(¢) respectively. We
may also define a lifted material derivative for functions 1 € C! using (3.15) by

(7,0
d
o _ 4l % 14

9:32) 9 = 9 ( = (¢m)> -
Lemma 9.13. The push forward map ¢! induces a new transport formula on {T'(t)}. For
ne C(H ot) e have
(9.33) / nd / arn+nVr-wydo.

dt ‘

69

Let o be a smooth, positive-definite, diffusion tensor on I(t), which maps the tangent
space of T'(t) to itself, and Br be a smooth tangential vector field on T(¢) for all t € [0,T).

Furthermore, we have for 0, € C(lv 00)

d
©34) < / AVrn Vil do

= / 2 (Vrdin -Vl +Vrn - Vrad §) +BK[(WK,J%F)VF11 -vrldo,
Kf(ne 7‘

and forn € C! CEC(IH , we have

ety 99

(9.35) % / Brn -Vrldo

= / Pr(9/n-Vrl +1-Vro; §)+ By ya, (wk, #r)n - Vr{do,
()695

where By and By 4, are defined as in Lem. 9.9.

,adv

Proof. We note that the left hand side may be decomposed into individual elements then
apply (9.6), (9.7) and (9.9) on each element. [l
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Lemma 9.14.
(9.36) sup (|9 d|| =, ) < ek

t€[0,7]
(9.37) PPV o, ) < B

t€(0,7]

9.38) SUp (|95 Gl o, 1)y < HH

t€(0,7]
Proof. See (Kovics, 2018, Lem. 5.2). O

We can characterise the lifted discrete material derivatives (9.32) using the difference

between smooth, w, and lifted, wy,, velocities. The result also shows the abstract inclusions
(L3).

Lemma 9.15. If n € C71_L QC%, then n € C! and conversely if 1 € C1 alep

(H,9%) (H.9%) (v,99)
thenm € Cf}_[. In either case, we have the identity
(9.39) a*n—adyn =Vrn - (w—wp).

Furthermore, if N € C11; QC%O thenm € C(lv.(b‘)'

Proof. We use a chart X(-,1): U — V CI'(r) and write n(X(0,1),t) = F(0,t). Note that
X;(0,1) =w(X(0,t),t). Then

9 n(x) =) = o (m(@x0).0) ~ (@ (30).0))

x0=®(x).yo=" ,(x)
Using the notation X (6(t),1) = ®;(xo) and X (8°(t),1) = ®!(yo), we have
8.n(~xat> - a[.n(x7t)
_OF oF . ae dF , ., . 96!
= SR 000 - 5O 00+ Y (5500050~ 5o 6 0.0 %0 ).

i=1

Using the substitutions X (8(t),t) = ®;(xo), X (0%(t),1) = ®¢ (y0), xo = ®_(x), and yg =
®f, (x), we see

JF IF .,
S 00,0~ 5-(0(1).1) = 0.

Next, we take a time derivative of X (6(z),t) = ®,(xo) to see that
$ X (50120
596

8t
By multiplying by dX/d6;, summing over i and multiplying G~! we see that 96 /dt = 0.
Next, we take a time derivative of X (65 (t),1) = ®(xp), to see that

n l
)+ 1 56,0 ) GE0 = (@000

(t)=0.

Multiplying by 90X /96;(8"(t)) we see that

l
¥ (6 0) G 0) = 56-(0'(0) (ma(@f0).) = w(6'6).0).
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from which we infer that

l n
889; (t)= Zgij(el(;))gg (6'(t)) (Wh(d>f(yo),t) —w(G‘(r),;)) '

J=1

Combining the previous expressions we see that

3X JoF
Ins)~arn(e) = X g(0'(0) T3 (0'0) S 0'0).0) (w(@]00).) (0 (0).0).
i,j=1
Using the substitutions as above and the parametric definition of tangential gradient gives
the result.
The second result can be shown by applying the tangential gradient to the basic result.
(]

9.7. The discrete problem and stability. For each ¢ € [0,T], and € (0,hp), we assume
that 24" (¢) is an element-wise smooth (n+ 1) x (n+ 1) symmetric diffusion tensor defined
element-wise with 1" ()|x() = X (t) for each K(r) € Zj(t). We assume that X (1)
maps the tangent space of K(¢) at a point into itself and is uniformly positive definite on the
tangent space: There exists @y > 0 such that for all i € (0,hg), t € [0,T], and K(t) € F(t)

A0)()E-E > alE  forall§ eR™E-vk(1)=0.
We assume we are also given a element-wise smooth tangential vector field %’{i(t) (with
Ph(t) |k = PE (1)) and element-wise smooth scalar field 6(¢) (with 61 (r) k() =CE (1)
We assume that

(9.40) sup  max (IWFK et ey + 127

K
o KOS 6 lerey) <€

[ (K(1))
Example 9.16. Here we are thinking of the case that &7 = o= ¢, Bl = A" and €1 =
G

We consider the following semi-discrete problem (c.f. Prob. 3.2):

Problem 9.17. Given Uy € S;(0), find Uy, € Cfgll with Uy(0) = Uy o and such that for
everyt € (0,T),

d .
(9.41) 370U G) +an(6:Up, Gh) = ma(t:Un, 5 Gh) - for all Gy € Cs)»
where
my,(t; M, Cn) / NuCrdoy, for My, &, € Hy(t)
an(t;Mn, Cp) = / AEVkn,- Vi
()G%

+ M Vi BE+CEMGdo, for i, & € Vi(2).

We note that the assumption that {7 (¢) };c(o,7] is uniformly quasi-uniform regular im-

plies that {S,(¢), (P;h}ze[o,T] is a compatible pair when equipped with the V,(¢) or H,(t)-
norms (Lem. 6.30).
To show the properties of these bilinear forms we require one further lemma:
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Lemma 9.18. The discrete velocity W, of the discrete evolving surface {T';(¢)} (9.20) is
uniformly bounded in W= (T,(t)). That is, there exists a constant C > 0 such that for all
h € (0,ho)
(9.42) HVFhWhHL‘”(Fh(t)) <c HW”WIP"(F(t)) :
Proof. The result follows from the interpolation bound (Cor. 7.11) and the stability of the
lift (Prop. 7.8). [
We have transport formulae on the surface {I';()}.
Lemma 9.19. There exists a bilinear forms gp,(t;-,-): Hp(t) x Hp(t) = Rand by(t;-,+) : Vy(t) x
V(1) = R such that
(9.43)

d
amh(ﬁnha Cn) = my (395 M, &) +mu (¢35 Iy Cn) + gn(t: M, &) for M, Gn € Cf}.L,l

(9.44)

d
Etah(t;nh7 Ch) = ah(t;ah.nha Ch) +ah(t;nh?8h.§h) +bh(t§rlh7Ch) for nh7Ch S Cil}h7

where
(9.45) s = ¥ [ mGVe-Wido,
K(t)eZ, (1) /K1)
and
br(t:m G) = Y, / (BK(WK,%rK)VKnh'VKCh
K(O)eZ; () K1)
(9.46) + Baavk Wi, ZE ) - Vi Gy

+ (8,;‘515 + %{(VKWK)nhCh) dGh.

Furthermore, there exist a constant ¢ > 0 such that for all t € [0,T] and all h € (0,ho) we
have

(9.47) l&n (#3104, )| < l1Mnllag, ) 1 Snll 2, ) Jor all my, Gy € Hy(t)
(9.48) b (#3108, )| < MMl ) 18n 1, 0) for all , & € V(1)
Proof. The transport theorem (9.21) directly gives (9.45) and additionally (9.22) and (9.23)
give (9.46). To see the boundedness properties, we directly apply Lem. 9.18. O

Theorem 9.20. There exists a unique solution of the finite element scheme (9.41). The
solution satisfies the stability bound:

2 L 2
(9.49) s AT +/0 10, ) & < c|[Unol3, -
Proof. The result is shown in the abstract setting in Thm. 3.3 so we are left to check the
assumptions. The assumptions (M 1) and (M;,2) follow since my, is simply the H,;(¢) =
L*(T4(¢)) inner product. For (G, 1), we use (9.21) and the product rule 9 (v,)* = 2v,9; v
The bound (G2) is shown in (9.47). The map 7 — a,(¢;-,-) is differentiable and hence
measurable (A;,1). The bounds (A;2) and (A,3) follow from standard calculations and
our assumptions on uefl-h,@{l,‘frh. Finally we have shown (B;1) and (B;2) in (9.46) and
(9.48). O
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9.8. Error analysis. The space Sﬁ (¢) is equipped with the following approximation prop-
erty:

Lemma 9.21. The interpolation operator I: Zo(t) — S (t) is well defined and satisfies
(9:50) e = Thzllgg(ey + el = Izl < eh? ]l 2 forz € Zo(t)

(9.51) Iz = Tn2llggy + NIz = Tnzll gy < B izl 2 forze Z(t).

Proof. We simply apply Thm. 7.10. The second result applies the theorem in the obvious
way. The first result applies the theorem with k = 1 noting that P (K) C Fi(K) and the
inclusions for Lem. 4.3 still hold. [

We can further relate the lifted material velocity with the discrete material velocity. Let
x =X(t) € I'y(¢) evolve with velocity Wy, (X (¢),7) and Y (t) = Ap(X(¢),t). Then

9.52)  wi(p(x,1),1) = %Y(t) = 3 PX(0),1) =VpX (@), )Wa(X (0),1) + i (X (1) 7).

Then from the above calculation of 8x_,. p we have

(9.53)  wy(p(x,t)) = (P(x,t) —d(x,0)H(x,2) )Wy (x,2) — d; (x,8) v (x,t) — d(x,1) v, (x,1).

Lemma 9.22. We have the estimate:

(9.54) 1w = wall ooy + 2 IVEW = Wi )|y < B

Proof. See (Kovics, 2018, Lem 5.4). O
The lifting operator also defines transport formulae:

Lemma 9.23. There exists bilinear forms g¢: H(t) x H(t) = Rand by: V(t) x V(t) given

by

(9.55)

glanm) = [ neVrowmdo for all n, £ € H()
t

(9.56)

b= ¥ [ (Bows)Ven-veg
OGN

+ Badv(Wh, #r)n - Vrl
+ (a;%r+<€rvr-wh)nc) do  foralln,C V().

These bilinear forms satisfy the following transport formulae on T'(t):
d L] L]
©57) Lm0, §) = m(:0;n,§) +m(t:n, 97 8) +gu(t:m,8)  form, § € Cly

d
0.58)  —a(tin,§) =a(;0/n,8) +a(t:n, 07 ) +be(t:n, ¢) forn,C €Cy 4

Furthermore, the two new bilinear forms are uniformly bounded in the sense that there
exists a constant ¢ > 0 such that for all t € [0,T] and all h € (0, hy),

(9.59) lge(t:m, ) < Mgy 1€l forallm,§ € H(t)
(9.60) be(t:n. 8| < clnllv 1€y foralln,§ V().

Proof. The transport formulae are direct translations of Lem. 9.13. The bounds follow
from the fact that ||wa||y 1=, () is bounded uniformly from Lem. 9.22. O
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For the remainder of this section, we will additionally assume that o4 is uniformly C?
smooth in space. We set ! = o ", Bl = B €l = 6.

Lemma 9.24. There exists a constant ¢ > 0 such that for allt € [0,T] and all N, &, € V(1)
with lifts 0, §f € V(t) we have

(9.61a) ‘m(t;n,f,c,f)—mh(t;nh,éfh) <ching Yo & Yo
(9.61b) lalt i, &) = an(esmns §)| < ok (1
9.61¢) 90t ) — gl G| < o <1 .
(9.61d) (bt ) = bl G| < b v IS o
©.61¢) et 6 —stemtn 6| < e [k 4]

9.61f) ety ) =t g <] [lai],, -

Proof. Theresults (9.61a) to (9.61d) easily follow using ideas from (Kovics, 2018, Lem 5.6)

and Lem. 8.24. (9.61e) and (9.61f) follow directly from Lem. 9.22. [l
Lemma 9.25.

(9.62) 10°1 = 32Nl 20y < B 1Ml 0y forn € H'(T(r))

(9.63) IVr(9*n =9 m) 20y < b Ml s2ry) forn € H*(I(1)).

Furthermore for all m € Clzo and § € Zy(t), we have

9.64)  |a(t:9/n,C) —an(t:95m ", C”')) < (Il 2y +19° 1 z9(0) 1€ 201 -

Proof. We recall (9.39):
9*n—ain=(w—ws)-Vrn.

We combine this calculation with (9.54) to see (9.62).
We may apply the tangential gradient to the above equation and use (9.54) again to
obtain

IVr(9*n = M)l 20y < R 1Ml ey + R M2y -
(9.64) follows from (9.61b) and (9.63). ([

Theorem 9.26. Letu € L%, be the solution of (9.14) which we assume satisfies the further
regularity requirement

T
9.65) sup Hu||2z(,)+/ 10%ul% ) dr < Cu
1€(0,T) 0

Let Uy, € C‘lgh be the solution of (9.41) and denote its lift by u;, = U,f. Then we have the

following error estimate

T

2

(9.66) sup ||u—uh|\%_[(t)+h2/ ||u—uh||%}(t) dr < CHu_”thHH(;)"'Chzk”cu.
1€(0,T) 0
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Proof. We simply check the assumptions of Thm. 3.11. We know the lift is stable from
Lem. 9.12. The existence and boundedness of g, and b are dealt with in Lem. 9.23. The
interpolation properties (I1) and (I2) are shown in Lem. 9.21. The geometric perturbation
estimates (P1) to (P9) are shown in the sequence of Lem. 9.22, 9.24 and 9.25. Finally,
to show (B3) we follow a calculation given in the proof of (Dziuk and Elliott, 2013a,
Thm. 6.2). In this setting the simpler version (B3’) holds; see Rem. 3.7. Observe that for
any 1 € V(t), § € Zy(z), that

b(t;n,§) :/F()B(Waﬂr)vrn'VerG+/F()Badv(mv@r)ﬂ -V{do
t t
+ r()(a'cfr-i-cngrWV)T]CdO'::h+12+13.
t

For I, using the additional smoothness assumptions on .1, we can apply integration by
parts to see that

Iy :/ B(w, @ )Vrn -Vr{do
I'(r)

n+1

= Z B W JZfr U(VF)JT](VF) CdG
i,j=1
n+1 n+l1
- / (Vr); (BOw, ) (V)i ) do — /r 1L (V) (BOw. o)y (V)€ do
i,j=1 i,j=1
n+1 n+1
:/ Y HVjB(W,ﬂfr)im(Vr)iCdG—/ n Y, (Vr);(B(w,%r)i;(Vr)i§) do.
I(t) i,j=1 () i,j=1

The bounds for /> and /5 are obvious. This implies that

(9.67) b(:1, O < L[+ B[+ ] < clnllye 1] 2,0 - 0

10. APPLICATION III: A COUPLED BULK-SURFACE PARABOLIC SYSTEM

In this section we will consider a finite element method for the coupled bulk-surface
problem (1.6). The method is based on combining the isoparametric approaches from the
problem in a bulk domain (Sec. 8) and the problem on a surface (Sec. 9). The discretisation
will be posed in the product of a bulk isoparametric finite element space of order k£ and
a surface isoparametric finite element space of order k. We take our notation from the
previous sections (Sec. 8 and 9).

10.1. The domain and function spaces. We set H(t) = L?(Q(¢)) x L*(I'(t)), V(t) =
H'(Q(t)) x H'(T'(t)) and V*(¢) = (H'(Q(¢)))* x (H'(T'(t)))*. We will also make use of
the spaces Zo(¢) = H>(Q(t)) x H>(T'(t)) and Z(t) = H1(Q(r)) x H* 1 (T'(¢)). We see
that Z(r) C Zy(r) C V(¢t) for each ¢ € [0,T] and the inclusions are uniformly continuous.
We define the push forward operator ¢; by

(10.1) (¢:(n))(x,y) := (N(P-(x)),5(P—i(y))) forn = (1) € Ho, x€Q(1),y €T'(1).

(H(2), 91)sejo,r) and (V(1), ¢ )refo,7] are compatible pairs (Def. 2.2) and the spaces L, L3,
and L. (c.f. (2.1)) and C},,C}, and C},. (c.f. (2.2)) are well defined. For n = (1,&) € C},,
we define the strong material derivative, denoted 9*n, using (2.4). The product material
derivative coincides with the product of surface and bulk material derivatives:

9°n = (9°n,9%) forn = (n,&) € Cj,.
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(V(1),H(t),V*(t))sefo,r) form an evolving Hilbert triple (Def. 2.4). We also have that
(20(t), 9| 25(1))icio,r) and (Z(2), 9| zy(s))refo,r] are compatible pairs. For further informa-
tion on this functional analytic setting see Alphonse et al. (2015b, Sec. 5.3).

Remark 10.1. For the well posedness of the partial differential equation Prob. 10.2 we re-
quire that the boundary I is a C?-hypersurface and that the flow map D) € C%(0,T;C%(Qy)).
See Alphonse et al. (2015b) for more details. For the approximation properties we de-
rive we require that I is a C**2-hypersurface and that ®,(-) € C*72(0,T:C*%(Qp)) with
®;: Qp — Q(t) and @, : Q(t) — Q both of class CF2.

We introduce a signed distance function for the boundary surface I'(r) = dQ(z). The
oriented signed distance function for I'(¢) is given by

dlxr) = —inf{jx—y|:y € (¢)} forxe€ Q(r)
T |inf{jx—y| 1y € T(1)} otherwise.

For each ¢ € [0,T], we orient I'(z) by choosing the unit normal v(x,7) = Vd(x,t) for x €
['(r). Our assumptions on I'(z) imply that there exists a neighbourhood A/ (¢) of I'(r) and
normal projection operator p(-,¢): N(¢) — I'(¢) given as the unique solution of

(10.2) x=p(x,t)+d(x,t)v(p(x,t),1).
See Gilbarg and Trudinger (1983, Lem. 14.16); Foote (1984) for more details.

10.2. The initial value problem. Given </, %q,%q as in Sec. 8.2 and o, Br, 6t as in
Sec. 9.2, we consider the initial value problem

Problem 10.2. Find u and v such that

(10.3a) 2°u+V-(PBqu) — V- (oVu)+%Cou+ (V-wu=0 on Q(t)
(10.3b)  I°v+V-(Brv)—V- (A Vrv)+6rv+ (Vr-w)v=0 onT(t)
(10.3¢) (—Baou+ oVru) - v+ (ou—Pv) =0 onT(t)
(10.3d) u(0) = ug on Qo, v(0) = vo on I.

Remark 10.3. The problem (1.6) is recovered by setting <o = aq,%Bqo = bo —w and
o =co and o = ar,Br = br —wr and 6T = cr — Vr-wy, where w = w; +wy is a
decomposition of w into tangential and normal components on I'(z).

10.3. The bilinear forms and transport formulae. We set

m(:0.8).Cp) =a [ nactp [ epdo (1.£).(5.p) € (1)
B8 o) =a | nCVowdtp [ EpViwdo  (1.6).(Cp) €M)
@ (.8).(Ep) =a [ VD VE+GanCdx

B[ , Ve Vo +igpdo

+ [ (o = BE) (L o) do. (1.8).(L.p) € V()

w(:0.8).Cp) = o [ Fan-VEaet [ ArE-Vepdo (n.8)€H()
(G.p) V).
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We can combine the transport formula for the bulk and surface only cases (8.9) and (9.11)
for m, (8.10) and (9.12) for a; and (8.11) and (9.13) to derive transport laws for these
coupled bilinear forms First, for n, g S C?I_L we have

104 Sm(n.L) =m(s0n.£) +m(n.0%) +g(esn. )
forn, € Cl,, we have
105 Safend) a0t +a(in.0E) +bfen.0)
and for n € C},, { € C},, we have
(10.6) an(6:0,8) = an(:0°0,8) +an (5:1,°8) +a(1:1,0),
where by(t;-,-): V(1) x V(t) — Ris given for (n,8),({,p) € V(¢) by
by(1:(n,8),(8,p))
:a/ Bw, o)V -V +(8°6a + oV -w)n e dx
Q(r)

+B )B(W, r)Vr& -Vrp 4 (9°6r+ ¢rVr-w)épdo
t

+ (@1 =BE) (@ —Bp)Vr wdo,

and by, (t;-,-): H(t) x V(t) — Riis given for (n,&) € H(t),(E,p) € V(¢) by
bu(1:(n,£),(,p))
:a,/Q(z) Badv(w,%g)n-VCderﬁ/F(t) Badv(w7f@r)€ ~Vrpd6.

We define b(t;-,-): V(1) x V(t) — R to be
b(t:n,8) :=by(t:n, &) +ba(:n,8)  forn, € V().

We also have the estimates that there exists a constant ¢ > 0 such that for all t € (0,7) we
have

(10.7) lg(:n, )| < cmll for all ,{ € M ()
(10.8) n.9)| <c|nl, for all 7, ¢ € V(t)
(10.9) n.{ ‘chnH for all 1 € H(t),§ € V(1)

10.4. Variational formulation. We consider a weak form of (1.6).

Problem 10.4. Given (ug,vo) € Ho, find (u,v) € W(V,V*) such that for almost every
t €10,T] we have
(10.10)

m(t;9%(u,v), §) +8(55(u,v), &) +a(; (u,v),§) = foraHQGHI(Q(ﬂ)XHI(F(t))
0

u(0)=ug,  v(0)=
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Theorem 10.5. There exists a unique solution pair (u,v) which satisfies the stability
bound:

(10.11) sup]||(uv)HL2(Q . +/ (RSP —"

tel0,T
< ¢ (w0, v0) I 2 (@) w2(r))

and if (u,v) € H'(Qo) x H'(T)) then

(10.12) sup w1 0o +/ [ [ —"
t€[0,7]

< 10, vo) It gyt () -

Proof. We again apply the abstract theory of Thm. 2.15 and check the assumptions. Ass. 2.9
and 2.13 are shown in Alphonse et al. (2015b, Sec 5.3). It is clear that (M 1) and (M2) hold
since m(t;-, -) is equal to the H(¢)-inner product. The assumptions (G1) and (G2) are shown
in (10.4) and (10.7). We know that the map ¢ — a(¢;-,-) is differentiable hence measurable
which shows (A1). The coercivity (A3) and boundedness (As4) of a; and boundedness of
a, (A,4) follow from standard arguments since the extra cross term is clearly positive (see
also Elliott and Ranner (2013, Thm. 3.2)). The existence of the bilinear forms b, (B;1) and
b, (B,,1) has been shown in (10.5) and (10.6) and the estimates (B;2) and (B,,2) are shown
in (10.8) and (10.9). O

10.5. Discretisation of the domain and finite element spaces. In order to define our
computational method we use the construction of the isoparametric domain of order k used
in Sec. 8.5. This defines an evolving triangulated bulk domain {Q(¢) },¢[o,7] (Def. 4.32(b))
equipped with an evolving conforming subdivision {.7,(¢) },c[0,r] (Def. 4.32(a)). We will
assume that { () },¢[0,7) is a uniformly quasi-uniform subdivision (Def. 4.35(a)). We will
make the same assumptions on the domain as in Sec. 8.5 which allow us to show Prop. 8.9.
Namely, we conclude that we can define an evolving bulk finite element space {S:()}
((8.18) and Def. 4.34(a)) consisting of Lagrange finite elements of order k (Ex. 4.7(b)) over
a uniformly k-regular evolving subdivision (Def. 4.35(b)). By & we denote the maximum
mesh diameter over time (4.24):
h:= max max diam(K(r)).
t€0.T] K(1)€ T (t)
Throughout the remainder of this section we will denote global discrete quantities with a
subscript & € (0,h). We assume implicitly that these structures exist for each % in this
range (see also Rem. 4.11 and 6.11).
Fort € [0, T], we write I'y(¢) = dQ() and ;' (¢) for the boundary faces of .7,(t):

T () = {(K() "T4(r) : K (1) € Fi0)}

We note that {fhr(t)},e[gﬂ is also an evolving conforming subdivision (Def. 6.27(a))
which we assume is uniformly quasi-uniform (Def. 6.29(c)). In fact, this is the construction
we have previously used for an evolving surface in Sec. 9 so that we may make the same
conclusions as Prop. 9.8. That is that we can define an evolving surface finite element
space {S}; ()} ((9.19) and Def. 6.28(a)) consisting of Lagrange finite elements of order k
(Ex. 6.7(b)) over a uniformly k-regular, evolving subdivision {ﬂhr (t)},e[oﬂ (Def. 6.29(b)).

Our analysis will make use of the product Hilbert spaces H,, (t) := L*(,(¢)) x L*(T,(1))
and V, (t) := H}(F3(t)) x H}-(Z;F (t)) and the product finite element space Sy (f) := S (¢) x
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SE(t). Using Lem. 4.23 and 6.20 we can identify elements of Sj,(#) as a product of contin-
uous functions on Q(r) and I'(¢) and that S;,(¢) C V(). We equip Sp,(¢) with the norms:
) 5 1/2
1Gms om0y 2= (101 0 + nlls 7))
1/2
| Ctns 0n)ll3, ) == (||Xh||i2(g,l(,)> + ||Qh\|i2(r,,(t)))

The previous constructions define a global flow map <I>f’: Q0 — Qy(r) (Def. 4.32(c))
and discrete velocity W), (Def. 4.32(d)), with well defined surface restrictions CIDf’ |rh.0 (Def. 6.27(c))
and Wh|rh(t) (Def. 6.27(d)). For each ¢ € [0,T], we define the discrete push forward map

Of': Hp(0) — Ha(r) by
(0 (s E)) (x,3) := (M (D", (%)), &R (P, (1)) for (M1, &n) € Hin(0),x € Q;(t),y €Ty (t).

Since we have shown that {7 }c(07) and {71 (t)},ep0,r) are both uniformly k-regular
and uniformly quasi-uniform, the spaces (Hh(t),¢,h|H,1,O),€[07T], (Wh(2), ¢zh\vh,o)te[0,T] and
(Su(t), ]| Spo)relo,r) form a compatible pair (Def. 2.2). Further, we can define the spaces
L%{h (2.1)and Cf}_[h (2.2) and we can define a material derivative for functions 1, = (1, & e
qu_[h which can be identified as (3.3):

I M = (9 M, 9y En).-

10.6. Construction of lifted finite element space. We have already constructed a bijec-
tion between the computational domain ;,(¢) and the continuous domain (z). In Sec. 8.6,
for each t € [0,T], we constructed element-wise a bijection Ay (-,1): Q;(¢) — Q(t). Fur-
thermore, we note that the restriction of the lifting operator to I (¢), Ay (-,¢)|r, (1), is simply
the normal projection operator which is the lifting operator used in Sec. 9.6.

For each bulk finite element K (r) € .7,(¢), we can use Def. 5.1 to construct an associated
lifted bulk finite element (K*(¢),P’(¢),Z(¢)). We will denote the set of lifted bulk finite
elements by .7/ (t). For each surface finite element E(t) € 7,1 (t), we can use Def. 7.1 to
construct an associated lifted surface finite element (E*(¢), Pf(t),Z%(¢)). We will denote
the set of lifted surface finite elements by th(t).

For ¢ € [0,T] and a function pair 1, = (1, &) : Qu(t) x T,(t) — R?, we define the lift

M’ = (M, &)= Q1) x T(1) — R? by
@é(Ah(x’t)ap(y,t)) = (M (x),&n(y)) for x € Q;(t),y € T(2).

We will often write mg = (M, &) = (), &) to signify that the lifting process is simply a
combination the previous lifts for the surface and bulk components.

We will also make use of an inverse lift for functions on Q(t) x I'(¢). Forn = (1,§): Q; x
I'() — R?, we define he inverse lift of 7, denoted by ﬂ_é =(m,&)7": Q1) x Ty (t) — R?
by

ﬂfé(x,y) = (N(An(x,1)),&n(p(x,1))) forx € Q(1),y € Th(r).

Lemma 10.6. Let 1, € H,,(t) and denote their lift by ﬂ(' Then there exists constants
c1,¢p > 0 such that

(10.13) 1 HMZH'H@) = H@HHW) <o HMZHHU)

(10.14) c1 HMHV() < mlly, SCZHMEH

¢ V()
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Proof. We simply combine the results of Lem. 8.14 and Lem. 9.12. ([

We use the lifts to define a product space of lifted finite element functions S ,f (t) (Def. 5.7(d)
and 7.7(d)) by
Sfl(t) = {@Z S € Sn}-
_ Using the lift A, and the discrete flow @', we can defined a lifted flow map @ : Q(0) —
Q(t) (Def. 5.11(a)) and lifted discrete velocity wy, (Def. 5.11(b)), with well defined restric-
tions <I>f |F(0) (Def. 7.12(a)) and wy, |r<t) (Def. 7.12(b)). This allows us to define a lifted push
forward map ((3.13) and Def. 7.12(c) and 5.11(c)):

0 ((n,£))(x,y) :=(n(®L,(1)),6 (@, () for (n,§) € Ho,x € Qr),y € T().

Using the previous constructions, applying Lem. 8.13 and 9.11, we see that (H(z), q)f),e[o 7]
V@), ¢! v )eefo,r) and (S HONS |Sy ) )re[o,r] are compatible pairs uniformly for i € (0, /o).

(.0 2 Cly gt
in time (2.2) with respect to the push-forward map ¢/ in (¢) and V(t) respectively. This
implies we have a well defined strong material derivative (3.15):

. d

10.7. The discrete problem and stability. The finite element method is based on the
variation form (2.12) of Prob. 10.4. We assume we have #/X, 25 and ¢ for K € (1)
as in Sec. 8.7 and #AF, BE and 6 for E € F1 (t) as in Sec. 9.7.

We will use the notations C! for the spaces of functions smoothly evolving

Problem 10.7. Given (U0, Vi) € Sho. find (Uy, Vi) € Céh such that for all t € [0,T]

d
L (t:(Un,Va)s ) +an (5 (Un, Vi), ) = mi (5 (Un, Vi), O %)

(10.15) Jor all x, € C}sh

Un(0) = Up0,Vi(0) = Vi,
where for (N, &), (&n, pr) € Hi(t), we define
Mh(f§(nh,<§h)7(Ch7Ph)) = a/g,,(t) nhChdx+ﬁ/Fh(t) Enpndoy,
and, for (M, En), (Cn, Pr) € Vi(t), we define

an(t: (M, &n), (Gnopn)) = ¢ Y / AEVN -V + BEN -V +CEN G dx
K(t)e T (1)

+B ) / AEVEE -V o+ BEE- VP + G Enprdoy,
E(t)egl ()

+ [ tan—B&)(@g— Bpr)don.
Iy

We also have discrete transport formula from the bulk and surface cases:
Lemma 10.8. There exists bilinear forms g (t;-,-): Hp(t) x Hp(t) = Rand by(t;-,-): Vi(r) x
Vi(t) — R such that for all N = (Mw, En), G = (Cn, Pn) € C7l-lh we have

d

™" my (630> §n) = mi (503 s §) + 1m0 (23 105 Oy Sn) + 8 (231005 G ) »
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and for all ny, &, € C\l,h we have

d
ar (1510 ) = an (051 G) -t (1310, 95 Ga) + B (1310, i)

where
@ (0G0, (Grpw) = [ MGV WidvB [ &puVr, - Wido,
JQ(1) L)

and

by (5 (Mns En), (Sns 1))

= Y[ BuWE )V VGt Bugus (Wi BV
K(H)eZ, ()" K1)

+(ORCE +CEV - Wi)midx
+ ) / By(Wi, 5 )V EEn - VEPh + Baav.s Wi, B ) En - VEPH
E(ezl ()’ FW
+ (e + GV - Wi)Enprdoy,.

Further, there exists a constant ¢ > 0 such that, for all t € [0,T)],

(10.16a) ’gh(t;@,@)’ SCH@HH;,(:) @HH,O) for all ny, G € Hy(t)
(10.16b) ]bh(t;@,@)‘ <c|mlly, @va for all my, G € Vi(1).
Proof. We simply combine Lem. 8.19 and 9.19. ]

Theorem 10.9. There exists a unique solution pair (Uy,Vy,) of the finite element scheme
(Prob. 10.7) which satisfies the stability bound

T

2 2 2

(10.17) sup )H(Uh7vh)HHh(z)+ /O 1, Vi) I, ) A < [[(Uno: Vo) |13, ) -
te(0,

Proof. We apply the abstract result of Thm. 3.3 and check the assumptions. The assump-

tions on my, (M, 1) and (M,2), follow directly since my, is equal to the Hy,(¢) inner-product.

The estimates on ay,, (A;,2) and (A;,3) follow in the same manner as Thm. 10.5. The trans-

port formulae and estimates for g, and by, (G,1), (G;2) (B,1) and (Bj2), are shown in
Lem. 10.8. O

10.8. Error analysis. We assume in this section that o/} = o/, ", Bl = Bg', Ch = C5',
A = ot Bl =B, Clt = Crt. The space of lifted finite element functions S (f) is
equipped with the follow approximation property:

Lemma 10.10 (Approximation property). For n = (n,&) € C(Q(t)) x C(I'(t)) the La-
grangian interpolation operator 1N is well defined. Furthermore, the following bounds
hold for a constant ¢ > 0 for all h € (0,ho) and t € [0,T):

10.18) = &n ) +hlln = Bnll ) <l forne 2()
(10.19) Hﬂ_lhﬂHH(,)+h”ﬂ_lhﬂ”v(t) SCthﬂ”zO(t) forn € Zo(t).

Proof. We define the interpolation operator to be I,(1, &) = (I,n, 1,€) for (n,&) € C(Q(¢) x
C(T°(¢))). The proof follows by combining the result of Lem. 9.21 and Lem. 8.21. O
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Lemma 10.11. There exists a bilinear forms g¢(t;-,-): H(t) x H(t) = Rand by(t;-,-): V() x
V(t) — R given by

g0(t:(1,6),(L.p)) :=a/gmncv~whdx+ﬁ/r(t)5pvr-whdo
bi(1:(1,6).(6.p)) =t | B9 )N VL + B (o ) -V
+(8£‘%Q+%Qv-wh)nCdx
+B [ B, o) & - Vrp + B wn, Zr)E - Vrp
I'(r)
+(8£.Cr+<grvl“-wh)§p do
+ [ (om = BE)@L ~ Bp)Vr-wido,
I'(z)

such that
d
(10.20) am(t;ﬂ,g) =m(t;9;n,§) +m(t;1,9;8) +ge(t:m,§)
fOV ﬂ,g € C(IHq)g)
d
(10.21) ga(t;ﬂ,g) =a(t;9;n,8) +a(t;n,d;8) +bu(t;n,8)

forﬂ7§ € C(lv,(pf)'

Furthermore, there exists a constant ¢ > 0 such that for all t € [0,T] and all h € (0,ho) we
have

(10.22) l2et:m,0)] < |l EHH(I) foralln,§ € H(r)
(10.23) b, 0)| <l gva forall n,{ € V(b).
Proof. We combine the results of Lem. 8.22 and 9.23. (I

The geometric perturbation results now follow directly by combining the appropriate
results from Sec. 8.8 and 9.8.

Lemma 10.12. We have the estimates

(10.24) W= Wl =0y + B IV W = Wh)| 1=y < B!
(10.25) W= whl (o)) 21V W = wa) | =) < B
In particular, this implies

(10.26a) |

9*n—9;nll,,, < chH! 1l forn €Cy,

(10.26b) [0°n = a7 nll,,, < ch[nll 4, forn €Ck,.

Proof. We combine the results of Lem. 8.23, 9.22 and 9.25. O
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Lemma 10.13. There exists a constant ¢ > 0 such that for all t € [0,T] and all h € (0, ho)
the following holds for all ., §, € Vi,(t) with lifts m{@e e V(1):

a02n) - |eimi &) =mitsme 50| < et ', 16,
(10.28) ‘gz(t;m”,g)—gh(t;m,@) < chFt! Hm‘in) Q}'HW)
(10.29) a(t; i’ G") — an(t:mn, §)| < ek ||ms* "o &' "o
(10.30) ‘bg(t;m‘*,g)—bh(t;%@) < ch||myt - & "
(1031) jset ', ) gt )| < e[| ),
(10.32) ‘b[(t;m‘*,g)—b(t;mf,g) < i ||myt - &' ”
For n,§ € 2o(t) with inverse lifts ﬂ_[é*f, we have

(10.33) la(t:n,€) —an(sn ™, 6| < el EHZOU)
(1034 |pu(n, ) —balen 0| <en Ml 2]

(1035 |a(:9:n.0) an(t:35n =", &) < (||l + |

? QHZO(t)) HEHZO(r)
Proof. We combine the results of Lem. 8.24 and 9.24. (I
We require one final result in order to show the error bound.

Lemma 10.14. Foranyt € [0,T], let z,myz be as in (3.20) and n = (n,&) =z—mz € V(1),
then for all { = (§,p) € Zo(t), we have

036 om0 < (nllyghllnlly + )

Zo()

Proof. The proof follows a similar path to Lem. 8.25. We start by fixing 7 € [0,T]. We
recall that for any n € H'(Q(r)), there exists &, € H'/2(I'(¢)) such that

(HI/Z(FU)))/<§11 y C>H1/2(F(t)) - (nv C)Lz(r(t))a
and &, satisfies
(10.37) 1€l 1720) = I vz
(10.37b) /F(t) éyndo = ||nH(1-1'/2(1"(t)))"

As in Sec. 3.3, we introduce x > 0 such that there exists a constant ¢ > 0 such that
2
@(1:8.8) = a8+ g 8) 2 ||g| foran & € V(o)
55 55 55 2y 5

We wish to estimate the trace of 77, the bulk component of z — 7z, in the (H'/2(T'(r)))’-
norm. We consider the dual problem: Given &;, find R(&,) = (Ra(&y). Rr(&y)) € V()
such that

(10.38) a* (. R(&y)) = /r(t) &n¢do forall § = (£,p) € V(1).
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This problem is the weak form of coupled bulk surface elliptic problems and has a unique
weak solution in V(z) (see Elliott and Ranner 2013, Thm. 3.2) which satisfies the estimate

IRCE v < CNénllrz = C Il -
The problem with p = 0 is a weak form of the problem:
(1039) —V-(FaVRa(&n)) +%Ba- VRa(&n) + (%o + K)Ra(&y) =0
(10.40) HoVRa(En) + aRa(8n) = &y + aRr(&n).

This is a Robin problem which satisfies the regularity estimate (Ladyzhenskaya and Uralt-
seva, 1968; Gilbarg and Trudinger, 1983)

R (&)l a2iaey < €llénllmnmay +eIReE) |aawy < clnllezea))y -

The problem with { = 0 is a weak form of a surface elliptic problem with right hand side
BRa(&y) which satisfies the regularity estimate (Aubin, 1982).

IR &2y < <Rl 20y < €Ml vz -
Combining the two regularity estimates we see that
(10.41) HE(én)HZO(U <c ||77||(H1/2(r(,)))/~

We note that the constant here is independent of time 7 € [0,T].
We see using (10.37b) and { =1 = (1,&) in (10.38) that
(10.42)

||77||(1-11/2(r(,)))/ = /F(t) énn do :ak(ﬂaﬁ(én)) :aK(i,E(én) *IhE(én)) +a"(ﬂ,IhE(§n))-

For the first term on the right hand side of (10.42), we apply the boundedness of a* and
the interpolation estimate (10.19) to see

|a® (1, R(&n) = IiR(En)) | < c[|n |\, [R(En) = BRG]y < ch[nl] ) RG] 54 -

For the second term on the right hand side of (10.42), we apply the geometric estimates
(10.29), (10.27) and (10.33) and the interpolation estimate (10.19) to see that

@ (0, 1R(En)) | = [a* (T2, hR(En)) — af (i TR (En))|
< [a"(mz— 2 1R (&) — af (Miz =z TiR(E))|
+ [0 (@ R (En) ~ R(En)) — af (™" TR (&) ~R(En) )|
0" (& R(&n)) —af (T R(En) ™)
< el 2| 20 1RG0 | 2, -

Hence, combining the previous estimates and applying the dual regularity (10.41), we infer
that

+

||77||(2H1/2(1—~(1)))/ <c (/’l ||HHV(I) +hk+l H;HZO(t)) HE(én)HZO(t)

<c (h ||ﬂ“v(z) + ||§||20(1)) 72l 2y -

and we have shown that

(10.43) Il ey < € (Bl +# il zy0 ) -
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Returning to (10.36), we now see that for (1,€) =z— m,zand (,p) € Zo(t) that

’b(t’(rhé)v(gvp)” <o

/ B(w, 0)V -VCdx‘ +o
Q(r)

Q1)

-I-OC‘/S)( )(8'%Q+%QV~w)nCdx‘ +p '/F()B(w,ﬂ’r)vré 'Vrpdo"
! '

+B '/F()Badv(w,%r)é 'VrPdG‘+ﬁ ‘/F()(a"fr+%rvr.w)gpdc‘
! '

+| [, (- BE) et~ Bp)Viwaa
=:alit+ab+als+Bly+ BIs+ Bl + 1.
The estimates for I, I3, 5,1 and I; are clear

ab+aly+Bls+ Bls+ 17 < c[|(0.8) 24 18, )l 2y -

For I, we apply similar reasoning to Lem. 8.25 with our estimate for 11 (10.43) and for
11, we apply similar reasoning to (9.67). Combining these estimates shows the desired
bound. ]

Theorem 10.15. Let (u,v) € L%, be the solution of (10.10) which we assume satisfies the
regularity bound

T
(10.44) sup [[(u,v)]| %) + / 19° (u, v)I[% ) df < Cuy-
t€(0,T) 0

Let (Uy, V) € ngh, be the solution of the finite element scheme (10.15) and write (uy,vy) =
(Up,Vi)". Then we have the following error estimate

T
(1045)  sup ||(u,v)—(uh,vh>||;<,)+h2/ 10,v) = (s ) [
t€(0,T) JO

<c || (ug,vo) — (”hs07vh70)“§-t(z) +Ch2k+2cu,v-

Proof. We apply abstract Thm. 3.11 and check the assumptions. We know the lift is stable
from Lem. 10.6. The existence and boundedness of g¢ and b} are dealt with in Lem. 10.11.
The interpolation properties (I1) and (I2) are shown in Lem. 10.10. The geometric pertur-
bation estimates (P1) to (P9) are shown in Lem. 10.12 and 10.13. Finally, (B3) is shown in
Lem. 10.14. O

11. NUMERICAL RESULTS

11.1. Implementation. The finite element methods were implemented using DUNE. In
our numerical examples, we integrate the coefficients Qfgg, @é’z, %g’i, szrh %{i and c;r' using
a sufficiently accurate quadrature which does not affect the order of convergence of the
schemes.We discretise in time using an implicit Euler time stepping scheme. The time step
7T is scaled so that the optimal error scales are recovered. At each time step we solve the
full system using the generalised minimal residual method,

The code produced to run these computations is available at

https://github.com/tranner/dune-evolving-domains
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Let T =1, and ¢ € [0,T]. Fort >0, we define Q(r) via a parametrisation G: Qg x
R, — R, for Qy = B(0,1) C R? the unit ball in three-dimensions. The parametrisation
G: Q xR, — R3is given by

G(e1) = (a() Pxim05) . alt) = 1+%sin(t),

with velocity field w given by

cos(t)x) -
w(x,1) = <8(1+1/4$in(t))7070> forx € Q(z).
The geometry is the same for each problem, which corresponds to an ellipsoidal domain
growing along a single axis, but we solve in and on different parts of the domain.

For each test problem, for each iteration we complete an appropriate number of bisec-
tional refinements (projecting boundary nodes on to the exact surface using the normal
projection operator (9.4)) from a macro triangulation in order to approximately half the
mesh size i and scale the time step T to recover the optimal order of convergence — i.e.
Tj = 792~ k+1)J. We show the error in an L2-norm at the final time. The experimental order
of convergence (eoc) at level j is computed by

(eoc); =1log(E;/Ej-1)/log(hj/hj-1).

Errors in an H'-norm demonstrate an order of convergence less and are not listed here.

11.2. Problem on a bulk domain (1.4). We set the parameters in the equation as &7 =
(1+x)1d, Z = (1,2,0), € = cos(x1x2) and compute additional right hand sides in (1.4a)
and (1.4b) and take appropriate initial data so that the solution is given by

u(x,7) = sin(t) cos(mx; ) cos(mxy) for x € Q(z).

We compute with k = 1,2. The results are shown in Tab. 11.1 and 11.2.

h T L*(Q(T)) error (eoc)
1.10017 1.00000 7.54412-1072 —
8.82662-10~! 2.50000-10~1 | 1.72380-10"! —3.75139
5.23405-10"! 6.25000-1072 | 1.07326-10~"  0.90670
2.79882-10"! 1.56250-1072 | 3.17823-10"2  1.94407
1.44128-10"1 3.90625-1073 | 8.34529-1073  2.01489
TABLE 11.1. k=1

h T L>(Q(T)) error  (eoc)
1.10017 1.00000 4.46630- 102 —
8.82662-10~1 1.25000-1071 | 4.44526-1072 0.02144
5.23405-10"1  1.56250-1072 | 7.59648-10~3 3.38076
2.79882-10"! 1.95312-1073 | 1.05698-10~3 3.15065
1.44128-1071 2.44141-107* | 1.38589-10~* 3.06126
TABLE 11.2. k=2
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11.3. Problem on a closed surface (1.5). We set the parameters in the equation as &/ =
(14+xH1d, Z = (1,2,0) — (1,2,0) - vv, € = sin(x;x) and compute an additional right
hand side in (1.5a) and take appropriate initial data so that the solution is given by

u(x,t) = sin(f)xpx3

h

T

forx € I'(z).
We compute with k = 2,3. The results are shown in Tab. 11.3 and 11.4.

L>(T'(T)) error

(eoc)

8.31246 -
4.40053 -
2.22895 -
1.11969 -
5.60891 -

h

1.00000
1.25000- 10!
1.56250- 1072
1.95312-1073
2.44141-10~*

TABLE 11.3.

T

9.83996- 102
1.47435-1072
1.99237-1073
2.50039-10*
3.12365-107°
k=2

L>(T(T)) error

2.98450
2.94251
3.01456
3.00895

(eoc)

8.31246-
4.40053 -
2.22895 -
1.11969 -
5.60891 -

1072

1.00000
6.25000- 102
3.90625- 1073
2.44141-10~*
1.52588-1073

TABLE 11.4.

9.88086- 102
7.60635-103
4.92316-1074
3.08257-107°
1.89574-107°
k=3

4.03157
4.02476
4.02448
4.03416

11.4. Problem on a coupled bulk-surface domain (1.6). We set the parameters in the
equation as @ = Id, $Bx = (0,0,0), 6x =0, for X =Q and I, and ¢ = = 1, and
compute additional right hand sides in (1.6a), (1.6b) and (1.6c) and take appropriate initial
data so that the solution is given by

u(x,t) = sin(f)xyx

v(x,1) = sin()xx3

forx € Q(r)
forx e I'(¢).
We compute with k = 1,2. The results are shown in Tab. 11.5 and 11.6.

h T L2(Q(T)) error (eoc) L*(T(T)) error  (eoc)
1.10017 1.00000 1.40014 - 1072 — 7.41054-1072 —
8.82662-10"" 2.50000-10! | 2.61297-10"% —2.83240 | 4.53161-1072 2.23275
5.23405-10"1 6.25000-1072 | 9.52446-10~3  1.93118 | 1.58725-10"2 2.00746
2.79882-1071 1.56250-1072 | 2.61552-1073  2.06458 | 4.25452-1073 2.10325
1.44128-1071 3.90625-1073 | 6.72781-10~*  2.04591 | 1.08139-1073 2.06389

TABLE 11.5. k=1
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h T L*(Q(T)) error  (eoc) | L*(T(T))error  (eoc)
1.10017 1.00000 2.44058 102 — 1.22069 - 10! —
8.82662-10"" 1.25000-10! | 2.92797-1073 9.62654 | 9.65135-10~3 11.51950
5.23405-10"! 1.56250-1072 | 4.02385-10"* 3.79775 | 1.47977-10~3  3.58832
2.79882-10"! 1.95312-1073 | 5.08882-10~° 3.30323 | 1.87863-10~* 3.29708
1.44128-107" 2.44141-107* | 6.36219-107% 3.13299 | 2.34864-107°  3.13304

TABLE 11.6. k=2




120 C. M. ELLIOTT AND T. RANNER

APPENDIX A. A FAA DI BRUNO FORMULA FOR PARAMETRIC SURFACES

A partition of the set {1,...,m} is a collection of non-empty subsets (o7,...,0;) such
that 6,Noy =0 if s’ # sand |J;_, oy = {1,...,m}. We call r the order of the partition and
denote by |o;| the number of elements in c;. We say that two sets 0 = {c(1),...,0(|o|)}
and ¢’ ={0’(1),...,0'(|c’|)} are ordered and write ¢ < ¢’ if min; <;< |50 (/) < min| <;<|/|Cy (I).
We denote by P, - the set of ordered non-empty partitions of {1,...,m} of order r:

Por ::{(61,...,6,):|6S| >0forl1 <s<ro;Noy=0forl <s#s <r,
Jos={1,...,m}, and o, < o if1§s<s’§r}.

We note that we have P, 1 = {({1,2,...,m})} and Py, ,, = {({1},{2},...,{m})}. Thatis
that P, 1 and IP,, ,, each contain one partition.
Forasubseto C {1,...,m}, given ji,..., jm € {1,...,n}, we write for smooth n: R" —

R

glol d d

n:= ...

9xj, 9%Xjo g M
Note that it is possible to have repeated indexes j, which are not distinguished in this
formula.

9%,

Theorem A.1. Let ' C R be a C™ surface with parametrisation X : ® — T over ® C
R". We denote the components of X by X(0) = (X1(0),...,X,+1(0)) for 6 € ® and the
components of Vr by (Vr)1,...(Vr)ut1). Let f: T —RbeinC™"(T') and write F: ® - R
Sor the function defined by F(0) = f(X(0)) for 0 € ©. Then F € C"(®) and

om m n+1 ‘O-Y
(Al) ——F(0)= (VF)A (Voa, f
aejm"'aejl ;ll..§r=l : gr\IIlae

Before we show the result we will include some examples to show how this result can
be interpreted and related to previous results.

Example A.2. (1) Consider the case n = 1 and I is a flat hypersurface. In this case
J1 ..jm = 1. Then the (A.1) translates to
qm \Gs
demF(e):r—Zix Z)L I(VF)A (Voa f ZH 10/ X, (6
=11, A=

We note that (Vr),f = df/dx if A =1 and 0 otherwise and that X(6), = 0.
Finally we note that the terms involving X (0) can be reordered as

dlosl

ZHdG\% Z H"(deq )iq’

m r

where E(m,r) is given by
m m
E(m,r)={ieNy:Y i;=rand Y gi;=m}.
q=1 gq=1

The set E (m, r) rather than being a set of partitions maps each partitions (oy,. .., o)
to a vector i € N such that i, is the number of sets in the partition such that
|os| = g for ¢ = 1,...,m. We can make the simplification in this case since, here,
the order of derivatives is not important, whereas we wish to track this in (A.1).



FINITE ELEMENT ANALYSIS FOR PDE IN EVOLVING DOMAINS 121

Furthermore, the mapping from partitions to vectors i is not one-to-one (in partic-
ular because i does not care about ordering) which results in the constant ¢; which
counts how many partitions map to the same i.

We recover the result of (Bernardi, 1989, Eq. 2.9) in the scalar case:

ﬂF(e)z Z 3; (x(0) ¥ ﬁc,» (f;X(e)> "

(2) We return to the general case, but to low numbers of derivatives. It is clear that

p) n+1 0
aejl F(G) = ;LIZ:,I(VF)MJC(X(G)) 00 XM(G)

To start to understand the inductive procedure we will apply in the proof of
Thm. A.1, we construct a second derivative. We apply the product rule to see

82
36,90, " (9
a n+1 a

= @121(Vr)llf(X(6))T%Xl] (0)

n+1 p]
= % (G, o) 550

(V00 FX(60) (55 56-%u(®))

n+1 n+l 9 9
=MZZIlZZZIWr)xz<Vr>x.f<X<e>>ExM(e)ExM<e>
n+l v 0 82 o
X —X .
+MZ=1< DS (X (0)) 557553, (0)

We see that the extra derivative either applies to the terms from the lower order
derivative involving X or else apply to the terms involving f, in which case an
extra first derivative of X is included. The result is a sum of these two terms.
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To understand further how the terms involving X arise, we compute a third
order derivative. Applying the same procedure as above we see

83

36,,90,96, %)
9 n+1 n+l 9 0
=90, (MWZI(VF)AZ(VF)AIJ‘(X(Q))%Xzz(e)aejlX;Ll (0)
n+1 (92
+AIZ:1(VF)AIf(X(9))mXA] (9)>
n+1 n+l1 9 pa p)
= 5 ¥ (56, TV AX(0D)) 55300565, 0)
n+1 n+l 0 0 P
+)lelllzz::l(vr)kz<Vr)klf(X(6))ae}é <8612Xl2(9)aej1 Xll(e))
n+1 82
i (o7 (TS (K00) ) 55755, 0)
n+1 9 82
+A§I(VF)Alf(X(9))EWXM (0).

Again, we see that the 6;, derivative can either be applied to the terms involving f
or the terms involving X and the result is a sum of these terms. Computing further

Wwe see
83
36,00,00;," )
n+1 n+1 n+1 p) 9 9
=Yy Yy Yy (V)23 (V)i (V)2 F(X(8)) 55 —X2, (0) 55—X3, (6) 55— X3, (6)
11:112:1/13:1 J3 J2 J1
n+l n+l
+ Y Y (Vr)a, (Vr)a £(X(6))
A]:llzil
92 d 0 92
' (89/389/2%(9)86,-1 X (0)+ 5, %10 55 5, Xu (0)
+ix (9)872)( (9)
26,27 96,,06; "M
n+1 93

We end up with terms involving one, two and three derivatives of f times sums
of products of one, two and three terms involving derivatives of X respectively.
We notice that the derivatives on X are not all arbitrary combinations of j’s and
A’s. The 6;, derivative always is against Xy, , the 8;, derivative is always against
X3, or X3, and the 6;; derivative is against X, , Xj, or X;,. Moreover, we see that
the minimum index against X,_is increasing in s. This property is written more
formally in the definition of IP,, .. Making this association rigorous is the route we
take to proving the theorem.
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We will show the result through the following two lemmas.

Lemma A.3. The derivatives of F can be written as

(A.2)
am m n+1 ) )
WF(G):Z Y, (Vo) (Vo) FX(0) (i, s jmi Ay
Jm " J1 r=1 117,,,,’},,:

where o satisfies the recurrence relationships

d

(A.3a) a(j;A)(0) = ﬁXA(G)
J

(A.3b)

. . J : :
iy Jmi1:A)(0) = 5m—a(ji, ..., jm:A)(6)

Jm+1

(A.3¢)
d

@t hr o 2)(0) = 5o i, 1) (0)
Jm+1
d
+ X}Lr(e) a(jla"'7j"17a’17---7)~r—1)(6) forZSrSm

a9]’/)1+l

(A.3d)

d

123

(Z(jl,...,jm+1;)1,1,...7)tm+1)(9) = <86~X&"+1(9)> (X(j],...,jm,a,l,...,)l,m)(e).

Jm+1

Proof. For the base case (A.3a), we see that
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Then, given (A.2) holds up to m derivatives, we see that
0 "
90,90, a0, 9
8 m n+l1 n+l1
=220 ) o Y (Vo)u (Vo) F(X(8)a(ji, - jmi A, A)(6)
891 r=14=1 Ar=1
n+1 n+1 9
) {(89<vr)l,.---<vr>llf<X(e>)) &j1veeendni e ) 0)
J

r=14;=1 =1

m n+1 n+l1 n+1 9
=Yy - Z{ )) <Vr>x,+l<vr>z,---(vmlf(xw))(89,)%(9)) Oty M
A J

r=12=1 A=l (A=l

(90, ()3 X)) 3 Ot ) (0) |

m+1 n+1 n+1 J
=% T L O (Ve ) (5 (6)) @i 2 )6)
r=2 A1=1 A=1
n+1 n+1 J
+Z Yy - Z (Vr)a, - (Vo) f(X(0) 55- (i, s jmi A, A4r)(0)
r=14;=1 Ar=1 89
n+1 pa|
*MZI VF l] )86 (.]17 7jm;a'1)(6)

+Z Z Z (Vr)lr(Vr)llf(X(G)){(gae XM(G)) O(Jiseees JmsMyeees Ar1)(0)

d
+aea(J],---7jm;lla-"7)LV)(9)}

n+1 n+1

+ Z Z (V)2 (Voa, £(X(6 ))<a&6 ;ka(G))a(jl,...,jm;ll,...,lm)(e).

M=l A=l

Reading off coefficients gives the result. O

Lemma A.4. It holds that

‘UA
O(J1yee ey JmsAMyeeey A ane X.(6

P, s=1 Jos

Proof. For the base case, m = 1, we see that ¢ot(j;4)(0) = d/d0; X, (0) and clearly the set
of ordered partitions is P ; = {(1)}.

Suppose the identity holds for derivatives up to order m.

First, we consider r = 1, then

p] am+1
A(J1yeees jmr13A)(0) = ——a(ji1,...,jmA)(0) == ————X, (0).
26, . 20, ...90;,
We also have that there is only one partition of 1,...,m+1 into 1 subset: P41 =

{(,....m+ 1)}
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Next, we consider r = m+ 1, then

: . J : :
Ot 150, A1) (0) = (89 AmH(e)) Ot dmi M ) ()
jm+l
m+1 a
== 1] 55X,(0)
E 96,
We also have that there is only partition of 1,...,m+ 1 into m+1 ordered sets: Py, 11 jyq1 =

{((1),(2),...,(m=+1))} so this case is complete.
Next, we consider 2 < r <m—1. We see

(X(j],...,jer];l],...,/’Lr)(G)

d . - . .
- 36, O(j1se s jmi Ay s Ar)(0) + (aeijX;Lr(9)> O(j1yee s jms My ey Are1)(0)
ro 9|0l r o glol
- %0+ Y (55—%.0)) X, (6)
Pm,o;lsljlaefaw ‘ E’,] 20, =1 905,
r ale"
= =2 X2,(0),
%S—l aejo's

where O, o = 0;U{m+ 1} if s = o and o; otherwise and Q is given by

0= |J{Brar.,8a) : (G1,-..,0,) € P}
a=1
U{(O’h...,O}_],(m—l—l)) : (0'1,...0',_1) E]PmJ_]}
= U QaUQo.

a=1

The proof will be complete if we show Q =Py, 11 .

First, let (o1,...,0,) € Q. It is clear that (oy,...,0,) is a partition. There are two
cases to check the ordering (oy,...,0,) € Qo (i) or Qg for o = 1,...,r (ii). For case (i),
we have that 6, = {m+ 1} and (01,...,0,—1) € Py, ,—1. The first assertion shows that
0s; < 0, for 1 <s < r—1 and the second shows that 6, < 6y for | <s<s <r—1. So
we see that (o1,...,0;,) € Py, . For case (ii), we have that m+1 € 64 and (07,...,0;) =
(g/l"a"”?g/m) for some (o{,...,0;) € Py, Since (o7,...,0/) is an ordered partition,

we see that 0, = 0y \ {m+ 1} is non empty and the smallest index in ¢}, is the same as
the smallest index in Oy, so that the ordering property is preserved.
Second, let (01,...,0;) € Pyy1,. Let 1 <5 <rbe such that m+1 € o;. First, sup-

pose that removing m+ 1 from oy results in a non-empty set. Then (o,...,05 \ {m+
1},...,0,) is a partition in P,,,. In this case, (0y,...,0,) € Q5. Otherwise suppose
o; \ {m+1} is empty. Then, by the ordering of partitions in P, ,, we must have that
s=rand (01,...,0,_1) is an ordered partition of (1,...,m). In this case (oy,...,0,) € Qp.

Thus we have shown the desired form of o. (I
Proof of Thm. A.1. Simply combine the two previous lemmas. (]

We could also apply a similar result using an inverse parametrisation X ! and recover
coefficients involving derivatives of X ~!. In the applications we consider, higher deriva-
tives of X! are hard to estimate. As an alternative we give the following result which is
based on rearranging terms in (A.1).
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Corollary A.5. Under the same assumptions as Thm. A.1 we have:

(A.4)
(Vr)in - (V)i f(X(6))
n &m m
= zl 55 96, ® (Srll<vx<e>>1,l-s>
m—1  n+l n |os| mn
"L L G ase) ¥ YTz @,
r=1Ap,....Ar=1 Jmyeees J1=1 Py s=1 s=1

where P;j = P;j(x) = &; — vi(x)V(x) is projection onto the tangent space of T at x.

Proof. We start by noting that we have two equivalent ways of computing surface deriva-
tives: either using the projection onto the tangent space of I" or using the parametrisation
of I". We apply each of these formulae to the function x — x; and take the (Vr); derivative
atx=X(0) to see

(A5 Pyl =8y vilvita) = (V)0 = ¥ (5-%06) ) (X (@],

In particular, we see that

ae Yy (n o ) (ﬁwx(e));,-x) “T1Pui 0

Jm=1 j1=1 =1 s=1
The next step of the proof is to split the right hand side of (A.1) into terms involving
mth order derivatives of X and the rest. We multiply by [T, (VX )j-s’[s and sum of each j
in turn to see that

n am m -
F(6 \Y
Jmsesj1=1 89/::1 ‘9911 ( )SI;II( )h :
n+1 m
= )Y (VF))L,n"'(VF))Llf(X(e)) Z H 80 —X, (0) [T(vX)} ..
M yeeyAm=1 j1=1s=1 s=1
m—1  n+l n \GS m
+) Y (Vou (Voo fxe) Y Y H S0 X (O ]T(vX Vi
r=1A,...,A4=1 Jmsesj1=1Pp p s=1 lﬁr s=1

For the first term on the right hand side we apply (A.6) and that the tangential gradient is
already in the tangent space to see

n+1 n m
Y (Vo (V) Y [1sa-X @ [1vx)},
Moo hin= Jmyeesj1=1s5=1 Js s=1
n+1 m
= ; (VF)A,,I"'(Vr)zlf(x(e))HlP/Ly,is(x)
MyeeosAm=1 s=

= (V)i -+ (Vr)i (X (8)).

The result then follows by simply rearranging the terms. (]
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