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EVOLVING INTERFACE
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ABSTRACT. The aim of this paper is to develop a numerical scheme to approximate evolving interface
problems for parabolic equations based on the abstract evolving finite element framework proposed in
[22]. An appropriate weak formulation of the problem is derived for the use of evolving finite elements
designed to accommodate for a moving interface. Optimal order error bounds are proved for arbitrary
order evolving isoparametric finite elements. The paper concludes with numerical results for a model
problem verifying orders of convergence.

1. INTRODUCTION

The model studied in the paper is the following, let {2 be a stationary domain with a moving interface
['(¢) that encloses a subdomain Q;(¢) and let Qg(t) = Q\ Q1 (¢). We denote by vr the outward pointing
normal to Q;(t). Let, for ¢ = 1 and 2, A; be a diffusion tensor field, B; be a vector field and C; be a
scalar field, each continuous on ;(t). Let f1, fo and g be time-dependent functions on 4 (t), Q2(¢) and
I'(t) respectively. More precise definitions of the problem data are given in Thm. 2.16. We are interested
in well posedness and a suitable finite element scheme for the solutions of the following problem: Find
scalar fields u; on the subdomain Q(¢) and ug on the subdomain 5(t), which satisfy:

Oy — V- (Ai(t; 2)Vu,) + Bi(t; ) - Vu + Ci(t; x)uy = fi(t; x) in Q;(¢), (1.1a)
ug =0 on 01, (1.1b)
up —ug =0 on I'(t), (1.1c)
A (t; x)iul — As(t; .’I;)iUQ =g(t;x) on I'(¢), (1.1d)
al/r I'(t) 8Z/F I'(t)
u; (0) = u? on ;(0). (1.1e)

Such equations can arise as subproblems when modelling the transport and diffusion of the concentration
of a dissolved chemical species in evolving spatial domains. In particular, we mention applications in
fluid dynamics [1, 11, 49], materials science [10, 28] and cell biology [29, 47, 50].

There are two main difficulties concerning this problem. The first of which is the evolution of the sub-
domains and the second is the presence of a discontinuous jump across the interface. One common
approach to moving domains is the ALE (Arbitrary Eulerian Lagrangian) method, see [32, 38, 48]. This
involves having a parametrisation of the evolving region. The flow associated with this parametrisation
could be physical or could be made to fit a specific purpose such as in [18] where the flow is chosen
using knowledge of the surface velocity to construct a harmonic extension. Another common method is
to use a discontinuous or immersed Galerkin method [2, 40, 51]. In this paper we propose and analyse an
ALE approach using evolving finite elements on an evolving fitted mesh allowing the use of isoparametric
elements that accurately approximate the boundary and result in higher order error estimates. The
underlying parametrisation is assumed given.
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The key contributions of this work are:

e We provide a functional analytic setting to show well posedness of the continuous problem, (1.1).

e We provide an ALE approach based on evolving isoparametric finite element spaces attached to
evolving sub-domains. The evolving mesh is based on moving the Lagrange nodes with a given
known smooth velocity. Achieving a higher order method requires a good initial mesh.

e We provide a robust error bound which demonstrates the error in an L? norm is bounded, up to
a constant, by h**! where h represents the mesh size and k is the degree of polynomials used
both for the discretisation of the domain and the solution. This is the same order error as if we
interpolated a known smooth solution.

e Numerical results and the simulation code are provided both to demonstrate the results and to
allow others to use the implementation.

The assumption is made that we are given a global, smooth velocity field w. Furthermore, the velocity
field is such that moving the nodes of the mesh with the w preserves the regularity of the mesh over time.
The velocity may be derived from physical considerations or otherwise an arbitrary velocity constructed in
order to define a well behaved numerical scheme. We do not address how to achieve such a velocity in this
work. There are methods in the literature to prevent mesh deformation, which involve re-parametrising
the flow responsible for the movement of the interface into a more suitable flow, see, for example, [9, 19, 20].

1.1. Outline. Sec. 2 gives a well posedness analysis of the continuous equations along with the necessary
functional analysis setting. The finite element construction is in Sec. 3 and the finite element scheme is
in Sec. 4. An optimal order error bound is shown in Sec. 5 under smoothness assumptions on the domain
and its evolution and the solution. Sec. 6 includes a time discretisation of the finite element scheme along
with numerical experiences demonstrating the error bounds are tight. The Appendix includes further
details of the proof the well posedness of the continuous scheme.

2. EVOLVING SPACE FORMULATION AND WELL POSEDNESS

In this paper, ¢ will be used as a generic constant that depends on no quantity of particular importance.
We use (-, ) for an inner product on a Hilbert space H and (-, ) x as the dual pairing between a Banach
space X and its topological dual X”.

2.1. Evolving Hilbert Spaces. We set up the necessary tools from the theory of evolving Sobolev
spaces which were introduced and developed in [3-5]. We will only concern ourselves with the Hilbert
case. A more general theory is developed in [3] concerning general Banach spaces. Let I = [0,7T] be a
closed time interval and let { X (t) };c; be a family of Hilbert spaces equipped with norm || - || x (). Assume
that there exists a linear map ¢; : X(0) — X(¢) satisfying the following properties:

B1 The map ¢, is invertible for all ¢ € I with inverse denoted by ¢_; and ¢y being the identity.

B2 There exists a constant C' independent of time such that |[¢:n|x) < Clnllx (), 07l x©0) <
ClInl x ), for all n € X(0) and 17 € X(t), for all t € I.

B3 The map t — [|¢n| x(+) is measurable for all n € X(0).

Here and elsewhere we use the notation ¢;n to denote the map ¢, applied to n. If such a map ¢, exists
then we call it the flow map and the pair (X (t), ¢¢)icr a compatible pair. Given a compatible pair, define
the Hilbert moving spaces as:

Bei= {0 X0 0o Q0.0 6-i000) € 225X (0D, (2.1)
tel
2
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and the uniformly bounded equivalent:
g = {1 U@ x (0 10 (0.0 |6-70) € LX) . (2.2
tel

We identify n(t) = (7(t),t) with 7j(¢). The spaces L% are equipped with the norm:

T 2
Inllze = (fo Hn(t)”%((t)) for p =2,
X
esssupcpo,7) [11(t)[|x) for p=oc.

L% is indeed a Hilbert space, see [3, Thm. 3.4]. The analogues of the spaces of continuous functions and
of compactly supported smooth functions are defined as:

Ch = {ns T X0 x 0, ¢ @00 6-0(0) € CHEX(O) .

tel
D= {15 UK x (0, - @00 |6-470) < D XO) |
tel
Remark 2.1. (1) The use of a Cartesian product x inside the union in (2.1) rather then just taking

the union of { X () }+er by itself is in order to guarantee a disjoint union which is crucial to identify
the function point-wise.
(2) Note that the spaces L% do not depend on the choice of the map ¢,.

The strong material derivative in the evolving Hilbert space setting is defined as follows:
O = p10y(p—m), mn € Cx.

Lemma 2.2 ([3], Thm. 2.4). Given a compatible pair (X (t),¢¢)cr, the maps ¢ : L*(I; X (0)) — L%
and ¢_¢ : L% — L*(I; X(0)) define continuous linear isomorphism to their respective spaces.

Now assume {X (¢)}rer, {Y(t)}rer and {X*(t) }+er are families of Hilbert spaces, with X*(¢) the dual of
X(t) for all t € I (crucially, X (t) and X*(¢) are not identified). Assume further that for all ¢t € I, X (¢t) C
Y(t) 2 Y*(t) € X*(t) constitutes a Hilbert triple (in the sense that X (¢) is densely and continuously
embedded into Y (¢) and Y (¢) is identified with its dual via Riesz representation). It is also assumed that
there exists a map ¢; : Y (0) — Y'(t) with ¢¢|x (o) : X(0) — X (t) with adjoint flow ¢*, : X*(0) — X*(1),

(D i f,v)x) = ([, 0-tv)x0), [ € X™(0),ve X(t),

such that (X (1), ¢¢|x))ter, (Y (), ét)ter and (X*(t),¢* ;)ser all define compatible pairs and therefore we
can define the spaces L%, L%, L%. with their respective flows. In this case, just as for Bochner spaces,
we have the have that (L% )* is isometrically isomorphic to L%. [3, Thm. 3.7]. Moreover, the Hilbert
triple structure is preserved: L% C L} C L%.. Note that L} remains a Hilbert space with a natural
inner product structure, see [3, Rem. 3.9]. In order to generalise the concept of a “weak time derivative”
to the evolving space, we first assume the following;:

D1 The map t + (prwo, d1v0) x (1) = (P1wo, P+v0)y (+) is continuously differentiable for fixed wo, vy €
Xo.
D2 For all t € I, the map:
d
[wo, vo] +> a(@wo,(%vo)y(t),
for [wg,vg] € X(0) x X(0) is continuous.
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D3 There exists a constant C) independent of time such that, for almost all ¢ € I and wyg, vy € X(0),
we have:

d

—(rwo, d1v0)y (1)

o < Cillwolly o) llvolly (0)-

Definition 2.3. Let Ass. D1 to D3 hold and label:

, w,v € X(b).

d
Altsw,v) := [dt(@woy@vo)yu)]
(wo,v0)=(¢—rw,p—¢v)

Then A(t;+,-) : Y(t) x Y(t) = R is a continuous, symmetric, bounded and bilinear for almost allt € I.
We say w € LY has a weak material derivative if there exists v € L. such that:

/ (w(t), 05 n)y () dt =/ ((t),n) x ) + At;w, ) dt,
0 0

for allm € Dx. We label the weak material derivative v = 0fw.

This definition follows all properties we expect from a weak derivative, such as being equivalent to the
strong material derivative if the function is regular enough.

This allows us to define the equivalent of the Bochner solution space.
Definition 2.4. We define W(X,Y) := {v € L%, dfv € L} } with the norm:
ol cxyy = ol + 1070l12s
and the solution space W (X, X*) := {v eL%, Ove ng} with the norm:
ol = llolZs + 95012 .

Definition 2.5. The space W(X,Y') is said to satisfy moving space equivalence if:

veW(X,Y) < ¢_ve W>(X(0),Y(0)),
where W?2(X(0),Y (0)) = {vo € L*(I; X(0)), drv € L*(1; Y (0))}.

Theorem 2.6 (The Transport Theorem). Assume v,w € W(X, X*) and the moving space equivalence is

satisfied, then, the map t — (v, w)y () is uniformly continuous and for almost allt € I, and the following
holds:

4
dt
Moreover, CY- — W (X, X*).

(v, W)y @) = (O v, w) x (1) + (OF w0, v) x (1) + At;u,v).

See [3, Sec. 4.5] for proofs.

Lemma 2.7 (Characterisation of Material Derivative). Let the moving space equivalence hold for W (X, X),
then for v € W(X,X), we have v € C% and there exists a function vg € W*?(X(0), X(0)) such that
v = ¢vg. Moreover, Ck is dense in W(X, X).

This follows from [3, Lem. 3.20]. Importantly, this implies dfv = 0 if and only if v = ¢;vg for some
Vo € X(O)
4
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FIGURE 2.1. An example configuration of the domain.

2.2. Setting up the Domain. Let © be a stationary domain in R?, d = 2,3, with piecewise linear
boundary and let {T'(t), t € I} be a family of closed compact connected C2** (k > 0) hypersurfaces with
I'(t) C Q2. Let Q4(¢) be a domain in © without boundary 04 (¢t) = I'(¢) for all ¢ € I. Let Qa(t) := Q\ Q4 (¢)
and assume that I'(¢) N 02 = @ for all ¢ € I, then:

Q=0Q;(t) UQa(t), U (t) NQa(t) =T(t), 0Qa(t) =T (t) UIN.
A sketch of the domains is shown in Fig. 2.1.

Remark 2.8. The assumption that the outer boundary is piecewise linear is made to avoid having to
analyse perturbation of the domain for Dirichlet boundary conditions, however the presented method
and analysis can easily be altered if one removes this assumption.

We label the outer normals of €21 (¢) and 5 (t) by vp) and vgq,t) respectively. Let:
Q= Jut) x {t}, Q:=Qx I

tel
Furthermore, we assume there exists a given, global velocity field w transporting 4 (¢) and Qs(¢), i.e
W - vp()|r@y = Vr where Vr is the normal velocity of I'(t), W - v, lar) = —Vr and W - vgq, @ lar = 0.
Throughout the paper this velocity is assumed to be of regularity w € C(I; C(€;R?)) with wy(t;-) €
C?(Q;(t); RY). Let ®;(¢;z) : ©;(0) — ;(¢) be the solution to the ordinary differential equations:
d
atﬁi(t; x) = w(t; ®;(t;x)) x € 9,(0), (2.3)
®,(0;2) = x.

We assume the solution exists and is of regularity ®; € C1(Q;;RY) with ®;(¢;-): Q;(0) — Q;(¢) and
®,(t;-) € C?(Q4;(0); R?Y), see [46, Thm. 1.45] and [30, Thm. II.1.1, Sec. V] for the necessary additional
conditions. Furthermore, both ®;(¢;-) are invertible diffeomorphisms for all ¢ € I with Im(®,(¢;-)) =
Qi(t). We denote by ®;(—t,-) the inverse of ®;(¢,-). Since we assumed w € C(I;C(;R%)), it follows
that ‘Pl(t;x)\p(o) = B, (t; $)|p(0).

Remark 2.9. For the abstract formulation of the problem, it is only required to assume that the velocity
field w is of sufficient regularity. However, for the purpose of evolving the mesh later, we will assume
this velocity field is known explicitly.

5
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Let J! denote the determinant of Jacobian matrix, J! = det[V®;(t;z)]. The prior assumptions imply
JH() € CH(;(0);R) and there exists Cq independent of time and space such that:

1
< ?<
O < |J7| < Cq,

and J; " denotes its inverse.

Remark 2.10. Note that we have assumed the global parametric velocity w is given. The solution of the
partial differential equation system is independent of w apart from the requirements that wr - vp) = Vr
and w - vy = 0. However the evolving mesh does depend on w hence the discrete solution depends on
the full parametric velocity.

Let dr(t;x) be the signed distance function to I'(¢):

dn(tie) = {—inf{|x —yliyer@)}, forze Qi(t),

inf{|z —y|:y € T(¥)}, forz € Qa(1).
Then, since the interface is of class C?, there exists a constant § > 0 such that if 2 € Np(t) ={x €
Q. |dr(t; )| < §}, it can be uniquely decomposed as:
x = dr(t; 2)vp) (I (z)) + i (2), (2.4)

where II;(+) is the nearest point on I'(¢), i.e, II;(x) := inf{|y — z| : y € T'(¢)} (see [42, Sec. 2.3]). We refer
to the set Np( as the tubular neighbourhood of T'(t). Note that 0 can be chosen independently of time
by the fact that I is compact. Moreover, via the assumption that I'(¢) N 9Q = 0 for all ¢ € I, 6 can be
chosen small enough such that Ny N0Q = @ for all ¢ € 1.

For the error analysis, we require further regularity of the flow to yield the results collected in the following
lemma.

Lemma 2.11. Let © € N. Assume further regularity on the flow map ® € C?*® (I;C**° (Q;(t); R?))
and the initial surface T'(0) is class C*+®, then the following geometric quantity have additional regqularity:

t) is of class C?T9,
JH() € CHO(Q4(0); R),
dr(t;-) € C*O(Npgy; R),
I (-) € C'"O(Npy; RY).

I

See [24] and [26, Lem. 14.16].

2.3. Realisation. For a given function v acting on 2, we decompose it as:
U1 = UXq, ) V2 UXﬁz(t)a
where X, = 1 if € Q;(t) and zero otherwise. A function v on Q will be identified as the pair
v = (v1,v2). The jump operator [Jr) : C(Q1(t);R) x C(Q1(t); R) — C(T'(¢); R) as:
HU]]F(t) = [v — UQHF(t)'
This functional has a natural extension on the Cartesian product of standard Sobolev spaces H*((t)) x
H'(Q(t)) via use of the trace maps; T(t) : H(Q4(t)) — HY2(0Q4(t)), i € {1,2}, (see [45, Sec. 7.2.5]
for an extensive definition of the trace map) as:
[vlr@) = [Ti(®)vr = Ta(t)va]lr)-
6
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We define the following spaces:

2
H(t) = LX) x L2 Q). olFq = D lvillZ2@i )

2
V() = {v e H'(Qu(t) x H'(Qa(t), [lrw =0, valoa =0}, ollfy = D lvilli @,
i=1
2

Z(t) == {w € V(t)| w; € H' (:(1))}, ||szk ) ‘= Z ||wzHH1+k(Q )"
i=1

Note that due to the continuity of the trace operators T;(t) on H'(;(t)), V() defines a closed subspace
of HY(Q1(t)) x H*(Q2(t)) and contains Hg (21 (¢)) x HE(Q2(t)), hence is dense within H(¢) . For an
element v = (vy,v2) € V(t), we will identify v|q, ) = v1 and v|q,r) = ve. We also define the interface
space:

2

vy
Hl/Q(F(t)) = {’U S LQ( ( )) |’U|H1/2 (T(¢)) < OO} |U|H1/2(F (1)) / )/ |x — y|(d )| dl:dy7
I(t

with norm given by:

||U||§{1/2(r(t)) t= ol e o) + |U|§{1/2(F(t))'

Then, H'/?(I'(t)) is a Hilbert space and moreover is dense and compactly embedded in L*(T(t)) (see
[39, Sec. 2]). For consistency of notation, let Vp(t) = H'/2(I'(t)) and Hr(t) = L*(T(t)), and identify the
Hilbert triple Vr(¢) C Hr(t) C Vi(1).

Now for a function v € H(t) and w € Hr(t), the respective flows are defined as:
drv = (v1(t; P1(—t; ), va(t; Ba(—t; ),  drw = w(t; P1(—t;x)).

Lemma 2.12. The pairs (V(t),¢¢)lter, (H(t), ¢e)leer, (V7 (8), 0% )leer, (Vr(t), de)leer, (Hr(t), ¢o)leer
and (Vii(t), &%) |ter are all compatible.

Assuming the added regularity ®;(t;-) € C*¢(Q;(0);RY)), the pair (Z1,(t), ¢¢)|ter is compatible.

Proof. Ass. Bl to B3 need to be checked. This will be checked only for V' (¢) as a similar logic can be
employed for the remaining spaces. B1 follows from both ®(—t;z), ®2(—t; ) being invertible diffeo-
morphisms. For B2, via simple manipulation:

leevly oy Z [vi(t; @i(—t;.2))° + [Voi(t; Bi(—t; 2))
Qi(t)

-y o [ 9t ) P 2) )1 (25)

< e(| T | Lo (9, (0)) [V i(—t, )| oo (0, 0) 1013 (0)

The bound follows from the assumption on the regularity of the velocity field. The same method shows a
similar bound for ||¢_;v||y (o) < ¢||v]|v () for allv € V (t). To show measurability, 53, note that the second
equality in (2.5) is continuous. For the compatibility of the boundary spaces Vr(t), Hr(t) and Vi(t), see
[5, Sec. 4 and 5]. Under the added regularity the compatibility of (Zx(t), ¢+)|ter follows similarly. O

We will identify both V(¢) C H(t) C V*(t) and Vr(t) C Hr(t) C Vi (t) with the structure X (¢) C Y (t) C
X*(t) developed in Sec. 2.1.
7
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Lemma 2.13. The moving space equivalence is satisfied between W (V,V*) and W(V(0), V*(0)).
Proof. The proof follows similarly from the one given for [3, Prop. 7.4] as by assumption the Jacobian
determinate is at least of regularity Jf € C1(I;C1(€;(0); R)). O

Remark 2.14. It does not matter which of the flows ®;(¢;x) is used to define Hr(t) as ®1(t;x)|r@) =
®;(t;2)|r(0). Moreover, it can be shown that v = (v1,v2) € V/(¢) if, and only if, v1xq, ) +v2(1=x0, (1) €
H}(9) with equivalent norms, hence the space V (t) can be thought as an identification of the components
of a functions in H}(Q).

We may define both moving space triples L, C L C L3 and L3, C L3, C LQF.

Theorem 2.15 (Reynolds’ Transport Theorem). Let g; € C1(Q;;R), then:
g2 2
— 9i = / Ogi +wW-Vg; +g;V - w.
dtlz_;/ﬂl(t) [ ; Ql(t) tYi [ 7

Proof. We use another version of Reynolds’ Transport Theorem given in [42, Sec. 2.5]. For g = (g1, 92) €
CY(Q1;R) x C1(Qy;R), then:

d
T g= / Org — l9lre Vr.
O\ (t) Q\I(t) r(t)

Note that here Q\ T'(t) = Q4 (¢) U Qa(t), and:

2 2
Z/ W Vgi+gV-w=>_ V. (wg) = —/ (wgil - voq —/ [walre - vre,
o1 ) o0 I'(t)

i=1 7%
= —/ lolr Vr- O
()
Note that via use of the chain rule and the definition of ®(¢;-) (2.3), for a function n; € C1(Q;; R):
= 0mi(t;y) + 0u(Pi(t; 2))|o=a, (—1) - Vit 2),

r=%®;(—t;y)
= Omi(t;y) + w(t;y) - Vi(t; o).

L‘Zt (i (t; B, (t; w))}

Giving us back the classical definition for the material derivative, see [27, Sec 1.1.1]. For a function
v € C},, we define:

ofv = rj)t%(vl(t; D, (t;x)), va(t; P2(t;2))) = ([0 + W - V]ur(t;2), [0 + W - V] (t;2)) =: (Ofv1, Of va).

One can check that due to the regularity of the flow, the assumptions D1 to D3 are satisfied on the triple
V(t) C H(t) C V*(t), moreover, via Reynold’s transport theorem, one can check that the bilinear form
A introduced Sec. 2.1 in this case becomes:

2
Atvo,m) = (V- wo, e =3 / vl (2.6)
=1 i

See [3, Lem. 6.3] for more details.
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2.4. The Weak Formulation. Taking the strong problem (1.1), assuming there exists a regular enough
solution u, we can rewrite the partial differential equation as:

Ofu; + V- wu; — V- (A (6 2)Vug) + [Bi(t; x) — wl - Vu, + [Ci(t ) — V- wlu, = f. (2.7)

Here the term V - w, corresponding to the previously identified bilinear form A(¢; -, -), (2.6), is introduced
to get the equation in a more convenient form. Then testing with a function v € L%/ and using the
interface condition, we arrive at the following variational problem:

T T 2
/ (OFu, v)y(p) dt + / At u,v) + Z/ A;Vu; - Vv, + [B; — w] - Vu;v; + [C; — V - wlu; v; dt
0 0 = Ja,)

=:a(t;u,v)

T
- / (Frobv + (9,0 d.
0

=:1(t;v)

Note that here the Hilbert triple structure is used for the duality pairings; (f,v)v) = (f,v)m@) and
(9, V)vrt) = (9,V)2p (1), and we have the initial condition u(0) = ug. This gives us the weak formulation:

T T
/ (OFu, v)y () + a(t;u,v) + At u,v) dt = / I(t;v) dt, (2.8)
0 0

for all v € L%/. Moreover if, instead v € W(V,V*), we get the equivalent formulation via the transport
theorem (for notational convenience later on, we will label the inner product (-,-) g =: m(t;-,-)):

%m(t; u,v) + a(t;u,v) = m(t;u, dpv) + 1(t; v).

If fu € L%, then via identification of the Hilbert triple, we have:
(Ofu, v)y )y = m(t; Ofu,v),
and the problem can be restated abstractly in this case as u € W(V, H) being the solution to:
m(t; Opu,v) + a(t; u,v) + At u,v) = U(t; v), (2.9)

for almost all ¢ € I, and all v € L%,.

2.5. Well Posedness.

Theorem 2.16. Assume the following:

Al The coefficients A; € C(Qy;RY*?), B; € C(Q;;R?Y) and C; € C(Q;;R);
A2 There exists a constant v > 0 such that:

inf inf i(; T > 2 Rd' 91
%Ielfmelgi(t)A( se)€-&0 = lElT Ve e RY (2.10)

A3 (uo, f, g, wi,w) € H(0) x L{,. x Li, x C1(Q;,RY) x O(I x 5 RY)),
then there exists a unique solution uw € W(V,V*) to (2.8) with inequality:
fuliw < € (1fls5. + lallag, + ol )-
r
Furthermore, if it holds that:

A4 (ug, f,9,A4;) € V(0) x L% x W(Vr, Vi) x CH(Q;; R*) | and A; is symmetric,
9
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then the solution is of additional regularity w € W (V, H) with bound:

el v < c(nfn% T lwoly oy + ||g||W(vF,V;>).

Proof. The existence and uniqueness follows from a standard application of the Babuska-Lax-Milgram
theorem in conjunction with Poincaré’s inequality, detailed in [4, Thm. 3.6]. The proof of additional
regularity under Ass. A4 is given in the Appendix (Lem. A.4). O

Furthermore, in order to analyse the error in the finite element approximation of the material derivative,
it is convenient to define notation for the derivative of the bilinear form a(¢;-, ) to be:

d
b(t; v, w) := %[a(t;v,w)} —a(t; 0fv,w) — a(t;v,0fw), Yv,we W(V,V). (2.11)
Then, assuming furthermore that A; € C1(Q;; R¥*?), B, € C1(Q;;R?) and C; € C*(Q;;R), the bilinear
form b(t; -, -) exists and can be explicitly calculated as:
b(t; v, w) / DA (w, A;, v;,w;) +DB(W B, v;, w;)

+ v, w0 C; =V -w|+ V- -w[C; — V- -wlv,w;, (2.12)
where
DA (w, Ai, vi,wi) = (0P Ai(t;2) + V- wA; (t;2)) Vo, - Vwy — 2D(w, A;) Vo, - Vo,
DB (w, By, vi, w;) = P [Bi(t; x) — w] - Vv w; + [Bi(t;2) — w] - Voyw;V - w

d
Z V Wk)vkvz ws,
7,k=1
d
1
[Di(w, Al = 5 D LAt )5 Vews + [Ai(t2))i Vow;.
r=1

Note that the derivative of the bilinear form m(t;-,-) is already assumed to exist and equals A(¢;-,-)
introduced in Sec. 2.1.

3. EVOLVING FINITE ELEMENTS

From this point on, we assume the additional geometric regularity as described in Lem. 2.11. We begin
by detailing the initial triangulation of the domain and follow with the construction of the evolving mesh.
In order to relate discrete and continuous functions we introduce the concept of a lift mapping and then
finally define evolving finite element spaces.

3.1. Construction of the Initial Domain.

Initial Mesh Construction/Assumption.:

M1 We first perform a partition into d-dimensional simplices corresponding to a polyhedral approx-

imation Q" of the interior domain Q;(0), Q" = Ml Kj = {K };yill, where K7 are the

simplicial elements of positive diameter, bounded by some h, and M is the number of elements.
10
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pmr
o

fh—

M2

M3

M4

M5

M6

F1GURE 3.1. Showing the difference between a non viable initial mesh and an adequate
one for a circle enclosed in a square. The one on the left breaking condition M5 whereas
the one on the right following condition M/5.

The set Qh =0\ Q is polyhedral and we construct a partition into d-dimensional simplices
Jl : {Kj }M?1 with maximum diameter h. Let J 7h — U2 1T} 7P assume that all partitions
{jl ,JI, Jh} are admissible, shape regular and quasi-uniform in {Q7, Q4 Q} respectively, see
[12, Def. 5.1].

Each element K contains d + 1 facets labelled {EJ };i;_"% C K. We refer to the set of all facets of
all elements in J" by J, .

For F € ja, if there exists IN(l S jl and I?g S jQ such that E = I~{1 N 1?27 then we call E an
interface facet and label the collection of those facets jF and the union of interface facets . If
for a given E there is only one element K € j2 such that E C K then such a facet is called a
boundary facet.

We restrict the vertices of interface facets to be on T'(0), i.e, if E is an interface facet, and {Zii5 a-!

j=1
are the vertices of E, then {E% ?;11 C T'(0). Conversely, we will assume that if a facet has all its
vertices on the interface, then it is an interface facet. See Fig. 3.1 for an example.

Let IA(ref be the reference element of J (i.e for all KeJ , there exists an invertible affine map
F5 such that Fg(f(ref) =K ). The reference element is then equipped with the standard k"
(k € (0,0)) Lagrangian element triple (Kef, PF, $F) (see [13, Sec. 3.2]) where P* is the set of
kth order Lagrange polynomlals and 3* is the dual basis of ]3’C which in this case takes the form
S = {X — x(@), a € N( ref)} where N(Kref) is the set of Lagrangian nodes in Kref Let
(K, P*,3%) and (K’, P'*, $'*) be two adjacent elements in 7, the following assumption is made

(U w=( U, #)on

aeN(K) o’ EN(K")

i.e the Lagrangian nodes are shared between two adjacent elements.

Note that via construction, Ec jlfﬂ if and only if there exits an element K 1 € jlh and I?g S th with
E = K; N K, and hence T = Q%(0) N Q2(0). This construction defines Lagrangian triangulated bulk
domains ((2’;,?2’5,?2’1), and fg defines a triangulated hypersurface, see [22, Def. 4.14 and 6.14]. After
the initial triangulation, we define the isoparametric version using the same method as [22, Sec. 8.5]

11



ESFEM PARABOLIC TRANSMISSION

S} Degree of additional geometric regularity assumed in Lem. 2.11.
(Amf, P*, E’“) Standard k — th order Lagrangian reference element, with k € (0, ©).
a Lagrange node of the reference element.
ie{l,2} As a subscript, will always only refer to which of the domains
the quantity appertains.
Qb Th Initial Triangulation of the domains and interface(at ¢t = 0).
jzh, jh, jlfb Partitions of Qf,ﬁ and " respectively.
K , E, a,a Element /Facet/Lagrangian node/vertex appertaining to Jh.
h Diffeomorphism map ¥": ﬁf — Q.
Iy (z) Minimal distance projection onto I'(0).
Q1(0),T7(0) Triangulated bulk domains (hypersurface) approximating ©;(0), T'(0).
Tk, gh, b Partition of isoparametric element of Q(0),Q, T'"(0).

C.M. ELLIOTT, T. RANNER, AND P. STEPANOV

TABLE 3.1. List of symbols

which we detail in the following. Let I?ref be the referenge element of the partition J h with reference
map F : K. — K. For n € C(Q;R) and for some K € J", we define the interpolation operator
element-wise:

{ixI Pk}

Th
g =
{j:x? € Pk}

Let {EJI?}?Z% be the vertices of an element K € J". If two or more of the vertices are on the interface

I'(0), then the element is referred to as an interface element. Let F be the set of all interface elements
and define the following function ¥" : Q — Q element-wise as follows. If K ¢ F, then ¥"(z) = z for
z € K. If instead K € F, then expand = € K into barycentric coordinates:

d+1

T = Z ,uj(:r)&jf(.
j=1

Let Lg be the number of vertices in K that lie on I'(0) (Lx > 2 by assumptions) and assume that the
vertices are ordered so that the first Li lie on I'(0). Let:

L
() =S (@), g = {z € K, fi(x) = 0},
j=1

From the properties of barycentric coordinates, jix can be seen as the distance from the discrete interface,
with fig(z) = 1 when x is on a facet between vertices on the interface, and fix(z) = 0 when z is on the
facet spanned by non-interface vertices.

Let

S5 ()
y(z) = Z .

* fik ()
12
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Note that y(z) € K since 0 < pj(z) < fig (). Hence define:

{x + (i (@) 2 (Mo (y(2) —y(2))  ife ¢ ok,

Oh| = (z) =
‘K (z) otherwise.

(3.2)

Where TIj is the nearest point projection on I'(0), introduced in (2.4). We summarise the properties
of this map in the following theorem. For the definition of triangulated bulk domain and k-bulk finite
element, see [22, Def. 4.14 and 4.5]. We denote by I" interpolation into the space of polynomials of degree
k over K.

Theorem 3.1 ([22], Lem. 4.8 and 8.8). For h small enough, the map Wz € C*(K;R%)and is
invertible for each KeJ" and " : fg — T'(0). Define the following:
Fy = [I"®"(Fz),

~

K := Fr(Kef),

PF = (ko Fl X € ﬁk},

SF = {x > 3(xo Fx): o € &*},
then the triplet (K, Ek, Eli) with reference map Frc defines a k-bulk finite element triplet ([22, Def. 4.5]).
Let Jl' = {[I"P"(K,), K; € T}, Tt = {[I"®"1(E), E € Jt} (here [I"®"]y refers to taking the in-

terpolation with the adjacent element in J1), then { TP, Jat, T} are conforming admissible sub-divisions.
Furthermore, let:

oroy= |J K, 0= J K,10):= | E
K, eJl KeJgh EeJgl
then (Q1(0),904(0)) define triangulated bulk domains approzimating (Q1(0), Q22(0)), T(0) a triangulated
hypersurface approximating T'(0).

Now since we are dealing with an interface problem, we require additionally to check if 7" = J U J}
forms a conforming admissible sub-division of the whole domain 2.

Lemma 3.2. J" forms a conforming admissible sub-division of the whole domain Q, moreover, interface
facets are mapped to their isoparametric equivalent in such a way that:

o) = |J E=0inaj.
EeJhk

Proof. Since J" is the union of two admissible conforming subdivision, it only remains to check that
if we are given two elements K; € J/, then K{ N KS = @. It suffices to show the invertibility of the
map I"®" on Q. For an interface facet E with two adjacent element IN(Z' we require continuity across
E: \Ilh\f(l (E) = \Ilh|f~(2 (E). By construction of the mesh, = € E, ug, (z) = pk,(x) = 1. This implies
y(x) = z in (3.1) and hence both maps \Ilh|l~(i (z) = Iy(z) from (3.2). Any Lagrangian node &; on E will
be mapped by both maps to a; := (). Since each interface facet contains the exact amount of nodes
to uniquely define a polynomial on the facet, which must equal the restriction on the interface element
of the Lagrangian polynomial on the full element (see [12, Rem. 5.4]), hence for z € E:

Mg (@)= > WME @) = Y M@ )\ (),

{i:xiePk} {i:x? € Pk}
= Y W@E @)= Y E (@) = [, ().
{i:xiePk} {i:xiePk}

13
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For E € Jlﬁ, let K; € Jh be the adjacent elements to £ and K; = Ih\Ilh( ;). Since the map I"W" is
invertible onto its 1mage for each K € J 7h and is continuous across the intersection E it holds that Ih@"
is invertible on K 1 U Kg, since both elements are closed, hence:

E:=[I"®"|z (E E) = I"UM(K, N K,y) = " (K) NI (K,) = Ky N K.

Therefore the image of an interface facet remains an interface facet. Moreover, this shows that K{NK3 =
@ for any K; € J* and hence J" is a conforming admissible sub-division. O

Fig. 3.2 shows how the map I"®" deforms the original mesh. We are initially given two tetrahedral
elements of the initial meshes, one in (NZII’ and one in SNYQL, intersecting on an interface element. Applying
the map I"W" to this yields isoparametric elements whose intersection is the image of the interface
element under I"®".

/ \‘é \‘ g

FIGURE 3.2. The intersection of two interface elements (teal and blue respectively) of
different domains. The shared interface facet is then pushed by the map P" to become a
piece of I'(0). The map I"W" maps the original mesh to an isoparametric mesh approz-
imating the interface.

Let Q@ K|N(k) be the Lagrangian nodes on an element K € J", which by construction are defined as

aje = Fr(a ref), the corresponding interpolation operator for a given function 7 € C(Q;R) is given by:

Ml = > nlad)x’.
{j:xiePr}
3.2. Time Dependent Mesh. Define the flow:

B/ (t;) K, (0) = Tt 0y [@i(t; " o (T"TP) 71 (). (3-3)

We denote by ®%(—t, )|, ) Ki(t) — K;(0) the space-only inverse of ®7(;-)|f,(0)-

Remark 3.3. The flow is defined this way such that it evolves the parametric meshes Q7(0). Indeed,
decomposing ®”(¢; ) into its components:

()1 0l0) » O, B O T(0), B(t:) : T(0) > Ti(1).
14
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Hence, the flow @?(t; -) is a polynomial function approximating the evolution of the domains. Moreover,
this does define a proper flow map, as, at ¢t = 0:

B (0: )]0 = T, [¥" 0 (") @) = 30 "o [(1ME") 7 (o, )i (=),
Xjepk
= Y W@ @) = Y (@) =u
xJ Pk xi €Pk

The composition property for ®% (¢ + s;-) = ®8(t; B! (s;-)) will be shown following the next lemma.

For h small enough, this map is an invertible diffeomorphism on each element Ky € J". As before, we
summarise the construction in the following lemma.;:

Lemma 3.4. For h small enough, map ®h(t; )|z € CH(K:RY) and is invertible onto its image for
each K € J". Moreover, define the following:
Fi(-) = ®1 (6 Fr (),

K(t) = FK(t)(K)7
PR(t) := {xk 0 Filyy : xi € PF},
SE(t) == {x = o(x 0 Fxu) : 0 € SF},

then the triplet (K (t), P*(t), S*(t)) with reference map Fi (y) defines a bulk evolving finite element triplet.
Let J'(t) = {®) (1 Ki), Ki € T}, JH(t) = {@1(HE), B € Jit} and J"(t) = JI() L T (1), then
{Th@), Tht), T"(t)} are evolving conforming admissible sub-divisions (see [22, Def. 4.32]). Further-
more, let:
o= U K= J K0O.I"0= |J E=211)ns@),
K;i(t)egl(t) KeJh Eegh
then (Q8(t), Q5 (t)) define triangulated bulk domains approzimating (Q1(t), Q(t)), T(t) is a triangulated

hypersurface approzvimating T (t), and Q" (t) defines a triangulated bulk domain that is an evact partition
of

Proof. The proof follows the same way as Lem. 3.2. O

For each K(t) € J"(t), let hy () be the diameter of the flat simplex whose vertices match K (t). We
define h := max;e; maxg e () diam(K(t)) to be the maximum mesh diameter, where diam(K(t)) is
the diameter of the affine element whose vertices match K(t) (see [22, Lem. 4.9]).

Remark 3.5. This allows us to move the Lagrangian nodes via ai(_(t) = q)?(t; ai(i). The Lagrangian
interpolation operator, I h| K (1), 18 then defined in the canonical way. Moreover for x € K;(0):
0@} (tx)= ) AR(LEL)V (@)= Y w(t;®io ¥k )X (2)
{4:x7 € P*} {j: X eP*}
= Y Wt )X (5 R (1) = wh(t: B (1)),
{7:x? €P*(1)}
where one sees that w’ is the interpolated velocity with respect to the moving nodes:

wh(t;-) K. [w(t;-)]. (3.4)

Ki(t) = "
15
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Hence, element-wise, the discrete flow satisfies ODE:
d
@I () =W (t;®) (7)), @ € Ki(0), (3.5)
®"(0;2) = =,
and therefore satisfies the composition property ®%(t + s;-) = ®2(¢; ®"(s;-)), see [30].

It will be assumed that the mesh remains uniformly quasi-uniform in time, see [22, Def. 4.35] as the
discrete flow ®" can deform the mesh significantly. An example of the temporal deformation of an
evolving element is shown in Fig. 3.3. Despite interior elements of the initial partition being linear, since
the velocity used to displace the elements is a polynomial interpolant of the velocity, the resulting element
might not remain linear and can be deformed. An alternative construction, for which interior elements
remain affine, is given in [36].

FIGURE 3.3. Ezample of the temporal deformation of an interior element in three space
dimensions.

The Broken Sobolev space is defined as follows:
WEP(T(1) = {n € LNOQMD), i,y € WD) V(1) € TP (1),
Nor. ) = nloxywy  VE(t) € T () st Ki(t) N Ki(t) # 0},
equipped with the Broken Sobolev norm:

||nhH€V1,p(Ji’1(t)) = Z th”%/l.,p(}(i(t))a ||77h||W1’°°(ji’L(t)) = Kgl)%}.{?h Imllw.o0 (& (8))-
K;(t)eTl ()

Remark 3.6. The space W;”(J}*(t)) is indeed a Banach space see [22, Lem. 4.19].

The discrete spaces are then defined as:
H"(t) := LX(Q1(1)) x L*(Q5(1)),
V() = {n" € WpP (TP (1) x W (T3 (), 1t — n5|re ey = 0, and 75 [pqn = 0},

equipped with the norms:
2 2
2 — 2 2 ,_ 2
|| : ||Vh(t) = Z || : ||W1«2(jih(t))7 || : HH’L(t) T Z H ’ ||L2(Q;1(t))'
i=1 i=1

Define the map ¢! : H"(0) — H"(t) element-wise as:
(6 v") (@1, 22) := (0] (BY(~t;21)), 03 (5 (—ti22)))  for (x1,22) € Ku(t) x Ka(t) C QY(t) x Q5(1).
16
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That is
(@rv") (w1, m2) = (0] (1), 05 (y2))  for i € Ki(0),y; = B (—ti2;), 25 € Ki(2).

Lemma 3.7. (V"(t),¢!)ier and (H"(t),¢!)ie1, are compatible pairs.
Proof. This follows by the regularity of the map ®" and J"(t), see [22, Lem. 4.36]. O

Hence the moving spaces L%/h, and L%Ih are well defined. Denote the discrete material derivative by:

0
Ol = ¢} 50" m, (3.6)

for n € C},,. The bilinear form A"(;-,-) of Def. 2.3 associated with this material derivative is:
Nty o) = (V- Whnhvvh)Hh(t)v
where w” is the previously defined discrete velocity from Sec. 3.2 (see [22, Lem. 8.10] for derivation).
This allows us to define, just as before, the discrete space:
WV vhy = {o" e L}, v, € Lin}.
3.3. The lift. The last mesh related concept needed is the lift map (see [22, Sec. 8.6]). Fix t € I, if
K(t) € J"(t) is an interior element, then define the lift A (¢;-) as:
A (t; ) =z, for x € K (t).
If instead K(t) is an interface element, we first pull-back the reference map to = € Kot such that

x = Fg(+)(), then decomposing Z into barycentric coordinates with respect to the vertices ajKref of IA(ref,
we have:

and once again, let Lx be the number of vertices on the interface and assume the vertices are ordered
so that a;(mf, j=1,..., Lk, get mapped on to I'(¢), then we introduce the interface distance and the
singular set analogously:

Lk
FE) =Y (), o = (7 € R 73) = 0}

The projection is now defined on the reference element:

Lk (7
78) = 3 S yitio) = Fuco (12))

Hence the lift operator can now be defined on interface elements as:

x+ ()2 (M (y (4 2) — y(t 2 itz ¢ o,
At 2) k) = {a?+ ) =) oftheiwise.

Then, computing component wise, we see:
wi(tz) + 0P (@) P (Me(y(t2) —y(tiw))] T ¢ o,
wh(t; z) otherwise.

17
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Let z = ®"(—t;z) (depending on whether z € Q! (¢), we also use the shorthand ®_,(x) = ®/(—t;x) and
®,(2) = ®)(t; 2), depending on whether z € Q7(0)):

Nk d .

O LA@) 2 (Ma(y(t:2)) — y(ts2))] = o = (HFL )" (W (y(t; @1 (2)) — y(t: @1 (2))],

- d
= A(@)" 2o — [ (y(t; ®1(2)) — y(t; 87 (2)],
= A(@)"? [0 (y(t: @) + 0ty (t2) - [VIL(y(t; 2))] — py(t )] -
The formula for 0/'y(¢; x) can also be explicitly found:
d ~ _ ~ _
Oy(t;x) = ¢?%Fx(t> ((t; F'2)) = ¢y wh (t; Freyy(t; Fi'2)) = wh (5 y(t; 2)),

by use of (3.3) and the definition of Fi(;). Hence:

O N (t; )| k(1) (3.7)
_ {W"(t; x) + (@) [0, (y) + wh(ty) - [VIL(y)] - wh(ty)]  ifzdo
wh (t; z) otherwise

- (t;x
_ Wit e) = B(@)F [(Wh(ty) — w(t TT(y)) - ve(Te(y))vr (Te(y) +de(t9)T(y)] ifz ¢ o,

wh(t;z) otherwise,
with T'(z) := 0;[vr (i (z))] + w'(t;2) - Vvr (Il;(x))]. We have used the tubular neighbourhood decom-
position (2.4) and the following formulae:

Odr(t;x) = —w(t; Iy (z)) - vr(Uy(x)), Vdr(t;z) = vr(Ili(z)), z € Nr,
see [34, Sec. 2]. This gives us the following lemma:
Lemma 3.8. For h small enough, the map A"(t;-)|r, ) is a CFT1(K;(t);R?) element-wise diffeomor-
phism with image A" (t; QR (t)) = Q;(t). Moreover, define the following:
THt) = {A G K (O) Kit) € MO}, T'(t) =TI U T ().

Then Ji(t), J(t), T'(t) define a uniform k-regular evolving subdivision of Q0 (t), Qa(t), 2, respectively.

This follows from [22, Lem. 8.12] and the fact that facets are mapped to their evolving equivalent can be
shown in the exact same way as in Lem. 3.2. A chart representing the full set-up is given in Fig. 3.4.

For a function v? € H"(t), the lift is denoted by (-)! : H"(t) — H(t) and defined as follows:
o z) = (o] (& A" ()] ) oh (6 A (5 2)] 7))

Its inverse will be labelled by (-)7!, i.e (v™!)~! = v". Since A"(t; ~)|§;_1(t) € quiﬂ’oo(jih(t);Rd), with
norm uniformly bounded in h, and invertible, via a similar change of variable method as Lem. 2.12 we
have:

h,l|

H(t) for ’Uh S Hh(t>

allv™ vy < " llvee < e2llv™ v for " € V" (2).

allv"mwy < W [lne) < eallv

We define the analogous flow ®! : Q;(0) — Q;(¢) defined via the equation: ®(¢; A"(0;2)) = A (t; Bl (t;2)).

By the invertibility of A!, this defines a flow, for which we can associate a push-forward map ¢. and in-

verse ¢! , as before. Note that this flow satisfies all properties 51 to B3 and D1 to D3 on the triplet
18
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V(t) C H(t) C V*(t) and therefore can be equipped with its own material derivative d!:

8£C = tat(b tC’
for ¢ € O} (H.6!) (we make the flow ¢! explicit in the label for the space C(H ot)» SO as to distinguish the
space from C4). Moreover, it is shown in [22, Lem. 3.5]:

o™ = @fn")', (3.8)

for n" € C1,,.

3.4. Finite Element Spaces. Let a(t) be a Lagrangian node and J;(«(t)) be the set of elements in
K;i(t) € Ji(t) such that a(t) € K;(t), and let N*(¢) be the global set of all Lagrangian nodes in J/*(t).
We introduce the finite dimensional subspace:

Sh(t) = {xz<x?>m<t>€@h(t>e [ (ReFily:neh:
Ki(t)eT](t)

Xtk (@) = x¢ e (alt))  for all (1), Kj(t) € Fi(a(t)), Ya(t) € /\/f‘(t)}-
Combining two copies of the space yields the adequate solution space:
= {n" = (n',m3) € ST (t) x S ()| X1 (a(t) = x(alt))
for all a(t) € T"(t) N NY(t) and x5 (a(t)) =0 Va(t) € 92NN (1)},
and we equip S”(t) with the same norm as V" (t).
Lemma 3.9. (S"(t), ¢}")|ier form a compatible pair.
Proof. Since both the Lagrangian nodes and polynomials are evolved via ®!, one has by the definition

of §(t), ¢:(S(0)) = S(t). Showing the remaining criterion for compatibility can be done in the same way
as in Lem. 2.12. (]

Hence the moving spaces L?Sh is well defined.

The lifted solution space can now be defined as:

S'(t) = {x"! )}
The interpolation operator onto S'(t), I' : C(2) — S!(t) can also be defined in a similar way:
ke =Y, e X"
{ioxd € PR (1)}

where {a t)} are the lifted Lagrangian Nodes.
The following variant of the approximation lemma holds:
Lemma 3.10 ([22], Lem. 8.21). We have the estimates:

||w — IleH(t) + hllw — Ilw||v(t) < Chk+1||w”zk(t)7 forw € Zy(t),

lw = I'w|| ey + Bllw = T'wllv ) < ch?|lwllz, @), Jorw € Z1(1).
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/N /7N /7N

Initial linear fh\I/h Initial isoparametric & h ( t, . ) Evolved isoparametric A h ( t, ) Evolved Domain:
meshes : meshes : meshes : ﬁ ( t) r ( t)
Qn, T Q1(0), " (0) QL(1), T (1) 8,
A™(0;-)

Initial domain :

ﬁi(O),F(O) 'I’l(t; )

FIGURE 3.4. Schematic of the setup used. A"(¢;2) might be needed, depending on the
problem, to define the discrete data. However once the discrete problem is known, only
the knowledge of Q(0), T"(0) and ®"(¢;-) are needed to calculate the discrete solution
UM (t;-). ®!is only needed in the analysis of theoretical error estimates.

4. EVOLVING FINITE ELEMENT METHOD

4.1. Scheme. For any U", (" € VI(¢), let:

2
m"(tU" ¢ ):=Z/ Uit
=1/ Q)
2
A" (UM M) =) At AN () VU] -V (Bt A (5 2)) — W] VU !
i—1 Y Q7 (t)

+[CH A (2) = V- w(t2)|U" (",
P(t;¢") = (" My + (97 0" ) e on ey

where J", " are the discrete Jacobians with respect to the lift maps A" (¢; x)|pn@), and by regularity of
A" are of class CF(K;(t);RY), CK(E(t);R?Y), VK;(t) € JI'(t), VE(t) € JL(t), respectively.

The finite element method is to find U”(t) € S"(t) satisfying the discrete variational problem:

m"(t; 00U, ¢y + o (UM, M) + A U ¢ = 10 ¢ et e L vt e, (4.1)
dim(S™)
UM0) = U = Y (0, X)roX;-
j=1

Remark 4.1. It might not be practical to calculate ["(¢;-) for an arbitrary pair (f,g) € L% x L%F as it
would have to be calculated via numerical integration. We will assume for the rest of the paper that it
is possible to calculate these integrals exactly. See [14] for numerical integration on curved domains.

This formulation can be rearranged to a more useful form via the transport theorem with respect to the
form m"(t; -, -):

%m’%t; U, ¢ —mh (60", 0p¢") + a" (U7, ¢ = 15 ¢, (4.2)
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for ¢ € Céh. Moreover, by construction of the I (¢;-) term, for a function n* € H"(t):
Utsn™) = 1" (")
4.2. Well posedness of the finite element scheme.

Theorem 4.2. There exists a unique solution to (4.1) with continuous bound:
T
s [0 By + [ 10" iy < O (108100, + 1l + oz, )

Proof. Substituting the Ansatz:
dim(Sy)
Urtiz) = Y ot} (L),
j=1

where {X?(t;x)}?iﬂ(sh) are the basis functions of the evolving solution space L%,. We refer to [22,

Lem. 3.1] for proof of the transport property:
oxh=0 Vjiel, .. ,N(k).

Then the problem can be restated as the finite dimensional problem:

%(M(t)a(t)) + A(t)a(t) = L(t)
a(0) = ag
where:
a(t) = (o (t), ..., anw (1), [ML(1)] 0 = m" (t: x5 X
[A@®)]k = a (& X0 X0, L(t) = (1" (tx1), o 1" (6 X N 1)))-

Note that M(t) is a Gram matrix (and hence invertible). Hence, by use of standard ODE theory (see
[46, Sec. 1.6]), there exists a solution a(t) € WH(R; RN(*)). The uniform bound and uniqueness follows
from testing with U” and using the transport theorem. |

5. ERROR BOUND

The main result of this article is the following optimal order error bound.

Theorem 5.1. If the solution to (4.1) is of reqularity u € W (Zy, Zy) N L, with uniform bound:
”“HL%‘; +lullw(zy,z0) < Cus

then there exists a constant C depending on C,, such that the following holds:

hl
vy < clluo —ug|

T
sup = UM [+ [ u=0] b+ eh3(C),

Note that under the assumption of there existing a moving space equivalence on W (Zy, Zy), u € Ly
automatically (see Lem. 2.7) and hence it only suffices to assume u € W(Zg, Zx). In the next section we
set out preliminary approximation results and then prove the error bound in the subsequent section.

In the next two subsections we introduce necessary tools from [22, Sec. 3.3] in order to obtain suitable
orders of convergence. We will assume that for each space W(Zy, Zx), there exists a moving space
equivalence with W(Z,(0), Zx(0)), see Def. 2.5. This only requires the flow map ®; to be regular enough
and in particular in guaranteed if ®; is smooth.
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5.1. Geometric perturbations. Let:

bl(t;w,v) = %[a(t;w,v)] —a(t; aéw,v) —

d
bh(t; wh7 vh) = 7[a’h(t; wh7 vh)] - a‘(t; athwhv Uh) - a(t; wh7 aévh)v

dt

a.e for t € I. Similarly as (2.11), these bilinear forms can be calculated explicitly and satisfy:

a(t;w, 8lv), w,v e W(V,V),

wh ot e WV VY,

b (5w, 0)] < cllwllv [vllve, B Ew" M) < clw” v v va, Yo,w e VE), ", w" € VA (2),

for some constant ¢ independent of ¢ and h. Define A/(¢;-,-) to be the bilinear form of Def. 2.3 with
respect to the flow ®', which can be calculated to be:

2
A(t;v,w) = / V-wow,
2

where w is defined as:

- 0
W(tx) = =@ (6 Y)y=a! (—t0) -

ot
See [22, Lem. 8.15].

Lemma 5.2 ([22], Lem. 8.16). The lift satisfies the following:
sup VA" (t;-) —
tel

sup ||OF VA" (¢
tel

Il o (@r ) < ch”,

3 )l Loe n(ey) < ch”,

and the Jacobian J" := \/det [VARTV A" satisfies:

sup [|J" (t;-) — Ul poo (n(ey) < ch®.
tel

Then the following holds for the bilinear forms introduced in (2.9) and (2.11):

Proposition 5.3. There exists a constant ¢ > 0 such that for almost all t € I and for all w", v" € V*(t),

whl Ml € V(t) the following error bounds hold:

[t w, v —m (s w", ") < Ry [0 ),

IA(t; wt oMty — )\h(t wh
Nt o) = At
Ja(ts ™, ") — o
1Bt wh ool )_bh(
104t "t ooty — b(t; w
For n,¢ € Zy(t) with inverse lifts n=', ¢ !:
la(t;n, Q) —a"(tin ™,

tw
tw

b'(t;m, Q) — " (ks ¢

|
M) < MWy 0™ v e,
Lot < b lw v wllo"™ v,
M| < b [w™ v v lv )
M| < b [w™ v v lv )
Lot < b [w™ v wllo™ v -

< ™ Ml z, o <l 2,0y
NI < "l ze o I¢] 24 o)

Forn e Oy and ¢ € Zi(t), with inverse lifts n~t and (7L

lat; 04n, ¢) — a"(t:070~", 7 < k™ (Il 2,000 + 1070 2, ) ISH 22 0)-
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The material derivatives satisfy
10:¢ = 07 Cllrcey < b [Cllv ey for ¢ € Oy, (P8)
19:¢ = 07 Cllviey < eh*lICllz ey for € € C,. (P9)
Proof. In [22, Lem. 8.23 and 8.24], these estimates are proven on a single evolving domain Q(t) with

V(t) = H'(Q(t)). However, almost the same arguments cover our case. We will only show this for
(P1),(P4) and (P9), but the same method can be applied for the remaining claims.

(P1): Let J" := /det [VAMTVA" be Jacobian resulting from switching from €2;(¢) to Q%(¢). Then, the
lift itself differs from the identity only when x is in an interface element: let

M:={xcQlt): J"(x)# 1} C{x € Q(t): |dr(t;x)| < h},
and let M := {A"(t;z)| z € M} C {z € Q) : |dr(t;x)| < h}. For wh € HY(;(t)):

h,l h,l h h
/ w;" vy —/ wy v,
Qi (¢) Qr(t)

Then, via the Narrow-Band trace inequality, see [21, Lem. 4.10], we see:

hl
L2(Ml)||vi HL2(M1)~

— ’/ w? -vl-h[Jh — 1]‘ < chk||wzh’l|
M

h,l h,l
lw; | L2 < ch'?|wj |71 (2 (1))

and hence:

im(t; w™! v — ml (twh, o) =

2
z : h,l h,l h h
/ w,i 'U,L- _/h wi "U,L‘
i=1 Y Qi(t) Qp(t)
2

< hM Y ™ e o 0" L e
=1

< cthHwh’lHV(t)||vh’l||V(t)'
(P4): Domain-wise (using the shorthand A" (¢;z) = A"):

/ A, (t; m)leh’l . Vvlh’l + [B;i(t;x) — w] - Vw?’l v?’l +[Ci(t;z) =V - W]w?’l v?’l
Ql(t)

= / [Ai(t; AM)VA'"Vw! - VAPV 4 [Bi(t; A") — w(t; A™)] - VA" Vw! o
Q)

+[Ci(t; A") — Te(VA"VwW) |w! ol T
By use of both Lem. 3.10 and 5.2, P4 follows in the same way as (P1).
(P9): Explicitly expanding both material derivatives:
97 =0 ¢ +w- V(=08 +[w— W] V¢ (5.3)
Using the definition of ®. and (5.2), element-wise, for z € K (t):
0P A" (t2) = G OA" (t; " (t;2)) = 61 0B (t; A" (05 2)) = ¢ w(t; @' (t;A"(052))) = W(t; A" (t; ).
Rewriting (5.3):
OpC = 01¢ = [w = AN 2) iy 1] - VG,
=[w—I'w+I'w — O A" (t; 2) | o= an (-1 ] - VI, (5.4)
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via Lem. 3.10:
[w = I'wlly @ < ch*|wllze @), (5.5)
as for the remaining term, 97 A"(¢;y), using (3.7):
I'w — O A" (5 2) man a1 = (W (5 2) = O A (85 2)]man (i)

_ {—/7(313)’“r2 [(W"(t;y) = w(t; T (y))) - ve (I (y)rr (i (y) — dr ()T (y)]  ifx ¢ o,
0 otherwise.

Via the use of standard geometric estimates, see [22, Lem. 8.16 and 9.10] and the fact that w" is the
interpolant of w, we infer that:

HWh(t; z) — 8thAh(t; Z)HWI,OO(K(t)) < ch®. (5.6)
Combining (5.4) to (5.6) yields (P9). O
5.2. Ritz Projection. We set
a,(t;w,v) == sm(t;w,v) + a(t; w,v) (5.7)
and observe that
€llBi — wl[r~(q
oultivn) > (7= PO Yoy,

IBi — w0
L A P e [

where + is a lower bound for the eigenvalues of A; (2.10). Thus taking e sufficiently small and « sufficiently
large, we may choose x depending only on the data to ensure that the bounded bilinear form a,(¢;-,-) is
strictly coercive.

Similarly, we define
al (t;wp, vp) == km" (t;wp, vp) + a (t;wh, v1),
which is also coercive provided & is large enough, independently of h, by the same argument.

The Ritz projection 11" : V (t) — S"(t) is defined as the solution to:
ap (10 (n),0") = ax(tin, o) Vot € (), (5:8)

and 7"y := (II"n)!. By the coercivity and boundedness of a”, this gives us a uniformly bounded and
linear operator II": V(t) — S"(t). Moreover, it is further proven in [22, Lem. 3.9] , that II"n € C%, if
n € CL and it follows by use of the same method that IT"n € Cgh if n e Cy.

Lemma 5.4. The Ritz projection can be evtended as a continuous linear operator TI"(-) : L — L%h.

Moreover, if n € W(V,V), then I"(n) € W(Sy,Sh) = {v" € L%, 9" € L%,}. In particular,

() : W(V,V) = W(Sh,Sn) is linear and bounded uniformly in h.
Proof. Integrating (5.8), we see, that for all v € L?,;h:

T T
/ aZ(t;Hh(n),vh)dt = / an(t;n,vh’l)dt.
0 0
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By point-wise coercivity in time of a”, we also get the coercivity over L?sh' Since L‘Qsh is a closed subspace
of a Hilbert space, and fOT ax(t;n, (-)') dt defines a bounded linear functional on L%, , via the standard
use of Lax-Milgram, there exists a unique solution, labelled IT"(n) and we achieve the bound:

T
M@l < s et < s (59)

1)’L€Lih Lo ||=1

Hence IT1"(-) is continuous. Note that the bound in (5.9) can be taken to be independent of h, this is due
to the fact that both the bilinear form a, and the lift map (-)! are both bounded independently of h.

To show the second claim, assume 1 € W(V, V) and set ¢ as the solution to:
T T
/ ali(t; ¢, ") dt = / a(t; 9, o) = b (6T, o) + B (8,01 dt, Vo' € L. (5.10)
0 0

The via the same argument as before, there exists a unique ¢ € L%h solving (5.10) with bound:
||C||L§h < clnllww,vy, (5.11)

and similarly as before, the bound in equation (5.11) is independent of h. Since n € W(V,V), it is also
in CY, by Lem. 2.7, n € CY, and therefore II(n) € Cg,.

Define:
t
wh = ol [ ohc(o)ds + g ) 0).
0

Via the isomorphism lemma (Lem. 2.2), ¢ .((s) € L?(I;8"(0)), the standard Bochner space and therefore
is Bochner integrable. Since S"(0) is a closed linear subspace, the definite Bochner integral of a function
inside §"(0) remains in 8"(0) for all ¢ € I. Using the isomorphism again, we see that w" € L%,. We
will show that w”" = IT"7 which will show the second claim. Indeed, w" € W (8", S") with 9lw" = (.
Substituting this back into (5.10):
T T
/ al (t; Ot w, v") dt = / ar(t; O, ™) — b (8, 1T, oP) + L (¢, 0™ 1) dt, Vol € L, (5.12)
0 0

using the definition of b”, we see that, for v" € W(S", S") with v"(0) = v"(T) = 0:

T T
/ al (t; Ot w" o) dt = / —bh(tw" o) — al (80", O dt,
0 0

T T
/ ax(t; O, ™) dt = / bl (t;m, ™) — an(t;n, (000" dt,
0 0

using the commutation properties of the material derivatives 9 and 9! (see (3.8)). Substituting these
expression back into (5.12):

/OT ax(t;n, [080")Y) — al (t;w", ") dt = /OT bl (t;w — T, o™) dt. (5.13)
Using the definition or the Ritz projection (5.8), we arrive at:
/OT al (t; 1y — w", ool dt = /OT bl (t; wh — Ty, ™) dt. (5.14)
Testing this equation with v"(t) = ¢(¢)y"(t) with ¢(t) € D(I) and ¥"(t) € W(S",S"), we see:

T T
/ p(£)al (T — wh, 8P ") + f (£)al (8 T — wh, ") dt = / (OB (65 w” — Ty, ") dt.
0 0
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Then, via the fundamental lemma of variational calculus, see [33, Thm. 1.2.1 and Lem. 1.2.1], and the
fact that a”(¢; T1"n — w", ") is continuous as " (n) — wh, Y" € C’gh, we get that for all ¢t € I:

t
al (t; 11y — wh ") = / bl (s; Iy — wh, ") + alt (s; 11y — w", 00y") ds (5.15)
0

Fix ¢t € I and test with 1" (s) = ¢"¢" ,(I1"n — wh), we see that 91" (s) = 0 and hence, via the coercivity
of ar and compatibility:

t
[Ty — whlli«h(t) < c/ bl (s; 1"y — w",y") ds,
0

t
< C/ [Ty — U/hHsh(s)”Hh?? - whHsh(t) ds.
0

By use of Young’s inequality:

t
[Ty — whth(t) < C/o |y — wh|‘?§,L(s) ds.
This holds for arbitrary point ¢ € I and hence can be repeated to see that this holds for all of I. By use
of Gronwall’s inequality it must be that:
[T — w" %y = 0,

and hence 11"y = w” and therefore I1"n € W (S",S"). As for the bound on II"7, we see that, since
opwh = 0PI (n) = ¢, using (5.9) and (5.11) we see that ||[II"(n)|lw sr sn) < cllnllw(v,v) independently
of h. O
Note that a(t;-,-) and al(t;-,-) satisfy all the same estimates as a(t;-,-) and a”(t;-,-) in (P1)-(P9).

Remark 5.5. We note that via the commutative properties of the material derivatives (see (3.8))
[ORTT" (v)]E = Olmh(v) for v € W(V, V). Hence we also conclude that the lifted Ritz map " : W (V,V) —
W(S!,8!) is continuous as well, again uniformly in h.

Define the dual solution operators Ry : H(t) — V(t) and Ry : Hr(t) — V (¢) to be the solutions to:
ax(t;w, R (v)) = m(t; w, v) Yw € V(t) (5.16)
ax(t;w, R (v)) = (0, )30 Yw € V(t). (5.17)

Hr(t), Vr(t) are defined in Sec. 2.2. We aim to show that these operators satisfies the following regularity
condition:

Lemma 5.6. Assuming additional reqularity on the data: A; € WH>°(Q;(t); R*), B; € Wh°(€Q;(¢); RY),
C; € WHe2(Q,(t); R), the operators Ry, Ry, satisfy the regularity bounds:
IRu (W)l 2,y < ellvllme (5.18)
Rwe ()l 2ty < ellvllae - (5.19)

Proof. Writing (5.16) explicitly, we seek a solution R g (v) to:

2
Z A Vw; - VRy(v) + [B; —w]- Vw;Ry(v) + [C; + £ — V - w]w;Ru (v) = m(t;w,v).  (5.20)
i—1 7 (1)
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We note, by increasing « more if needs be, (5.20) is still coercive. Hence there exists a solution R (v) €
V(t) via use of the Babuska-Lax-Milgram theorem. Moreover, there exists a constant ¢ independent of
time such that:

1R W)|lvy < cllvllaq-

To show the additional regularity, rearranging (5.20), we have:

an(t;w, Ry (V) = an(t; Ry (v +Z / A([Vwi] R (v) — [VR g (v)]w;). (5.21)

The remaining term of (5.20) can be further rearranged as, using integration by parts and the continuity
of V(t) and w across the interface:

Z [, B (Pl Rat0) ~ (TR0

= 8] - vwR g (v Z / |- [VRu(W)w; + V - [B; — w]Ra (v)w;

I'(t)

Hence, the solution to (5.16) also solves:

a(t; Rz (v), w) = m(t;w, v) */ [B] - vwR g (v)
I'(t)
+ Z/Q o 2[B; — w] - [VRy(v)w; + V- [B; — wRy (v)w;, Yw e V(t). (5.22)

Set L(v) to be the solution to:

an(t: L(0), w) = — /F 1Bl vk (o)

=(G,W)wp ()
2
+ Z/ w;v; + 2[B; — w] - [VRg()|w; + V - [B; — w|Rg(v)w;, Yw e V(t). (5.23)
Qi (t)

::(f7w)H(t)

This solution exists by Thm. 2.16. We seek to show that first £L(v) € Z;(t) and then that Ry (v) = L(v).
By use of Theorem 1 in [37], since f € H(t) and g € H/?(T(t)), the solution to (5.23) is indeed in Z (t)
since the data (A;, B;,C;) is regular enough and moreover:

12220y < ellolhve) + IR () lve) < ellvlg
To show Ry (v) = L(v), subtracting (5.23) from (5.22):
ax(t; Ru(v) — L(v),w) = 0.
Testing with w = Ry (v) — L(v) and using coercivity yields Ry (v) = L£(v) and hence, we have:
IRa @)z < clvlln. (5.24)

where the regularity constant ¢ can be taken to be bounded on [0, T via the regularity of the flow.
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The same argument follows for Ry, with
2
Fowtag =3 [ 208 =) [9Re (9 + V-8, IR
i=1 7/t
G = [ w0~ 18] uRs ) 0
(¢

Lemma 5.7. On top of the assumptions made in Lem. 5.6, assume A; € C%(Qs; R¥*?). For w € Z(t),
n:=w—7m"w and v € Z,(t) it holds that

bt 1, )| < elllnllzcey + Bllnllv e + B Hlwllzew) vl 2,0 (5.25)
Proof. We begin with the following estimate of the bilinear form b(t; -, ), (2.11), for n := w — mhw:

[b(t;m, o) < cllnlla vl e +

2
Z/ DiB(W7Bianiavi) +D?(W7A’Laniavi)
i=1 /(1)

For DA

7

2
Z/ D (w, A, i, vi)
i=1 /()

/ (08 As +V - wA; — 2D(ws, A))Vo - il
T'(t)

integrating by parts yields:

2
> V(07 Ai + V- wA; — 2D (w;, A;))Voy)

i=1

< +

<c (|‘Ai|C2(§i;R)v |VW|01(§;Rd)) (Il ey + ||77‘|V;(t))||v||zl(t)~

In the last line we have used both the generalised trace inequality, see [41, Sec. 2.5], and the Banach
triple identification for the boundary terms. Similarly for DZ:

2
DfiB(WaBi7ni7 'Ui)
i—1 Y (1)

<e <|Bi|cl@;Rd), |V - w\cl@;Rd)) (Il ey + lInllvee) vl z, -

Combining the previous three estimates we see

lb(t;m,0) < c(Inll @) + ]

ve) vl zue- (5.26)

In order to complete the proof, we employ the same duality argument as in [16, 22] to estimate the dual
norm of n. Set T : Hr(t) — Vr(t) as:

(T¢0) ey = (G )vee) = (G 0)np for all (v € Vr(t),

i.e T acts a Riesz map mapping to the element in Vr(t) that corresponds to the functionals in Hr(t) C
Vi(t). Notice that:

T¢Iy = i<

Ve :/ ¢T¢,
T(t)

for any ¢ € Hr(t). We note that substituting v = 7(¢) in (5.19) gives:

1R3¢ (T 2y 6y < ellTQllvrey = ellCllvece) = e T - (5.27)
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By construction:

Il = | 17T = a6 Ra (T)

= (6, Raur (T) = I'[Raee (T0)]) + ae (b0, ' [Raer (T)])-
Then, for the first part, we have:

|ar (t; 0, Raee (T0) = I'[Raue (T)D] < Inllv ey 1 Raer (T0) = I [Rawr (T)]llva)
< chlnllvl R (T, 1) < chlnllv e lnl

Vi)
For the second part, using the definition of the Ritz projection (5.8), we have
(a0, ' R (T)])|
— Ja (7w, I'[Rigr (T)]) — @l (1w, I [Roge (T)])|
< Jan(t: 7w — w, ' [Rage (T)]) — als(t: T — w1 [Roge (T)])
- lan(tsw, I [Rage (Tn)] = Rage (T0) — als(sw™, " [Roge (Ti) ™) = Roge (Ti) 7).
- Jan(tw, R (T0)) — @l (0™, Rage (Tn) )|
< el wll z, I Rue (Tn)lv 1y + b Hwllv ) lIn]

v + R wl 2, Inllve
< ch*H|wl 2, 17llvz o)

using Lem. 3.10 and 5.8, the regularity estimate, (5.27), and (P1), (P4) and (P4’). Hence, we infer that
Inllvecey < chllnllve + ch**Hlwllz, -
Substituting the final inequality here in (5.26) yields (5.25). O

Lemma 5.8 ([22], Lem. 3.8 and 3.10). Forw € C}_, if (P1) to (P9), Lem. 5.10 and 5.6 and (5.25) hold,
there exists ¢ > 0 (independent of h) such that:

0PI w]lyn ey < e(llwllv ) + 105 wllv),
lw — 7" w| gy + hllw — 7wy @) < b w]|z, 0,
10F (w — 7" w) || ey + Rl|OF (w — 7" w) vy < A T ([Jwllz, ) + 105wl 2 0))-

Lemma 5.9. The error estimates described in Lem. 5.8 also hold for a.e t € I for w € W(Zy, Zy).

Proof. Via Lem. 2.7, C’ék is dense within W (Zy, Zy,). For aw € W (Zy, Zy,), take a sequence w, € C%k such
that we. — win VV(Z}C7 Zk). This implies Hwe”Zk(t) — H’LUHZk(t), Hat'wenzk(t) — ||8t.w||Zk(t)a ||7Thw€||v(t) —
7wy ), 10 wellv ) — 10} w||v ¢y and 07T wel[yn ) — (|0 w||yn(py (by continuity of II" and

7l see Rem. 5.5) in L2(I). We will only show the first inequality, but the same method can be used to

obtained the two remaining ones. For arbitrary § > 0, there exists an €, > 0 such that when € > €,, we
have:

2
xmwwwmmwwwmmmww>w§&

° ° 2
Awawwww@wm@>ﬁg&

2
Amwwwwmm@>ﬁs&
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We fix an arbitrary ¢ € I and by taking the mean integral in [t — s,t + s], s > 0 (reflecting the functions
for t <0, i.e v(t) = v(—t)), we see:

1 t+s 1 t+s
o [ 10 @l dr < o [ IR @) — 10T )l | + 1T el
t—s

2s
(5.28)

t—s

We note that via Young’s inequality, (5.28) can be bounded by:
1 t+s P -
278 i |||at I (w)”V"(‘r) - ||8t IT (wg)||vh(7.)| dr

1/2
_ 2 _
<572 (/I(H@fﬂh(w)llw(t)—IIGth(we)lw(t)) dT) <6572,

Whereas for the second term, we use the bounds given by Lem. 5.8 and Hdélder’s inequality once more:

1 t+s hh c t+s
%5 0, T (we) [lyn(ry dT < 25 [wellvry + 107 wellv () dT
S t—s S t—s
c t+s
< % lwllv ) +10Fwllv ) + |||weHV(T) - Hw||V(T)|
t—s
+ | 10F wellv () = 10F wllv (7| dr
c t+s
< %8 lwllv ) + [|0Fwlly () dT + 26.
t—s

Combining both of these estimates and equation (5.28):

1 t+s t+s

C ° _
% 08T (w) [y sy dr < o [wllv ) + 105wl dr + 2+ s71/2)s. (5.29)
t—s

t—s

Since § is arbitrary, letting § = o(s'/2), we see that by the limit as s — 0, via the Lebesgue differentiation
theorem, both sides of equation (5.29) converge to their point-wise values a.e, hence we obtain that for
all t € I

0PI (w)[lvi ey < cllwllve + 105 wllv )

where the constant ¢ is the same as the constant in its equivalent estimate in Lem. 5.8 (and hence
independent of both h and t). O

5.3. Proof of error bound.

Proof of Thm. 5.1. We have an additional right-hand side functional term that is not present in the
original proof by Elliott and Ranner. This requires a modification of the proof of [22, Thm. 3.11].

To begin, we slightly modify the problem. For a test function v € W(V, H), we can rewrite the weak
formulation of our problem as:

%m(t; u,v) — m(t;u, 0 v) + a(t;u,v) = I(t;v).

Employing the standard parabolic rescaling % = e™*'u where & is chosen as in the definition of the Ritz

projection, the problem becomes:
d
—m(t; i, v) — m(t; 4, OPv) + ax(t;4,v) = e "I (v). (5.30)
dt ——
=:l(v)
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Performing the same transformation to the discrete analogue: define Uy, = e~**U}, which satisfies

d m(t; U o) — m" (4, U, 00 0") + al (1, U o") = e R (") . (5.31)
dt ——

=i (vh)

Set 0 := U — I, then using (5.30) and using the fact that I"(¢;-) equals I(t; (-)!) for functions in H"(t),
for arbitrary v" € W(S",8"), we arrive at:

m (6 T, ") + ol (6100, 0") — mP (8 T, 0™y — 1 (o),

a”
=m m" (6 T, ") + ay (6, 0™ — m" (6T, o o) — 1 (v,
= Sl ) et )] [ 00 - (0,07,

= m"(t; 0TI 0, ") — m(t; Ola, v™h) + N (4 TG, ™) — Nt a, 0™ + mi(t; @, op ot — k™).
Now subtracting this equation from (5.31), and rearranging yields:

d
at'"

=— {mh(t; M i, v™) — m(t; Oln i, v™) + m(t; OL[x"a — ], v™h) + N (4 T, ™) — N (8 7P, o)

m"(t;0,0") + al(t;0,0") — m"(t;0,0v") (5.32)

+ ANt [ — a), o™ 4+ mt; a, 0p ot — ol | = =" (@, 0M).

Using the identity 0! (v"") = (97v")! and looking at Z"(-,-) term by term, we see, for example:
|m" (t; OP M, v™) — m(t; Olrha, o™
= |m"(t; OP ", v™) — m(t; (BT @)!, v"™Y) 4+ m(t; (P TTMa)t — Olxha, v™h)),
< ch ([l 7, 0y + 107l z, (o)) [0 v o)
by (P1) and Lem. 5.9. Similar rearrangement and the use of Lem. 3.10 with (P2), (P3) ,(P8) yields:
=" (@, 0")] < k(| 200y + 1078l 20 10" v o)-

Using (5.32) and substituting v» = 6, we obtain:
d
a’"

Using the transport formula and the bound on Z":

1d 1 . .-
5 (150,0) + al(1:0,0) < —S N (150,0) + AP (il 2, 0 + 108 2y )01l

Integrating over time and using Young’s and Gronwall’s inequality:

m"(t;0,0) + a" (t;0,0) — m"(t;0,0!0) = ="(0,0).

T T T
sup 0o+ [ 100 < OV e [ 100 + %2 [l + 1000l )

Finally, using the decomposition:
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Using the previous bound, the fact that the lift is a diffeomorphism and the bound on the Ritz map, we
finally obtain:
T

T
sup i = U + 17 / i = 01 s = sup = ="+ 6 + 7 / i — i+ 0|2, ds,

< clluo — ug" | o) + h**2e(Cl).

Undoing the scaling u = e*'4 gives us the desired error bound. O

6. NUMERICAL RESULTS

All numerical results are computed using the firedrake package [7, 8, 15, 44]. Simulation code is available
in [43]. Results are computed on a sequence of meshes generated using GMSH [25] rather than successive
refinement of a single mesh.

The main challenges in implementing the numerical scheme are:

(1) Computing the initial geometry: We start with a piecewise linear geometry given by GMSH. The
initial isoparametric domain is computed through an explicit parametrisation applying directly
the method from Sec. 3 efficiently using custom written C code. The evolution of the mesh is
carried out simply by moving the initial Lagrange nodes according to the smooth, given velocity
field.

(2) Labelling and tracking different parts of the domain: Along side the geometry and topology of
the mesh we must track labels which say which elements are in domain Qf (¢) or Q4 (¢) and which
facets are on T'"(¢). Once this is fixed for the initial domains KNZ? and SNZ'Q, this information is
passed between different times. GMSH provides physical tags to each element and facets which
can be used to identify the different domains.

Efficient and accurate quadrature rules are used to perform element-wise integrals. Note that system
matrices must be reassembled at each time step due to the evolution of the domain.

6.1. Time discretisation of advection-diffusion problem. We start from the spatial discretisation
from Sec. 4. We will apply a backward difference formula (BDF) time discretisation of order ¢, see [35]
for more including analysis of a similar surface only problem. We take a partition of the time interval
0=ty <ty <--- <ty =T. For simplicity we assume that each time interval is of the same length:
T Z:t]’ —tj,1 fOI'j = 1,27...,M.

We use temporal interpolations of each domain at each time step to construct a sequence of triangulations
J"(t;) each equipped with finite element spaces S"(t;) for j = 0,1,..., M. We define the discrete velocity
Wj € Sh(tj)d by

1 _
Wi =~ > axiT (6.1)
=0

where X7 are the positions of the Lagrange nodes of the triangulation at time ¢; and {6}, are the
backward difference formula weights of order ¢, determined from the relation:

5O = 0" =>"
=0 =1

o~ =

(1-0)" (6.2)

The fully discrete problem is the time discretisation (4.2): Given starting values U° € S"(ty), ...,
U1 € Sh(t,_1), and data A, B,C and Iy, for j = q,..., M, we wish to find U’ € S"(¢;) as the solution
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of

1< . A . o o .
- Zélmh(tfl; UI=E XY 4+ a (7507, x9)) = 1, (7 Xj) for all basis function y] € S"(t;), (6.3)
1=0
where again 0; are the BDF weights (6.2). Note that the first term on the left hand side is computed
by summing over ¢ different meshes to approximate the time derivative. Let U h(tj) = U7 and let
el(t) := u— UM(t), then we assume that a similar estimate as in [35, Thm. 5.3] and [17, Thm. 2.4] holds
towards the BDF scheme (6.3) in supplement to Thm. 5.1:

e (En)l1Z2 ) + B2 D IV (t) 2y < (7> + RF2). (6.4)
k=1
Remark 6.1. We recall that on the space V/(¢), both the norms || - ||z2(q) and || - ||z are equivalent.

Moreover, we expect the methods in [35] and in [17] are generalisable in our case in order to prove (6.4).

6.2. Numerical examples of advection-diffusion problem. For d = 2,3, let Q = [-1,1]%, for
t € [0, 7], we define the evolution of the domain through the flow map ®; given by:

C ot M”ﬁﬁJO—ﬁ>{KMﬂ—Dm&Mﬂ Jo))  ifd=2,

o
() )i2,0)  ifd =3,

-1

05Ty (1~ do2/Jal) | ((a(t) = Dar, (B(1) — 1
for a(t) = 1+ 0.25sin(¢) and f = 1 + 0.25cos(¢t). This is a special motion which ensures that notes
initially on 99 do not move and the surface I'(¢) is described by the level set function ¢(-,t) given by

Tf z2 1 . _
¢(~,t)= W‘Fﬁég—i ifd=2
s Taee tri- ifd=3.

We define Q(t) as the interior of I'(¢) and Qa(t) = Q\ Q1 (¢).

We set the coefficients in the equation to beA; = 10Id, Ay = Id, By = 5Vzq, Bo = —5Vxq, C; = 1,
C2 = 10 and note that they jump across the interface. We set the right hand side data such that the
exact solution u is given by

d
u(x,t) = sin(t)|®(2)| ] [ sin(2mz;).
i=1

This exact solution is globally continuous, smooth in each domain but is not differentiable across the
interface. In order to simplify the implementation the right hand side data (I;,) is computed by taking
interpolations of smooth data. We compute using isoparametric elements of order 1, 2, 3 on a sequence
of given meshes. For order k discretisation in space we use BDF order k£ + 1 in time. The initial solution
U° = 0 matches the exact solution at ¢ = 0. The other starting values are computed using lower order
BDF methods. For elements of order k& we expect convergence of order k + 1 for the error at the final
time, u(T) — UM, in the L?(2) norm and order k is the H'(Q) semi-norm. The results are shown in
Fig. 6.1 for the cases d = 2,3 respectively. The precise numerical values are shown in Tab. 6.1. We see
that the numerical results support the analytical convergence results.
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h T L? error H*' error eoc(L? error) eoc(H? error)
1.00000 1.00000 3.51296 x 10~1 3.30187 — —
6.66667 x 10~1 5.00000 x 10~! 9.51874 x 10! 4.43031 -2.458416 -0.725039
4.37747 x 101 2.50000 x 10~ 1.99238 x 10~! 2.33192 3.717892 1.525683
2.40008 x 1071 1.25000 x 10~! 9.02047 x 102 1.44891 1.318576 0.791859
1.34513 x 1071 6.25000 x 1072 2.78846 x 1072 7.80431 x 10~ 2.027605 1.068576

(A) Order 1,d =2

h T L? error H?! error eoc(L? error) eoc(H! error)
1.00000 1.00000 3.05166 x 107! 3.29594 — —
6.66667 x 1071 5.00000 x 10~1 2.14128 x 10! 2.03484 0.873768 1.189433
4.37747 x 1071 2.50000 x 101 3.93009 x 10~2 8.61571 x 10! 4.030255 2.043065
2.40008 x 10~1 1.25000 x 10~! 6.51346 x 10™3 2.89276 x 10~! 2.990807 1.816030
1.34513 x 10~1  6.25000 x 10~2 9.24067 x 10~* 8.43187 x 1072 3.372712 2.129106

(B) Order 2, d =2

h T L? error H! error eoc(L? error) eoc(H! error)
1.00000 1.00000 1.87468 x 1071 2.57196 — —
6.66667 x 10! 5.00000 x 1071 7.90234 x 1072 8.93941 x 10~! 2.130551 2.606354
4.37747 x 1071 2.50000 x 1071 7.35252 x 1073 1.97059 x 101 5.645317 3.594764
2.40008 x 1071 1.25000 x 10~ 5.83518 x 10~%  4.39236 x 102 4.216077 2.497725
1.34513 x 1071 6.25000 x 1072 5.75918 x 1075 2.73132 x 102 3.999388 0.820506

(¢) Order 3,d=2

h T L? error H' error eoc(L? error) eoc(H® error)
1.25000 1.00000 6.90651 x 10! 8.44875 — —
8.66599 x 10~ 5.00000 x 10~1  6.57464 x 10~ 7.69389 0.134429 0.255490
6.31590 x 10~ 2.50000 x 10~1 5.72385 x 10~  6.68398 0.438071 0.444822
3.33531 x 10~ 1.25000 x 10~1 3.05710 x 10~  4.43667 0.982256 0.641827
1.75870 x 1071 6.25000 x 1072  9.68233 x 1072 2.34095 1.796513 0.998992

(D) Order 1,d =3

h T L? error H! error eoc(L? error) eoc(H! error)
8.66599 x 101 5.00000 x 10~! 3.78772 x 107! 5.39342 — —
6.31590 x 1071 2.50000 x 10~1 1.59518 x 10~* 2.89154 2.733729 1.970655
3.33531 x 101 1.25000 x 10~ 2.14372 x 1072 9.12177 x 107! 3.143326 1.806895
1.75870 x 1071 6.25000 x 1072 2.84564 x 1073 2.57151 x 10~} 3.155269 1.978425

(E) Order 2, d = 3

h T L? error H! error eoc(L? error) eoc(H'! error)
1.25000 1.00000 3.19819 x 101! 4.78209 — —
8.66599 x 10~1 5.00000 x 10~! 1.27429 x 10! 2.73209 2.511984 1.528193
6.31590 x 10~%  2.50000 x 10~ 3.16946 x 1072, 9.05805 x 10! 4.398523 3.489946
3.33531 x 1071 1.25000 x 10~ 2.44323 x 10*%4 1.41707 x 101 4.013792 2.905320
1.75870 x 10~'  6.25000 x 1072 1.70045 x 10~* 2.10221 x 102 4.164150 2.981596

(F) Order 3,d =3

TABLE 6.1. Results for advection-diffusion problem for d = 2, 3.
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100 E

L? error

2x1071  3x107M4x10"! 6x107! 100
h

L? error
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2x107Y  3x107'4x107! 6x1071 100
h

FIGURE 6.1. L? error for advection-diffusion problem for d = 2 (top) and d = 3 (bot-
tom).

APPENDIX A. PROOF OF REGULARITY

In this section, we will show some results on the additional regularity of the smooth solution to (4.2).

Lemma A.1 (The Trace Map). There exists a bounded and continuous linear operator Ty L%/ — L%F
such that Typ(t) = 7ep(t) Vo € Cy, where 7 : V(t) = Vr(t) is the classical trace map.

Proof. Let 7 : V(t) — Vr(t) be the classical trace map. It is proven in [6] that the following identity:
Te(prwo) = Pi(Towo) holds for all ¢ € I and wy € V(0). Moreover, there exists a ¢ independent of time
such that:
172 (Srwo)llaee ) < clldewollve by-
Now, formally define 7.y as:
Tv() = ¢ 10(d—(yv(-).
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Then via Lem. 2.2, ¢_yv(-) € L*(I;V(0)) and since 75 can also furthermore be uniquely identified
as a linear map 79 : L2(I;V(0)) — L?(I;Vr(0)), see [31, Thm. 1.2.4], finally the push-forward ¢, :
L*(I;Vr(0)) — L3, maps back into the evolving space. Note that this map, by compatibility and it’s
time independent bound is also bounded. Finally, if ¢ € Cy/, then, at time ¢ € I:

Tep(t) = de1o(d—ep(t)) = Tep(t). O
This allows us to formally identify the following pairing:

T T
/ (9, V)vr () 2=/ (9, T0)ve(n)s (9,v) € Ly x L.
0 0

Lemma A.2. Under the assumptions of A4 Thm. 2.16, for each g € L%r, there exists a unique solution
ug € LY to:

Z/ A (t;2)Vug - Vv—/ / gv forall ve L. (A.1)
Qi (t) r(t)

Proof. 1t follows from the regularity assumptions on the flow ®, that the pair (Z1(t), ¢¢|z, ¢))|eer is
compatible. For g € L}, , we can take a subset I’ C I of full measure such that g(t) € Vp(t) and
l9()llvr )y < o0, for t € I'. Indeed via Lem. 2.2, we can take the set of Lebesgue points of g(-) = ¢_(.yg(:)
to be I and push the function forwards, g(t) = ¢:g(t) € Vr(t) for all ¢ € I'. Moreover, we see that, for
t € I', these remain Lebesgue Points of ||g(:)|[y.() in L*(I), indeed, via the reverse triangle inequality
and compatibility:

1t , ¢ [t B )
*/ gllvecsy = llgllve | ds < */ 19(8) Ve o) = 19 lveoy|” ds
2% ], 2

t+8
<5 [ 156 =G0 ds

Fix t € I', set u, € V(t) to be the solution to:

2
Z/ A(t; z)Vul, - Vo = / gv YveV(t). (A.2)
i=1 Y Qu(t) (1)

We will drop the distinction between I’ and I and just say for almost all ¢ € I, then via the Hilbert triple
structure outlined in Sec. 2.3, g(t) € Vr(t) C Hr(t) C Vi(¢). By [37, Thm. 1] we have that for almost all
t € I there exists a unique solution uf(-) € Z1(t) to (A.2).

Set ug(t;-) := ul(-), we show that this solution is in-fact in L . We will proceed as follows:

(1) First show that u, € L?. By [4, Lem. 2.14], it suffices to show first that ¢ — (ug, w)y () is
measurable for all w € L? and then that lugllzz < oo.

(2) We then reuse this method, showing that ¢ — (ug,w)z, (1) is measurable for all w € L3 and
||ug||LzZ1 < 00, and hence u, € L% .

(3) Finally, we show that u, does indeed solve (A.1).

To show the measurability, since the eigenvalues of A;(¢; z) are bounded from both below and above inde-
pendent of time, we can induce the equivalent inner product (u,v)s T = = (A(t;2)Vu, Vv) g ). Showing
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measurability then follows as:

(ug,v V(t) Z A;i(t;2)Vuyg - Vv—/

gv = / (9, V) Ve
Q; () r(t) I'(¢)

and since (v,g) € L} x L%’F’ by [4, Lem. 2.14], the map t — (g,v)y.(¢) is measurable and hence so is
(ug, U)\7( " For the uniform bound, testing the differential equation (A.2) with v = u, and integrating in
time, we have:

2 2
lugllzz, < CN9lIZe, -

*

via Young’s and Poincaré’s inequalities, so u, € L?,. Before moving on, note that for any fixed ¢t € I,
since u,4(t;-) € Z1(t), we can integrate by parts (A.2), obtaining:

/ |[A(t z)Vu - Vpﬂv - Z/ V- (Ai(t;2)Vug)v —/ gu, (A.3)
T'(t) T'(t)
for v € C§°(2). For v € C§°(Q1(t)) x C§°(Q2(t)), we see that (A.3) yields:
Z i(t;2)Vug)v = 0.
Q; (t)

Since the space C§°(1(t)) x C5°(£22(t)) is dense in H(t), we get that:

V- (Ai(t;2)Vugy) = 0 a.e. (A.4)
By the Poincaré’s inequality, we can endow Z; (t) with a more convenient equivalent inner product:

2
(v, W)z, () Z/Q()Avko+Vv~Vw.
¢

Since A(t; z) is assumed to be differentiable, we introduce the equivalent inner product on Z(t):

(777U)Zl(t) =

Z () V)V - (Ai(t 2) Vo) + (VA ) - Vi (VA;i(t; x)) - Vo + Vg, - V.

We will first show the following statement, let V2 be the Hessian, then:

/ AV > / A2,
Q;(t) Q;(t)

where v > 0 is the coercivity constant in Thm. 2.16. For fixed ¢ € I, since A;(¢; z) is non-singular and sym-
metric, there exists orthogonal matrices P;(t; ), P (t; ) and diagonal matrix D;(t; ) = [Ar(t; 2) 0k 1} 11,
the eigenvalues of A;(t;x) (note that eigenvalues are continuous for a continuous matrix) such that
Ai(t;z) = Pi(t; 2)Dy(t; )P (¢; ). Doing a change of coordinates, x = P;y and letting 7;(z) = n;(Pi(x)),
we see:

Ai(t; 2) V(i) = Di(t; ) Ails (y) ] y—pr -
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Hence, since P is orthogonal:

/ A1) V2 (5:() [ dar = / 1Dt P () A7 () 2 dy,
Qi (t)

PL(Qs(t))

> min  min A\ (t; P (2 / A ()2 dy,
= ey (t) ke[Ln] il () P?(Q’i(t))\ 7 (y)|” dy

> 2 / A ()P dy = 7 / A ()2 da.
PT(Qi(t)) Qi (t)

To show the equivalence of inner products (-, ')Zl ) and (-,-)z, (), note:

I, = Z [, 7 AT (A - T+ 0
= Z/ V20l + 24;(t2) V2 (VAi (G 2)) - Vi + 2| (VA (5 2)) - Vil + [V
Qi (t)
> Z/ o ? V20l + [Viil* > min {392, 1} []Z, )
and:

Il%, o) < e [Miler@ien] (IVnill e + 1Vnllzey) < clinllZ, )

Hence, (-,-)z, (1) and (*s*)z@) are equivalent. Substituting 7 = u, in the new inner product, using (A.4),
we arrive at:

2
(ug,v)gl(t) = Z/ (VA;(t;x)) - Vui(VA; (t;2)) - Vo; + Vu,; - V.
i—1 7 Qu(t)

Since we already know that u, € L%, both ((VA(t;2)) - Vu, (VA(t;2)) - Vo) g and (Vu, Vo) g are
measurable and hence the map t — (“9’“)21(15) is measurable for all v € Z;(t). For the bound, [37
Thm. 1] gives us a constant C; (that depends on time) such that:

lugllz, ¢ty < Cellglve -

Using a similar method as Lem. 2.12 and changing the variables, it follows that there exists Cy > C4,

Cr < 00. Hence:
T T
/0 lugl2, o < C2 / 912, ) < oo

2
Hence u, € L7 .

Finally, we have a solution to ug € Lzz1 solving (A.2) a.e in time. Since a function v € L} satisfies
v(t) € V(t) a.e in time, testing with such a v(t) and integrating both sides of (A.2) yields the desired
solution. Uniqueness follows via coercivity. (Il

Lemma A.3. Under the assumption A4 from Thm. 2.10, the solution of (A.1) posses a weak material
derivative Ofu, € L%, and satisfies the estimate:

gl (2, vy < CHQH%/V(VF,\);)
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Proof. We use the same method as in the proof of Lem. 5.4. Let:
2

k(t;v,w) = Z ot A;(t;2)Vo - Vw

then we see, going back to (A.2), we see that u, solves:
k(tv Ug, w) = (97 w)’Hr(t)7

a.e for allw € L%, (as before, we can take a subset of I of full measure such that w(t) € V (t), moreover, via
the classical trace theorem, we can identify w(t) € Hr(t) by (g, w)xr@) = (9, Tew)np(r)). The derivative
of k(t;-,-), fc(t; -,+), can be explicitly calculated to be:

d .
%k(t;w, v) = k(t; w,v) + k(t; 0fw,v) + k(t;w, 0fv), Yv,w € W(V, V), (A.5)
where
. 2
k(t;w,v) = Z DA (w, A, wi, v;),

Qi (%)
and Dy was defined in (2.12). We set i, to be the solution to:
T T
/ k(t; tig,m) dt = / Ar(ti g, m) — k(tug,m) + (O g, m)vr ey dt W € L. (A.6)
0 0

The material derivative taken on the function 07g is the one with the triple L3, C L, C L7, and the
bilinear form Ar is the corresponding form from Def. 2.3 satisfing the equation:

d L] L]

g — (U, W)pp (1) = (OF v, W) yr(¢) + (OF W, V)yr ) + Ar(t; v, w).
See [5, Sec. 5.4] for an explicit form of Ar(¢;-,-). Using the same method as the proof of Lem. A.2, we
have that if 0f¢g € L%F’ there exists a unique u, € L} solving equation (A.6).

Let u4 be the solution of (A.2). Via isomorphism, ¢_ .ty (-), ¢_(yue(-) € L*(I;V(0)), we pick a Lebesgue
point s, € I of ¢_(yuy(-) and set

w *(rbf/ ¢ Tug )d7+¢f¢ e*ug 5* = / QZS -,—Ug dT+Z§*

Thus w € W(V,V) and 0fw = 4. We aim to show that w = uy. To do so, note that by definition of
k(t;-,-) (A.5), testing with n € W(V, V) with n(0) = n(T") = 0:

T T
| koo it = [ ittwon) kw0t dt. (A7)
0 0
we see from comparing (A.6) and (A.7):
T T
— [k o= [ = g — OFn g e 0 € WYY 0(0) = 0(T) =0, (A8)
Comparing (A.8) with (A.2), we infer:
T T
/ k(t;ug —w,0n) dt = / k(t;w —ug,m) dt.
0 0
Letting n(t) = ¥(t)v(t) where ¢(t) € D(I) and v(t) € W(V,V), we see:

T T )
/ YOkt ug — w, O v) + ' () k(t;ug — w,v) dt = / Y(&)k(t;w — ug,v) dt.
0 0
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Since this holds for arbitrary ¢ € D(I), then, by use of [33, Lem. 1.2.1], there exists some ¢ € R such
that:

t
E(tiug —w,v) = / if(T; w—Ug,v) + k(T;w — ug, Ofv) dr + ¢, (A.9)

a.e in time. Note that the right hand side of (A.9) is absolutely continuous in time and hence is the
unique continuous representative of k(t; ug —w, v) (since k(+;uy —w,v) is in L'(I) as a function of time).
It also follows from the fact that k(¢;7n,v) is continuous for n,v € CY, that s, is also a Lebesgue point of
k(t;uy —w,v) (by use of a standard density argument). Since the continuous representative equals its
L? counterpart on Lebesgue point (as Lebesgue points are also points of approximate continuity, see [23,
Sec. 1.7]), evaluating both sides of (A.9) at t = s., using the definition of w, yields ¢ = 0. Finally we can
test with n(s) = ¢s¢_(uy — w) and by use of the same argument as Lem. 5.4 we see that u, = w and
hence ug € W(Z1,V). O

From the previous two lemmas, we can show a time regularity result for (4.2).

Lemma A.4. Under the assumptions Al to A4 in Thm. 2.16, the solution u to problem (2.8) posses the
additional regularity w € W(V, H).

Proof. Let z = u — ug, where u is the weak solution from the problem in (2.8), then:

T

T
/ (0F z,v)v ) +alt; z,v) + A(t; z,v) = / I(t;v),
0

0

where:
i(t;v) = (f, V) @) — (O ug, V) @y — Mt ug,v) — ([B—wW] - Vug — [C =V - W]ug, v) g

By the regularity of ug,, this is a functional in L%, by [4, Thm. 3.13], 2 € W(V, H) and hence so is
ue W(V,H). O
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